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Preface 


The modern theory of analysis and differential equations in general certainly in- 
cludes the Fourier transform, Fourier series, integral operators, spectral theory of 
differential operators, harmonic analysis and much more. This book combines all 
these subjects based on a unified approach that uses modern view on all these 
themes. The book consists of four parts: Fourier series and the discrete Fourier 
transform, Fourier transform and distributions, Operator theory and integral equa- 
tions and Introduction to partial differential equations and it outgrew from the half- 
semester courses of the same name given by the author at University of Oulu, Fin- 
land during 2005-2015. 

Each part forms a self-contained text (although they are linked by a common 
approach) and can be read independently. The book is designed to be a modern 
introduction to qualitative methods used in harmonic analysis and partial differential 
equations (PDEs). It can be noted that a survey of the state of the art for all parts of 
this book can be found in a very recent and fundamental work of B. Simon [35]. 

This book contains about 250 exercises that are an integral part of the text. Each 
part contains its own collection of exercises with own numeration. They are not only 
an integral part of the book, but also indispensable for the understanding of all parts 
whose collection is the content of this book. It can be expected that a careful reader 
will complete all these exercises. 

This book is intended for graduate level students majoring in pure and applied 
mathematics but even an advanced researcher can find here very useful information 
which previously could only be detected in scientific articles or monographs. 

Each part of the book begins with its own introduction which contains the facts 
(mostly) from functional analysis used thereinafter. Some of them are proved while 
the others are not. 

The first part, Fourier series and the discrete Fourier transform, is devoted to 
the classical one-dimensional trigonometric Fourier series with some applications 
to PDEs and signal processing. This part provides a self-contained treatment of all 
well known results (but not only) at the beginning graduate level. Compared with 
some known texts (see [12, 18, 29, 35, 38, 44, 45]) this part uses many function 
spaces such as Sobolev, Besov, Nikol’skii and Holder spaces. All these spaces are 
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introduced by special manner via the Fourier coefficients and they are used in the 
proofs of main results. Same definition of Sobolev spaces can be found in [35]. The 
advantage of such approach is that we are able to prove quite easily the precise em- 
beddings for these spaces that are the same as in classical function theory (see [1, 3, 
26, 42]). In the frame of this part some very delicate properties of the trigonometric 
Fourier series (Chapter 10) are considered using quite elementary proofs (see also 
[46]). The unified approach allows us also to consider naturally the discrete Fourier 
transform and establish its deep connections with the continuous Fourier transform. 
AS a consequence we prove the famous Whittaker-Shannon-Boas theorem about the 
reconstruction of band-limited signal via the trigonometric Fourier series (see Chap- 
ter 13). Many applications of the trigonometric Fourier series to the one-dimensional 
heat, wave and Laplace equation are presented in Chapter 14. It is accompanied by a 
large number of very useful exercises and examples with applications in PDEs (see 
also [10, 17]). 

The second part, Fourier transform and distributions, probably takes a central role 
in this book and it is concerned with distribution theory of L. Schwartz and its ap- 
plications to the Schrédinger and magnetic Schrédinger operators (see Chapter 32). 
The estimates for Laplacian and Hamiltonian that generalize well known Agmon’s 
estimates on the continuous spectrum are presented in this part (see Chapter 23). 
This part can be considered as one of the most important because of numerous ap- 
plications in the scattering theory and inverse problems. Here we have considered 
for the first time some classical direct scattering problems for the Schrédinger op- 
erator and for the magnetic Schrédinger operator with singular (locally unbounded) 
coefficients including the mathematical foundations of the classical approximation 
of M. Born. Also, the properties of Riesz transform and Riesz potentials (see Chap- 
ter 21) are investigated very carefully in this part. Before this material could only be 
found in scientific journals or monographs but not in textbooks. There is a good con- 
nection of this part with Operator theory and integral equations. The main technique 
applied here is the Fourier transform. 

The third part, Operator theory and integral equations, is devoted mostly to the 
self-adjoint but unbounded operators in Hilbert spaces and their applications to in- 
tegral equations in such spaces. The advantage of this part is that many important 
results of J. von Neumann’s theory of symmetric operators are collected together. 
J. von Neumann’s spectral theorem allows us, for example, to introduce the heat 
kernel without solving the heat equation. Moreover, we show applications of the 
spectral theorem of J. von Neumann (for these operators) to the spectral theory of 
elliptic differential operators. In particular, the existence of Friedrichs extension for 
these operators with discrete spectrum is provided. Special attention is devoted to 
the Schrédinger and the magnetic Schrédinger operators. The famous diamagnetic 
inequality is proved here. We follow in this consideration B. Simon [35] (slightly 
different approach can be found in [28]). We recommend (in addition to this part) 
the reader get acquainted with the books [4, 13, 15, 24, 41]. As a consequence of 
the spectral theory of elliptic differential operators the integral equations with weak 
singularities are considered in quite simple manner not only in Hilbert spaces but 
also in some Banach spaces, e.g. in the space of continuous functions on closed 
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manifolds. The central point of this consideration is the Riesz theory of compact 
(not necessarily self-adjoint) operators in Hilbert and Banach spaces. In order to 
keep this part short, some proofs will not be given, nor will all theorems be proved 
in complete generality. For many details of these integral equations we recommend 
[22]. We are able to investigate in quite simple manner one-dimensional Volterra in- 
tegral equations with weak singularities in L*(a,b) and singular integral equations 
in the periodic Hélder spaces C“[—a,a]. Concerning approximation methods our 
considerations use the general theory of bounded or compact operators in Hilbert 
spaces and we follow mostly the monograph of Kress [22]. 

The fourth part, Introduction to partial differential equations, serves as an in- 
troduction to modern methods for classical theory of partial differential equations. 
Fourier series and Fourier transform play crucial role here too. An important (and 
quite independent) segment of this part is the self-contained theory of quasi-linear 
partial differential equations of order one. The main attention in this part is devoted 
to elliptic boundary value problems in Sobolev and Holder spaces. In particular, the 
unique solvability of direct scattering problem for Helmholtz equation is provided. 
We investigate very carefully the mapping and discontinuity properties of double 
and single layer potentials with continuous densities. We also refer to similar prop- 
erties of double and single layer potentials with densities in Sobolev spaces H (S) 
and H~!/? (S), respectively, but will not prove any of these results, referring for their 
proofs to monographs [22] and [25]. Here (and elsewhere in the book) S denotes the 
boundary of a bounded domain in R” and if the smoothness of S is not specified 
explicitly then it is assumed to be such that Sobolev embedding theorem holds. 
Compared with well known texts on partial differential equations some direct and 
inverse scattering problems for Helmholtz, Schrddinger and magnetic Schrédinger 
operators are considered in this part. As it was mentioned earlier this type of mater- 
ial could not be found in textbooks. The presentation in many places of this part has 
been strongly influenced by the monographs [6, 7, 11] (see also [8, 16, 24, 36, 40]). 

In closing we note that this book is not as comprehensive as the fundamental 
work of B. Simon [35]. But the book can be considered as a good introduction to 
modern theory of analysis and differential equations and might be useful not only 
to students and PhD students but also to all researchers who have applications in 
mathematical physics and engineering sciences. This book could not have appeared 
without the strong participation, both in content and typesetting, of my colleague 
Adj. Prof. Markus Harju. Finally, a special thanks to professor David Colton from 
University of Delaware (USA) who encouraged the writing of this book and who 
has supported the author very much over the years. 


Oulu, Finland Valery Serov 
June 2017 
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Part I 
Fourier Series and the Discrete Fourier 
Transform 


Chapter 1 
Introduction 


Definition 1.1. A function f(x) of one variable x is said to be periodic with period 
T > Oif the domain D(f) of f contains x+ T whenever it contains x and if for every 
x € D(f), one has 

f(x+T) = f(x). (1.1) 


Remark 1.2. If alsox—T € D(f), then 


f(x—T) = fl). 


It follows that if T is a period of f, then mT is also a period for every integer m > 0. 
The smallest value of T > 0 for which (1.1) holds is called the fundamental period 


of f. 


For example, the functions 


are periodic with fundamental period T = aoe Note also that they are periodic with 
common period 2L. 

If some function f is defined on the interval [a,a+T7], with T > 0 and f(a) = 
f(a+T), then f can be extended periodically with period T to the whole line as 


f(x) :=f(x-—mT), x€lat+mT,a+(m4+1)T], m=0,+1,+2,.... 


Therefore, we may assume from now on that every periodic function is defined on 
the whole line. 
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We say that f is p-integrable, 1 < p < ©, on the interval [a, b] if 


b 
[ lfeirar<=. 


The set of all such functions is denoted by L?(a,b). When p = 1, we say that f is 
integrable. 

The following “continuity” in the sense of L” space, 1 < p < ©, holds: for every 
f € L?(a,b) and € > 0, there is a continuous function g on [a,b] such that 


(ve) -eto)rar) ” <e 


(see e.g., Corollary 5.3). If f is p-integrable and g is p’-integrable on [a,b], where 


1 1 
-+—5=1, l<p<«o,l<p'<o, 
pp 


then their product is integrable on [a,b] and 


['seretiaes (f' reorrae) ” (f"iecor'ar) Me 


This inequality is called Hélder’s inequality for integrals. Fubini’s theorem states 


that 
[ (° F(sy)dy) ay =[°(f Foo) ar) ay= f° ['Ftoy)dray, 


where F (x,y) € L!((a,b) x (c,d)). 
If fi,f2,---,fn are p-integrable on [a,b] for 1 < p < ©, then so is their sum 
j=! fj, and 


b P I/p Fy ; 1/p 
(/ x) es) > (/ (a)!Par) | 4.2) 


This inequality is called Minkowski’s inequality. As a consequence of Hdélder’s 
inequality we obtain the generalized Minkowski inequality 


b| rd P 1/p d b 1/p 
( J Flssey ar) < | (/ IF(sy) [Par] dy. (1.3) 
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Exercise 1.1. Prove Holder’s inequality for integrals for every | < p<. 


Hint. Prove first Hlder’s inequality for sums, i.e., 


I/p 7, 1/p' 
oi} < (Sia (3 0") | 
jal 


where 1 < p < 9,1/p+1/p’ =1, and where for p = (or p! =) we consider 
max) <j<n|a;| (or max)<j<, |b;|) instead of the corresponding sums. 


Exercise 1.2. Prove (1.2) and (1.3). 


Lemma 1.3. /f f is periodic with period T > 0 and if it is integrable on every finite 
interval, then 


fxjdx= [ "flax (1.4) 


for everyaeR. 


Proof. Let first a > 0. Then 
a+r a+T a 
fojdx= fO porjax— [ plan 


=f royare| f°" renar— [rear]. 


The difference in the square brackets is equal to zero due to periodicity of f. Thus, 
(1.4) holds for a > 0. 
If a < 0, then we proceed similarly, obtaining 


[peas Preyace [pope 


= [sears [400 dx — [fleas 


-[ f(x) (oar | f° dx — fee. 


Again, the periodicity of f implies that the difference in brackets is zero. Thus the 
lemma is proved. 


a 


Definition 1.4. Let us assume that the domain of f is symmetric with respect to 
{O}, ie., if x € D(f), then —x € D(f). A function f is called even if 


f(-4) = f(x), x€E Df), 
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and odd if 
f(-x) =—f(x), xe D(f). 


Lemma 1.5. /f f is integrable on every finite interval and if it is even, then 
a a 
[ fejar=2 f° plex 
—a 


for every a > 0. Similarly, if f is odd, then 


for everya> 0. 


Proof. Since 


a a 0 
f flsae= [ pesjar+ [ fear, 


then on changing variables in the second integral we obtain 


"fades [ peajars [f(x 


—a 


The assertion of the lemma now follows from Definition 1.4. 


Definition 1.6. The notation f(c +0) is used to denote the right and left limits 


f(c+ 0) = lim f(x). 


xCE 


Definition 1.7. A function f is said to be piecewise continuous (piecewise con- 


stant) on an interval [a,b] if there are xo,x1,...,%», such that a= xp <xj <-+- < 
X, = band 
(1) f is continuous (constant) on each subinterval (x;-1,x;), j= 1,2,...,n, 


(2) f(xo+0), f(%» —0), and f(xj+0), 7 =1,2,...,n—1, exist. 


Definition 1.8. A function f is said to be of bounded variation on an interval |a, b| 
if there is co > 0 such that for every {x0,x1,...,X%,} witha = xp <x] <+++<x, =), 
one has 


The number 


Vi (f) ‘= sup ¥ lf) — Fej-v)I (1.5) 
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is called the total variation of f on the interval [a,b]. For every x € [a,b] we can 
also define V;‘(f) by (1.5). The class of functions of bounded variation is denoted 
by BV {a,b}. 


Exercise 1.3. (1) Show that the bounded function 


is continuous on the interval [0, 1] but is not of bounded variation on (0, 1]. 
(2) Show that every piecewise constant function on [a,b] is of bounded variation. 


Remark 1.9. This exercise shows that C[a,b| and BV [a,b] are not included in each 
other, i.e., they represent two different scales of functions. 


Exercise 1.4. Prove that 


(1) Vx(f) is monotone increasing in x, 
(2) for every c € (a,b), we have V?(f) =VS(f) +V2(f). 


If f is real-valued, then Exercise 1.4 implies that V(f) — f(x) is monotone increas- 
ing in x. Indeed, for h > 0 we have that 


(vif) — Fle) — VE(A)— £0) = (VE) —VE(A)) - FHA) — £00) 


HVS 
a aaa 2 


As an immediate consequence we obtain that every real-valued function f € BV [a,b] 
can be represented as the difference of two monotone increasing functions as 


F(x) =Va(f) — Vat) — £))- 
This fact allows us to define the Stieltjes integral 
b 
| s(a)df(x), (1.6) 


where f € BV[a,b] and g is an arbitrary continuous function. The integral (1.6) is 
defined as 


[ecoarte) = him ¥ ENF) — Fos), 
a j=l 


where a = x9 < x1 <-+++ <x, =), € € |xj-1,x;], and A = maxi <j<n(xj—x;-1). 
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Let us introduce the modulus of continuity of f by 


on(f) = sup Ifath)—fa)|, b>. (1.7) 
{x€[a,b]:x+he |a,b]} 


Definition 1.10. A bounded function f is said to belong to Hélder space 
C*[a,b|,0<a< 1, if 
On (f) < Ch® 


with some constant C > 0. This inequality is called the Holder condition with expo- 
nent Q. 


Definition 1.11. A function f is said to belong to Sobolev space W, (a,b), 
1 < p<, if f € L?(a,b) and there is g € L?(a,b) such that 


f= [suse (1.8) 


with some constant C. 


Definition 1.12. A function f is said to belong to Sobolev space W!(a,b) if there 
is a bounded integrable function g such that 


fx) = f ear+e (19) 


with some constant C. 


Remark 1.13. Using Hélder’s inequality we may conclude that 
1 1 
W,, (4,5) CW, (a,b) 
for every | < po < pi <=. 


Lemma 1.14. Suppose that f € W, (a,b), 1 < p<oe. Then f is of bounded vari- 
ation. Moreover, if p = 1, then f is also continuous, and if 1 < p<, then 
fed’? [a,b], 


Proof. Let first p = 1. Then there is an integrable function g such that (1.8) holds 
with some constant C. Hence for fixed x € [a,b] with x+h € [a,b] we have 


feet) — fe) =f eloar 


It follows that 
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since g is integrable. This proves the continuity of f. At the same time, for every 
{xo,X1,---,;Xn} such that a = x9 <x < +++ <X,=b, we have 


[ sd [le (1)|ar = i. le(s)|ae. 


j-l 
Hence, Definition 1.8 is satisfied with constant co = f id |g(t)|dt, and f is of bounded 
variation. 

If | < p<, then using Holder’s inequality for integrals we obtain for h > 0 that 


x+h x+h 1/p' x+h 1/p 
rorem—s0ol< Ple@lars (fer) Cf" eeorrar) 
1/p 
cattle (fig@rar) 


where |/p+1/p’ = 1. If p=.9, then | f(x +h) — f(x)| < Asup|g|. By Definition 
1.10, this means that f € C!~!/? [a,b]. The lemma is proved. 


n 


Lied —-Fos-vl= y 


Remark 1.15. Since every f € W, (a,b), 1 < p<. , is continuous, it follows that 
the constant C in (1.8)-(1.9) is equal to f(a). 


Definition 1.16. Two functions u and v are said to be orthogonal on [a,b] if the 
product uv is integrable and 


where overline indicates the complex conjugation. A set of functions is said to be 
mutually orthogonal if each distinct pair in the set is orthogonal on [a, d]. 


Lemma 1.17. The functions 


form a mutually orthogonal set on the interval |—L,L] as well as on every interval 
[a,a+2L]. In fact, 


Le 0 
[008% cos Pax = 5 (1.10) 
_L L L L, m=n, 
ae max . nix 
[00s sin ax = 0, (1.11) 
_L L L 
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L 0 
[sin sin Me I OE (1.12) 
=e L L L, m=n, 
and : 
[sin ar = [cost ar= 0. (1.13) 
—L 


Proof. By Lemma 1.3, it is enough to prove the equalities (1.10), (1.11), (1.12), and 
(1.13) only for integrals over [—L, L]. Let us derive, for example, (1.12). Using the 
equality 


1 
sina sin B = 5 (cos(a@ — 8B) —cos(a@+B)), 
we have for m # n that 
L 1 sl 
/ oie gin wah 2 one (m+n)mx | 
—L L 2JS-L L 
(m—n) ax i siti ee L 5 
(m—n)n 2 (m+n) —- 
-L L -L 
If m =n, we have 
L B 2 
/ ER. . 5 ee a ie tae a GM A 
—L L L —% —L L 


The other identities can be proved in a similar manner and are left to the reader. The 
lemma is proved. 


Remark 1.18. This lemma holds also for the functions eT, n = OQ, 1, 22,...,.1 


the form 
a 2L, n=m. 


Chapter 2 
Formulation of Fourier Series 


Let us consider a series of the form 


ao 


MIX 
: ) (2.1) 


— 1. 
+ »y (4m cos —_ +b, sin a 


m=1 


This series consists of 2L-periodic functions. Thus, if the series (2.1) converges for 
all x, then the function to which it converges will also be 2L-periodic. Let us denote 
this limiting function by f(x), ie., 


a 7 MIX . Mx 

i= aaa ¥ (an cos —— + 5,, sin a) : (2.2) 
2 oy L L 

To determine a,, and b,, we proceed as follows: assuming that the integration can be 

legitimately carried out term by term (it will be, for example, if ©, (|am|+|Bm|) < 

co), we obtain 


L L bed L 


NIX ag nIUx MIX nx 
x) cos —dx = — cos —dx+ a / cos —— cos ——dx 
i Sa ae = ee 2 >» is LE 
= Lo mmx NIX 
b sin —— cos ——dx 
7 x . ie L L 


for each fixed n = 1,2,.... It follows from the orthogonality relations (1.10), (1.11), 
and (1.13) that the only nonzero term on the right-hand side is the one for which 
m =n in the first summation. Hence 


NTMUX 


1 rl 
an = | f(s) 008 "Far, N= V2 ves (2.3) 
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A similar expression for b, is obtained by multiplying (2.2) by sin“ and integrat- 


ing termwise from —L to L. The result is 


1 sl 
bo=> f(x) sin dx, n= 1,2,.... (2.4) 
LJ-1 L 


Using (1.13) we can easily obtain that 


1 rl 
ay = 7 |, fae (2.5) 


Definition 2.1. Let f be integrable (not necessarily periodic) on the interval |—L, L]. 
The Fourier series of f is the trigonometric series (2.1), where the coefficients 
ao,@n and by», are given by (2.5), (2.3), and (2.4), respectively. In that case, we write 


ao = MIX _ max 
ou er sea a ie) 2.6 
f(x) +h (a cos — +bmsin 7 (2.6) 
Remark 2.2. This definition does not imply that the series (2.6) converges to f or 
that f is periodic. 


Definition 2.1 and Lemma 1.5 imply that if f is even on [—L,L], then the Fourier 
series of f has the form 
mmx 


7 es 
f(x) ~ oe ie y Am COS 7 


m=1 


(2.7) 


and if f is odd, then 
— _ Mmx 
f(x) ~ ¥ bn sin (2.8) 


m=1 


The series (2.7) and (2.8) are called the Fourier cosine series and Fourier sine series, 
respectively. 
If L = 7, then the Fourier series (2.6) ((2.7) and (2.8)) transforms to 


f(x)~ + y (am cosmx + by, sinmx) , (2.9) 


m=1 


where the coefficients ap, dm, and by», are given by (2.5), (2.3), and (2.4) with L= 7. 
There are different approaches if the function f is defined on an asymmetric 
interval [0,Z] with arbitrary L > 0. 


2 Formulation of Fourier Series 13 


(1) Even extension. Define a function g(x) on the interval [—L, L] as 


Then g(x) is even and its Fourier (cosine) series (2.7) represents f on (0, LZ}. 
(2) Odd extension. Define a function h(x) on the interval [—L, L] as 


Then h(x) is odd, and its Fourier (sine) series (2.8) represents f on [0, Z]. 
(3) Define a function f(t) on the interval [—7, 7] as 


Fo) =1(+5). 


If f(0) = f(L), then we may extend f to be periodic with period L. Then 


= 1 L 
a= + [" Foae ‘a (SG) a= 23 [rover 
=> 7 f(x) dx = a0(f), 
ant A) =(-19"2 f° fla) cos ae = ("anf 
se b : nay —(—1)"p 
n= (0rd fre dv = (-1)"bn(): 
Hence, 


co 


f(t)~ ag ey (am cosmt + by, sinmt) , 


m=1 


— 2 2 
f(x) ~ S + ¥ (-1)” (ano oe +b» sin =) ; 


L 


is 
where do, Gm, and b,, are the same and x = an + 5° 
1 


These three alternatives allow us to consider (for simplicity) only the case of a sym- 
metric interval [—z,7] such that the Fourier series will be of the form (2.9) i.e. 


14 Part I: Fourier Series and the Discrete Fourier Transform 
f(x) ~ = + ¥ (ancosmx + bm sinmx) . 
m=1 
Using Euler’s formula, we will rewrite this series in the complex form 
fae Ss ae”, (2.10) 
n=—oco 


where the coefficients c, = c,(f) are equal to 


a by 


n 
— FF; n= 1,252.2; 
2 21 Qn = Ch + Cn; NASD, sas 
Cn = - n=0, or ag = 2c, (2.11) 
bn =i(Cn—C_-n), n=1,2,.... 
= b_, n n ni)» 1m 
se ee: ee 
2 2i 


The formulas (2.3), (2.4), (2.5), and (2.11) imply that 


1 T 


CD) ae ful (x)e™ dx (2.12) 


for n = 0,+1,+2,.... We call c,(f) the nth Fourier coefficient of f. It can be 
checked that 


Ei Sea (2.13) 


Exercise 2.1. Prove formulas (2.10), (2.11), (2.12), and (2.13). 


Exercise 2.2. Find the Fourier series of 


(1) sgn(x)=<¢0, x=O0, 


(2) |x|,-l<x<1. 
(3) 1 S4< 1, 

0, -L<x<0, 
roy={? 0<x<L. 
(5) f(x) =sing, jx] <2. 


Exercise 2.3. Prove, using Part (2) of Exercise 2.2, that 
2 co 


> 


k=1 


Ms 


1 F nm 1 
an —_— = as 
(2k — 1)? 6 Ak 


2 Formulation of Fourier Series 15 


Exercise 2.4. Suppose that 


l-x, O<x<1, 
ro={4 1<%<2, 


Find the Fourier cosine and sine series of f(x). 


Exercise 2.5. Find the Fourier series of f(x) = cos(x/2), |x| < . Using this series, 
show that 


Exercise 2.6. Show that if N is odd, then sin’ x can be written as a finite sum of the 
form 


N 
¥ a, sinkx, 
k=1 


which means that this finite sum is the Fourier series of sin” x and the coefficients 
a, (which are real) are the Fourier coefficients of sin’ x. 


Exercise 2.7. Show that if N is odd, then cos” x can be written as a finite sum of 
the form 


N 
»y ay coskx. 
k=1 


Chapter 3 
Fourier Coefficients and Their Properties 


Definition 3.1. A trigonometric series 


bs Cn el 


n=—°o 


is said to 


(1) converge pointwise if for each x € [—7, 71] the limit 


exists, 
(2) converge uniformly in x € |[—1, 7] if the limit 


Jim y cne™* 
es 
|n|<N 


exists uniformly, 
(3) converge absolutely if the limit 


exists, or equivalently, if 


co 


s \Cn| < °°. 


n=—°co 


These three different types of convergence appear frequently in the sequel, and they 
are presented above from the weakest to the strongest. In other words, absolute 
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convergence implies uniform convergence, which in turn implies pointwise conver- 


gence. 
If f is integrable on the interval [—7, 2], then the Fourier coefficients c,(f) are 
uniformly bounded with respect ton = 0,+1,+2,...,1e., 
len = 5 | Feermax] < 2 |” playlax G.1 
c =— x)e — Xx ; 
‘ 20 —1 ~~ 20 —1 : 


where the upper bound does not depend on n. Let us assume that a sequence 
{cn }__... is such that 


°c 


»y ICn| <°. 


n=—°o 


Then the series 


» Cn elm 


n=—°o 


converges uniformly in x € [—7, 7] and defines a continuous and periodic function 


fas Sc", (3.2) 


n=—oco 


whose Fourier coefficients are {Cn }7__.. = {cn(f) }7__... More generally, suppose 
that 


co 


> lal‘en| <2 


n=—oo 


for some integer k > 0. Then the series (3.2) defines a function that is k times differ- 
entiable, with 


f(x) = »¥ (in)*c,e"™ (3.3) 


n=—0o 


a continuous function. This follows from the fact that the series (3.3) converges 
uniformly with respect to x € [—7, 7]. 

Let us consider a useful example in which Fourier coefficients are applied. If 
0 <r< 1, then the geometric series gives 


1 
1—re* 


= x pig. (3.4) 
n=0 
and this series converges absolutely. Using the definition of the Fourier coefficients, 


we obtain 
1 a ein 
r= | —dx, n=0,1,2,..., 
20 _nz l—re* 


3 Fourier Coefficients and Their Properties 


and 


1 1 inx 
o=— | a de HENS a 
20 _z 1l—re 


From the representation (3.4), we may conclude also that 


1 —rcos 
ds 15 =Re( 75) = >" cosme = 5 +5 s "lin 


1—2rcosx+r 2 ees 


and 


rsinx 
= im (5 )= > r’ sinnx = —= 2) r'"l son(n)e!”™. 
rei 


1—2rcosx +r? =n 


Exercise 3.1. Verify formulas (3.5) and (3.6). 


Formulas (3.5) and (3.6) can be rewritten as 


oo a i=? 
> pltleinx = r 5 =: P(x) 


1—2rcosx+r 


n=—c 


and 


= F 2rsinx 
: |n| inx __ = 
ED sen = TH areosx pre — Ort): 


n=—°o 


(3.5) 


(3.6) 


(3.7) 


(3.8) 


Definition 3.2. The function P,.(x) is called the Poisson kernel, while Q,(x) is 


called the conjugate Poisson kernel. 
Since the series (3.7) and (3.8) converge absolutely, we have 


1 


rl" — re "Pt Je dx and —isgn(n)r'"! = == f/f O.()e de, 


NT J—nx 


where n = 0,+1,+2,.... In particular, 


x | Pear= 1 and xl. O,(x 


Exercise 3.2. Prove that both P(x) and Q,(x) are solutions of the Laplace equation 


Ux, x, ae Ux5 x9 = 0 


in the disk x7 +25 < 1, where xj +ixy = re” with O <r <1 andx€ [—z, 7]. 
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Given a sequence a,,n = 0,+1,+2,..., we define 


And = An — An—\- 


Then for any two sequences a, and b, and integers M < N, the formula 


N N 
SY aApb =ayby—ambm— Yb. Aga (3.9) 
k=M+1 k=M+1 


holds. Formula (3.9) is called summation by parts. 
Exercise 3.3. Prove (3.9). 


Summation by parts allows us to investigate the convergence of a special type of 
trigonometric series. 


Theorem 3.3. Suppose that cy > 0,n =0,1,2,.... Cn > Cn41, and limp +o. Cy = 0. 
Then the trigonometric series 


oe (3.10) 
n=0 


converges for every x € |[—1, 7] \ {0}. 


Proof, Let by = Y%_,e!™. Since 


1 eit(n+1) 
bn = l—-e* ° x 0, 
it follows that ; 
lbn| < =e 
™~ |1—e*| — |sin3| 


for x € [—2, 2] \ {0}. Applying (3.9) shows that for M < N we have 


N ; N k k-1 |. N 
y cp = > Ck (Ze"-Se) - y cy Ab 
k=M+1 k=M+1 1=0 i=0 k=M+1 
N 
= cyby —cyby — > by Age. 
k=M+1 


Thus 
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N 
<cwlby|+cmlbu| + SY |Be-1| Axel 


N . 
»y Ck eikx 


k=M+1 k=M+1 
y 
Sa cn +cy + Ick — Ck-1| 
| sin 3 k=M+1 
1 2cM 
= — (ew +eu+em — cn) = — > 
| sin 5 | sin 5 | 


as N > M — -~, This proves the theorem. 


Corollary 3.4. Under the same assumptions as in Theorem 3.3, the trigonometric 
series (3.10) converges uniformly for all 1 > |x| > 6 > 0. 


Proof. If m > |x| > 6 >0, then [sing] > 241 > §, 
Theorem 3.3 implies that, for example, the series 
cosnx sinnx 
———— and —.—_—~ 
py log(2+7) zm log(2+7) 


converge for all x € [—7, 7] \ {O}. 
Modulus of continuity and tail sum 


For the trigonometric series (2.10) with 


»y Icn| <0 


n=—oo 
we introduce the tail sum by 


B= > (Gh. HU 2a. (3.11) 


|k|>n 


There is a good connection between the modulus of continuity (1.7) and (3.11). 
Indeed, if f(x) denotes the series (2.10) and h > 0, we have 


IFath)—fX1< ¥ lealle™-1= ¥ enlle’-1]+ ¥ [calle —1| 


n=—e |n|h<l |n|h>1 
<h Y |allen|+2 YM leaf =i +h, 
In| <[1/h] In| >[1/h] 


where |x] denotes the entire part of x. If we denote [1/h] by Nj, then = 2Ey, and 


Nh 
Qh=h ¥ |nl (Eni-1—E nj) = 2 YY (Er - Eis). 
l=1 


|n| <j, 
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Using (3.9) in the latter sum, we obtain 


Nh Nn 
=—h (ss —0-Eo— ¥) En-1(n—(n— »)) = —hN,En, +h Y! En-1- 


n=1 n=1 


Since hN, = h{1/h] < h- 7 = 1, these formulas for /; and J) imply that 


a 


Nn 1 Naa! 
On(f) < 2En, —hN,En, +h Y, En—1 < 2En, + ™ Y Ep (3.12) 
= a n=O 


n=1 


Since E,, > 0 as n — ©, the inequality (3.12) implies that @,(f) — 0 as h — 0. 
Moreover, if E, = O(n~%), n 4 0 for some 0 < @ < 1, then 


_ J OCh®), 0<a<l, 
Ua aan om, te) 


Here and throughout, the notation A = O(B) ona set X means that |A| < C|B| on X 
with some constant C > 0. Similarly, A = o(B) means that A/B — 0. 
Exercise 3.4. Prove the second relation in (3.13). 


We summarize (3.13) as follows: if the tail of the trigonometric series (2.10) behaves 
as O(n“) for some 0 < a < 1, then the function f to which it converges belongs 
to the Hélder space C“|—7, 71]. 


Chapter 4 
Convolution and Parseval’s Equality 


Let the trigonometric series (2.10) be such that 


ba lcn| <°. 


n=—°o 


Then the function f to which it converges is continuous and periodic. If g(x) is any 
continuous function, then the product fg is also continuous and hence integrable on 
[—7, | and 


ag | Peete cnt) [ snvemae= Y enlNeals), 41 


n=—eo 


where integration of the series term by term is justified by the uniform convergence 
of the Fourier series. Putting g = f in (4.1) yields 


1 ee 
sa f lel (x)|?dx = > eal) ealfy= > lealf)? (4.2) 


n=—oo n=—oo 


by (2.13). 


Definition 4.1. Equality (4.2) is called the Parseval’s equality for the trigonometric 
Fourier series. 


The formula (4.1) can be generalized as follows. 


Exercise 4.1. Let a periodic function f be defined by the absolutely convergent 
Fourier series (2.10) and let g be integrable and periodic. Prove that 


7 [ fedeo-sar = 3 en(f)en(g)e 


n=—oco 
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and that this series converges absolutely. 
A generalization of Exercise 4.1 is given by the following theorem. 


Theorem 4.2. If f, and f2 are two periodic L' functions, then 


en( fi * fo) = en(fien(f2), 


where f) * f2 denotes the convolution 


(fix fr) (x -=[" fi”) falx—y)dy (4.3) 


and where the integral converges for almost every x. 


Proof. We note first that by Fubini’s theorem the convolution (4.3) is well defined 
as an L! function. Indeed, 


[([isor-tac-viay) a= [iol ([ waeias) ay 
=f" noni ([" iaelae) &y 


by Lemma 1.3. The Fourier coefficients of the convolution (4.3) are equal to 
1 /* 4 
onl fi fa) = a [fx peje max 


= Gi ef, (a AAG vay) a. de 
“op n-ne 
om sf fiy (f" ” falcjereae) dy 


= om [if (ye ([" steeds) dy = en(fi)en(f2) 


by Lemma 1.3. Thus, the theorem is proved. 


Exercise 4.2. Prove that if f; and f> are integrable and periodic, then their convo- 
lution is symmetric and periodic. 


Exercise 4.3. Let f be a periodic L! function. Prove that 


(FP 0x) = (Ba f(a= Yolen fem 


n=—0e 


4 Convolution and Parseval’s Equality 25 


and that P, * f satisfies the Laplace equation, i.e., (P,* f)xjx, + (Pr * flax = 9, 
where — +24 =r <1 with x tim =re". 


Remark 4.3. We are going to prove in Chapter 10 that for every periodic continuous 
function f, the limit lim,.;_ (f * P,)(x) = f(x) exists uniformly in x. 


Chapter 5 
Fejér Means of Fourier Series. Uniqueness 
of the Fourier Series. 


Let us denote the partial sum of the Fourier series of f € L'(—1,7) (not necessarily 


periodic) by 
Sw(f) = DI en(fe™ 
|n|<N 


for each N = 0,1,2,.... The Fejér means are defined by 


Sof) ++ Su(N), 


oR) = Wel 


Writing this out in detail, we see that 


a N 
(N+How(f)= YY ae = YY cx(fe™ 


n=0|k\|<n |k|<Nn=|k| 
= ¥ (N41 —[eDee(He®, 
|k| SN 


which gives the useful representation 


|k| ikx 
oni= ¥ (1-sL) ane. 6.1) 
tee N+1 
The Fejér kernel is 
Ler 
KyGyc= ¥, (1- — = }e™, (5.2) 
ae N+1 
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The sum (5.2) can be calculated precisely as 


2 
1 sin Nt! y 

Ky(x) = —— 2 5.3 
w(x) wa ( sin 5 OF) 

Exercise 5.1. Prove the identity (5.3). 

Exercise 5.2. Prove that 
val Ky(x)dx = 1. (5.4) 

—T 


We can rewrite Oy(f) from (5.1) also as 


= ~ |k| ikx 
On(f) = 2 Mwai) ( = wh) ene, 


where 

1, |A|<N, 
1y_ k <<! a 
Ewin (k) ‘ \k| > N. 


Let us assume now that f is periodic. Then Exercise 4.1 and Theorem 4.2 lead to 


— k iL 
X lew (k) ( - th) aie”. (5.5) 


1 Tw 
— x—y)dy= 
xg | POR y)dy ; 


Exercise 5.3. Prove (5.5). 
Hence, the Fejér means can be represented as 
On(f)(x) = (f * Kw) (x) = (Ky * f)(x). (5.6) 


The properties (5.3), (5.4), and (5.6) allow us to prove the following result. 
Theorem 5.1. Let f € L?(—2,2) be periodic with 1 < p < °. Then 


lim ( [lowe - F(3))Pa) WP (5.7) 


N— oo 


If, in addition, f has right and left limits f (xp +0) at a point x9 € [—1, 7], then 


(F(x0 +0) + f(xo —0)). (5.8) 


Nile 


im on()(%0) = 


5 Fejér Means of Fourier Series. Uniqueness of the Fourier Series. 


Proof. Let us first prove (5.7). Indeed, (5.4) and (5.6) give 
1 : 1/p 1 : 
([" low(sy(e)—seorar) = ( [Wr Kuy(e) — Fear) 
mz] 4 P 1/p 
= = dx 
(/" 20 
om / 
7 20 —t 
1 T 
ee 
~ Wn (/" 
1 Tv 
+ oR (/" 
Using the generalized Minkowski’s inequality, we obtain that 


nes sa Ay ep®¥0) ([" ree-») — Fo) Pas) ae 


[wo fle—yyay— 5 |” Kwon Feoday 


P 1/p 
) 

P 1/p 
) 


P 1/p 
ar) =+h. 


" Kw(v)(f(e—y) — F))dy 


1 


Ky(y)(F(x—y) — f(x) dy 


ly|<6 


[ops OU -Y) ~Fl))ay 


T . 1/p 1 1 
< —y) — f(x) |? dx =| Ky(y)d 
< sup (fire) sear) 35 [7 Bway 
r 1/p 
an (/ rey) — 0) Par) = 
ly|<6 \Y 2% 


as 6 — 0, since f € L?(—z,7). Quite similarly, 


ssf kub)({" Ie-y)-s6))as) ay 


<2 ( i” rs) Pas) Fa dhe KO 


since f is periodic. The next step is to note that 


2 5 2 
aa 2 € 2 4 


for 2 > |y| > 6. That is why (5.3) leads to 


1 1 1 1 
< 


K < . 
nw) N+1 sin? 5 


29 


(5.9) 


(5.10) 
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and 


1 nm? 2(%—6) om n 
= Ky(y)dy < 0 
On i wv)dy S 552° a1 < SNH) ~ VN 


as N — co if we choose 6 = N~!/4, From (5.9) and (5.10) we may conclude (5.7). 
In order to prove (5.8), we use (5.4) to consider the difference 


ow(f)(x0) — 5 (Fla +0) +. F200) 
= x |” ku) [roo -y) 5 10+ 0)+ Fl00-0)] 


20 
1 rt 

=—/ K, d a 
an |, RNO8)dy, (5.11) 


where 
1 


sly) = Fao —¥) = 5 (Flo +0) + (20-0), 


Since the Fejér kernel Ky(y) is even, we can rewrite the right-hand side of (5.11) as 


Kn( y)d 
=f wy )dy, 


where h(y) = g(y) +.g(—y). It is clear that h(y) is an L' function. But we have more, 
namely, 


lim h 0. 5.12 
a A) (5.12) 
Our task now is to prove that 

lim — | Ky(y)h(y)dy = 0. 

Jim 5a ff KwOMO)8y = 


We will proceed as in the proof of (5.7), i-e., we split the integral as 


1 Tv 
— K h(y Ky( y)d of KO) dy=:,4+1h 
= | wn (y)AC w= f° wy )dy + n(y)h(y)dy ith. 


The first term can be estimated as 


In <= sup m0) ["Kw(o)dy= 5 sup [A(y)| 0 
0<y<6 Iyi<6 


as 6 — 0+ due to (5.12). For / we have 


5 Fejér Means of Fourier Series. Uniqueness of the Fourier Series. 31 


1 nay? 1 i 
bi<=-(3) aac fb dy +0 
nls se (5) war f, Molen 


as N — co if we choose, for example, 6 = il 


proved. 


. Thus, the theorem is completely 


Corollary 5.2. If f is periodic and continuous on the interval |—1, 7], then 


lim on(f)(x) = F(x) 


uniformly in x € |[—7, 71]. 


Corollary 5.3. Every periodic L? function, 1 < p < °°, can be approximated in 
the sense of L? space by the trigonometric polynomials >) <n bye" (which are 
infinitely differentiable, i.e., C™ functions). 


Theorem 5.4 (Uniqueness of Fourier series). Jf f ¢ L'(—2,7) is periodic and if 
its Fourier coefficients are identically zero, then f = 0 almost everywhere. 


Proof. Since 


N00 J 


1 
lim f low(f)(x) — f(@@)|dx =0 
a 
by (5.7), it follows that if all Fourier coefficients are zero, we have 


[ lreolae=o, 


—1 


which means that f = 0 almost everywhere. This proves the theorem. 


Chapter 6 
The Riemann—Lebesgue Lemma 


Theorem 6.1 (Riemann—Lebesgue lemma). /f f is periodic with period 2m and 
belongs to L!(—1,7), then 


1 : 
lim (x+z)e"dz =0 (6.1) 


no J _ 


uniformly in x € R. In particular, cyn(f) > 0 as n> ~. 
Proof. Since f is periodic with period 27, it follows that 


+x 


T : ‘ ‘ ™ : 
[ feetaemac= fi foe hoay =e [ fojemay 62) 
—n —1 


+x 


by Lemma 1.3. Formula (6.2) shows that to prove (6.1) it is enough to show that the 
Fourier coefficients c,(f) tend to zero as n — ©, Indeed, 


m+n/n 


2men(f) = a “ foyemay = / f(yje dy = 4: : f(tt+a/nje“™e- at 


—m+n/n 


by Lemma 1.3. Hence 


adget ae / " (F(t+-x/n) — f(d)e“™ae. (63) 


— 


If f is continuous on the interval [—7., 7], then 


sup |f(t+x/n)—f()|0, ne. 


te|—7,71] 


Hence c,(f) — 0 as n > ©. If f is an arbitrary L' function, we let € > 0. Then we 
can define a continuous function g (see Corollary 5.3) such that 
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1 
| lf) -s@lar<e. 
—1 
Write 
Cn(f) = en(g) + en(f —8)- 


The first term tends to zero as n — ©», since g is continuous, whereas the second 
term is less than €/(27). This implies that 


‘ E 
suplim|cn(f)| < on 


n—-°oo 


Since € is arbitrary, we have 
Jim len(f)| =0. 


This fact together with (6.2) gives (6.1). The theorem is thus proved. 


Corollary 6.2. Let f be as in Theorem 6.1. If a periodic function g is continuous 


n [—71, 7], then 
1 


lim [| f(x+z)g(z)e dz =0 
T 


Pf cacy 


and 


ie (x + z)g(z) sin(nz)dz = lim [” f(x+z)g(z) cos(nz)dz = 0 


noo } 7 


uniformly in x € [—1, 71]. 
Exercise 6.1. Prove this corollary. 


Exercise 6.2. Show that if f satisfies the Hélder condition with exponent a € (0, 1], 
then cn(f) = O(|n|~%) as n > &. 


Exercise 6.3. Suppose that f satisfies the Hdlder condition with exponent a > 1. 
Prove that f = constant. 


Exercise 6.4. Let f(x) = |x 


in| te 


o where —m <x <mand0< a <1. Prove that c,(f) = 


as n — 9, 


Remark 6.3. The notation a = b means that there exist 0 < c; < cz such that 
cila| < |b] < calal. 


Let us introduce for all 1 < p < © and periodic functions f € L?(—z,7) the L?- 
modulus of continuity of f by 


opats= sup ( [Intern —se)Par) 


|nj<6 \/—" 
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The equality (6.3) leads to 


len(f Ise fl f(x+ n/n) — f(x)|dx 
1/p 


1-1/ 1 
< a (ac n/n) ~ f(s) Pax) = © (270) -"/ Poop win f); 


where we have used HOélder’s inequality in the penultimate step. 


Exercise 6.5. Suppose that @, 5(f) <C6% for some C > 0 and @ > 1. Prove that 
f is constant almost everywhere. 
Hint. First show that @, 95(f) < 2@,_.5(/); then iterate this to obtain a contradiction. 


Suppose that f € L! (—2,7) but f is not necessarily periodic. We can consider the 
Fourier series corresponding to f, ie., 


x)~ > ce, 


n=—©% 


where the c, are the Fourier coefficients c,(f). The series on the right-hand side 
is considered formally in the sense that we know nothing about its convergence. 
However, the limit 

lim e 

Neo -n 


> en( fear = [- f(x (6.4) 


n|<N 


exists. Indeed, 


[ Yathemar=co(p) [arr Deals) |” emax=2200(7) 


7 In|<N ie 0<|n|<N 


Remark 6.4 (Important properties of the Fourier series). The existence of the limit 
(6.4) shows us that we can always integrate the Fourier series of an L' function term 
by term. 


Chapter 7 
The Fourier Series of a Square-Integrable 
Function. The Riesz—Fischer Theorem. 


The set of square-integrable functions L?(—1,7) is an inner product space (linear 
Euclidean space) equipped with the inner product 


1 pe 
(7:8)12(—-n,n) = on fade 


We can measure the degree of approximation by the (square of) mean square dis- 
tance 


1 1 
az [I e)-8)Par=(f-8.f- 82mm 


In particular, if g(x) = Y),|<y bne™ is a trigonometric polynomial, then this distance 
can be written as 


of Part = [le (x) |?dx — aire f(x 


or 
1 /* 2 
= | veorer 
ag —f Y brel™ SY bye dx 5c2Re is f(x ) Be bn ier 
ss 7 In|<N |k|<N n|<N 
1 a 1 > [7 = 
=5- [ leePart+ = ¥ toni? f” dx—-2Re . bren(f) 
eis T \lgn OF InlEN 
1) f® is 
=|. If f(x)|?dx+ >, par = 2Re >. bicalf f)+ > leh = y len(f) I? 
7 |n|<N |n|<N |n|<N |n|<N 
© Springer International Publishing AG 2017 37 


V. Serov, Fourier Series, Fourier Transform and Their Applications 
to Mathematical Physics, Applied Mathematical Sciences 197, 
DOI 10.1007/978-3-3 19-65262-7_7 


38 Part I: Fourier Series and the Discrete Fourier Transform 


So 
gf _\Fo)—ete)Pax= J” [pPar— Y lel P+ D [oneal AP. 


|n|<N |n|<N 
This equality has the following consequences: 
(1) The minimum error is 


min ag | We) 8 Pax 


8(X)=Lin<n bye 20 
= | lls /2 YI? 
— dx— ¥ len(f)\?, 7-1) 
OK |n|<N 


and it is attained when b, = c,(f). 
(2) For N = 1,2,..., it is true that 


Y la(fe<— = | Fl x) dex, 
|n|<N 21 
and in particular, 
1 T 
Y lath s sf” ee)Pae. 72) 


n=—eo 


This inequality is called Bessel’s inequality. 


It turns out that (7.2) holds with equality. This is Parseval’s equality for f € 
L’(—1,1), which we state as the following theorem. 


Theorem 7.1. For every periodic function f € L?(—n,m) with period 2n, its 
Fourier series converges in L?(—1,7), i.e 


2 

1 T 

tim — [| Fl) — Y eal fe™| dx =0, 

N- 00 27T —n WIEN n 

and Parseval’s equality 

1 m 2 — 2 
=z | lr@iPar= > lel) 73) 
20 Jn 


holds. 
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Proof. By Bessel’s inequality (7.2), we have for every f € L?(—7,7) that 


d= > elf)? +0 


M+1<|n|<N 


as N > M — -~. Due to the completeness of the trigonometric polynomials in 
L’(—1,m) (see Corollary 5.3), we may now conclude that there exists F € L?(—7,7) 
such that 


It remains to show that F(x) = f(x) almost everywhere. To do this, we compute the 
Fourier coefficients c,(F') by writing 


20cy(F) = [Fear 7 (Fr — >. aie") eX gy 


|k| SN 


If N > |n|, then the last sum is equal to 27c,(f). Thus, by Hélder’s inequality, 


T 


2nlen(F)—enlf) Sf |Fa)— DY, cele ax 
ms |k|<N 
9 1/2 
<vie( | |Fw- ¥ aine™| ar} 0 


as N — ©, i.e., Cy(F) = cn(f) for all n = 0,£1,+2,.... Theorem 5.4 (uniqueness 
of Fourier series) implies now that F = f almost everywhere. Parseval’s equality 
follows from (7.1) if we let N — ©. 


Corollary 7.2 (Riesz—Fischer theorem). Suppose {b,}__., is a sequence of 
complex numbers with Y°__,,|Dn|* <9. Then there is a unique periodic function 
f €L?(—n,2) such that by = ca(f). 


Proof The proof is identical to that of Theorem 7.1. 
Theorem 7.3. Suppose that f € L?(—1,7) is periodic with period 2x and that its 


Fourier coefficients satisfy 


Y |nPlen(A)P? <. (7.4) 


n=—°c 
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Then f © W}(—1,1) with the Fourier series for f' (x) given by 


f'(x)~ >, inc, (f)e”™. 


n=—°o 


Proof. Since (7.4) holds, it follows that by the Riesz—Fischer theorem there is a 
unique function g(x) € L?(—z, 2) such that 


Integrating term by term, we obtain 


: g(x)dx = 0. 


—T 


Let F(x) := / g(t)dt. Then for n 4 0, we have 
— 


1 7 za ny 1 Tu Tu i 
F)=— t)dt )e "dx = — t ~Y™ dx | dt 
oF) = 5 |” (f° ear) mar = J” elo) ( ["emar) 
1 1 ev int evint 11 1 . 1 
= — t dt = the dt = — . 
xf o(S ar ) aera i inn) 


On the other hand, cn(g) = inc,(f). Thus, by the uniqueness of Fourier series, we 
obtain that F (x) — f(x) = constant almost everywhere, or f’ (x) = g(x) almost every- 
where. This means that 


f(x) = | g(t)dt+ constant, 


nh 


where g € L?(—z,7). Therefore, f € Wj (—z, 7) and 


f' (x) = g(x) ~ > inc, (fe. 


n=—°% 


This completes the proof. 


Corollary 7.4. Under the conditions of Theorem 7.3, it is true that 


5 len(f)l <a. 


n=—°o 
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Proof. Due to (7.4) we have 


°° 


y len(f)| = leo(f + ¥ leaf) 


n=—% n#0 


1 1 
< |co(f J+A 5 Sir len(f +5 2X Gp < 
n#0 n 


where we have used the basic inequality 2ab < a? + b* for real numbers a and b. 
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Using Parseval’s equality (7.3), we can obtain for every periodic function f € 


L?(—x,x) and N = 1,2,... that 


2 
1 /* 
sa | | Ene se] ee= F lealP 
MI—m | len In| >N 
Exercise 7.1. Prove (7.5). 
Using Parseval’s equality again, we have 
iy 2 
ac [MFG +e)—Fa)Par= YD lenlfee+h) £00) 
UJ—-7 


n=—oco 


co 


= > le = Plea NP. 


nae 
Theorem 7.5. Suppose f € L?(—1,72) is periodic with period 2n. Then 


Dy len(f)/? = On), N= 1,2) 003; 
|n|>N 


with 0 < a < 1 ifand only if 


> le = 1? len( A)? = OCA?) 


n=—o0 

for |h\ sufficiently small. 

Proof. From (7.6) we have for every integer M > 0 that 
1 


2n \n|<M \n|>M 


[ \Fe+i)—sePars Y PMP +4 D lealAP 


(7.5) 


(7.6) 


(7.7) 


(7.8) 


(7.9) 


if M|h| < 1. If (7.7) holds, then the second sum is O(M~?“). To estimate the first 


sum we use summation by parts. Writing 
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= ¥ latAyP, 
|k|<n 
we have 
M 
by n |en(f)|? = M7 Iy —0- Ip — »y I,-1(n? — (n—1)”) 
1<|n|<M n=1 
M 
=M?Iy — ¥ (2n-1hh-1 —h. 
a=2 
By hypothesis, 
I..—In = O(n-?*),  n=1,2, 
Thus, 


Miy— si (2n—1) (Le + O((n— 1)~?%)) 


n=2 
— MP (1. + O(M22)) — he Sim 1)— ¥2n—1)0((n—1)28) 
n=2 


= 2-20 2 = x“ —2a 
O(M*~**) +1, | M* — ¥° (2n— 1) 2a 1)O((n— 1)~**) 


—>——_ SS 
=1 


= O(M?-2%) +O) _ ne), 


Exercise 7.2. Prove that 


(1) Zar (2m — 1) = M 
(2) 3, O((2n—1)(n—1)-2%) = O(M?-**) for0< a <1. 


Combining these two estimates, we may conclude from (7.9) that there exists C > 0 
such that 


= ~ | 1s (xh) — f(x) P dx < C (22-204 M2), 
Since 0 < a < 1, choosing M = [1/|A|] we obtain 


og | Mee +h) — Fla)Pae < ¢ (U1 /nl]?- 24+ [1/lAll-22) 


we (1,/\al)?-2% + (1/lAl = {1/1A)})- 2%) 
<C (a? + (1/lh| -1)-79) 
=C (hI? + [h)?#/(1 jal?) < CIA)? 
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if |n| < 1/2. Here {1/|h|} denotes the fractional part of 1/|h 


[1/|Al] € [0, 1). 
Conversely, if (7.8) holds, then 


»Le., {1/lh|} = 1/|A]— 


°° 


¥ (1-cos(nh)) len(f)|? < CH?“ 


n=—oo 


with some C > 0. Integrating this inequality with respect to / over the interval (0, /], 
1 > 0, we have 


co 1 1 
2 2a 
y lea(F)| [ -cos(an)an<c | dh, 


n=—oo 


or 


> Catal (:- a < cre. 


or 


It follows that 


cP F la(AP(-SE 25S lal C10 


|\n|l>2 nl |n|l>2 
Taking / = 2/N for the integer N > 0 in (7.10) yields 


» lara. 


|n|>N 


This completes the proof. 


Remark 7.6. Tf % = 1, then (7.8) implies (7.7) but not conversely. 


Exercise 7.3. Suppose that a periodic function f € L?(—z,7) satisfies the condi- 
tion 


[ren sePars cr? 


with some C > 0. Prove that 


YX lallen(f)P <2 


n=—°o 


and therefore f € W}(—7,7). 


44 Part I: Fourier Series and the Discrete Fourier Transform 


For an integrable function f periodic on the interval [—7,7z] let us introduce the 
mapping 
fi {en Pf) tua 


where c,(f) are the Fourier coefficients of f. This mapping is a linear transforma- 
tion. Formula (3.1) says that this mapping is bounded from L!(—z,7) to I*(Z). 
Here Z denotes all integers, and the sequence space 1?(Z) consists of sequences 
{by }9__.. for which 


co 


py |bn|? <2 


n=—co 


if 1 < p<coand sup,¢7 |bn| < cif p=. 

Parseval’s equality (7.3) shows that it is also bounded from L?(—z, 2) to 1?(Z). 
By the Riesz—Thorin interpolation theorem (Theorem 17.7), we may conclude that 
this mapping is bounded from L?(—z, 2) to 1?’ (Z) for every 1 < p<2,1/p+1/p'= 
1, and 


Y lea <ep ( i "9" Bes 


Chapter 8 
Besov and Holder Spaces 


In this chapter we will consider integrable 27-periodic functions f defined via 
trigonometric Fourier series in L7(—7,7) as 


co 


f)~ ¥ en(fe™, (8.1) 


n=—© 


where the Fourier coefficients c,(f) satisfy Parseval’s equality 


xf lrePar= > lea Ps 


1 n=—0co 


that is, (8.1) can be understood in the sense of L*(—z, 2) as 


2 
dx = 0. 


Tv 
lim 
Noo J_ 7 


f(x)- ¥ en(fye™ 


|n|<N 


We will introduce new spaces of functions (as subspaces of L7(—z,7)) in terms of 
Fourier coefficients. The motivation of such an approach is the following: we proved 
(see Theorem 7.3 and Exercise 7.3) that a periodic function f belongs to Wi (—1,7) 
if and only if 

> lnllen(f)? <e. 


n=—°o 


This fact and Parseval’s equality justify the following definitions. 
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Definition 8.1. A 27-periodic function f is said to belong to the Sobolev space 
wy ( th, 1) 


for some a > O if 


YX lal len(~)P <, OP = 1. 


n=—oo 
Definition 8.2. A 27-periodic function f is said to belong to the Besov space 
BY 9(—2,7) 


for some a > 0 and some | < 0 < wif 


co 


> xX AP len( AP] <=. 


J=0 \ 2<|n|<2i+1 
Definition 8.3. A 27-periodic function f is said to belong to the Nikol’skii space 
Ay (—Z; 1) 


for some a > 0 if 


sup |nllen( 2 <e. 


J=0,1,2,.- 97 <|n|<Qi+1 


Definition 8.4 (See also Definition 1.10). 


1) A 27-periodic function f is said to belong to the Hélder space C%|—1, 7] for 
some noninteger a > 0 if f is continuous on the interval [—7,7], there is a 
continuous derivative f of order k = [o] on the interval [—z, 7], and for all 
h #0 small enough, we have 


sup [f(x +h)— fO)| <clale, 


x€(—7, 71] 


where the constant C > 0 does not depend on h. 
By the space C'(—z, x] for integer k > 0 we mean the set of 27-periodic func- 
tions f that have continuous derivatives f\) of order k on the interval [—7, 7]. 


2 


Na 


Remark 8.5. We shall use later the following sufficient condition (see (3.13)): if 
there is a constant C > 0 such that for each n = 1,2,... we have 


>. a lel |< Ca (8.2) 


|m|>n 
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with some integer k > 0 and some 0 < @ < 1, then f belongs to the Hdlder space 


‘Guus de 


The definitions 8.1—8.3 imply the following equalities and embeddings: 


(1) BY ,(—1,) = W,'(—2,2),0>0. 
(2) W)(—2,m) = L?(—n,n). 
(3) BY) (—2,%) C By9(—1,2) CH3(—2,2),0 20,15 0 <~. 


(4) BS g(—m,) CL?(—a,m),1< 0 <2 and L?(—2,2) C BY 9(—2,2),2< @ <o. 


(5) L?(—n,2) C H9(-2,n). 
Exercise 8.1. Prove embeddings (3), (4), and (5). 


More embeddings are formulated in the following theorems. 


Theorem 8.6. If a > 0, then 
C*|—12, 1] C Wy’ (—7,7) 


and 
C*|—1,a] C Hy (—2, 72). 


Proof. Let us prove the first claim for integer a > 0. If ~ = 0 then 
C[—1,1] C L?(—1,2) = W3(-1,z). 
If « =k > Ois an integer, then Definition 8.4 implies that 


1 


T 
sg | +H) — FM Pars cr. 
=7%: 


Using Parseval’s equality, we obtain 


y | |7*-? |en(f)|7 |e" = ii/F < Ch? 


n=—oo 


or 
4 > |al* *ea(f)|? sin? (nh/2) < Ch. 


n=—°o 


It follows that 
> | |*? en ( f) [7077 < Ch’ 


|nh|<2 


or 


DX In*en(f\P <c. 


|n|<2/|h| 
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Letting h — 0 yields 


co 


YX lal leaAP se 


n=—°co 


Le... fe Wk(—-n, 7m). For noninteger @ one needs to interpolate between the spaces 
Cl@l[—2, x] and cl#l+!|—z, x]. 
Now let us consider the second claim. As above, for f € C“|—7, a], we have 


1 


Tv 
=| f (xt h) — f (x) [Pdx < ClAl2°—®), 


—X 
where k = [a] if o is not an integer and k = ~ — 1 if o@ is an integer. By Parseval’s 
equality, 
> ln len( A) Phe — 17 < cape, 
n=—oo 
or 
2 Y, |nl*len(f)[°(1 —cos(mh)) < Clale), 


n=—°o 


It suffices to consider h > 0. If we integrate the last inequality with respect to h > 0 
from 0 to /, then 


co 


Elna? (1-) < crea, 


n=—oeo 
It follows that 
> bP lawrscr™ 
2<|n\l<4 
or equivalently, 


> AAP Me AP <c, 


2<|n|l<4 
where the constant C > 0 does not depend on /. Since 2(k — a) < 0, it follows that 


XY Ala se 


2/I<|n|<4/l 
for every | > 0. Choosing | = 2~/*!, we obtain 


XY lala AP se 


2<|n|<2i+1 


ie., f € H$'(—2, 7). This completes the proof. 
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Theorem 8.7. Assume that a > 1/2 and that « — 1/2 is not an integer. Then 

He (—n, x) c Co |_-2, 21]. 
Proof. Let k = [a], so that « = k+ {a}, where {a} denotes the fractional part of a. 
Note that in general, 0 < {a} < 1 and in this theorem {a} 4 1/2. We will assume 


first that {a} = 0, i.e., @ =k is an integer and k > 1. If f € H4(—z, 2), then there 
is a constant C > 0 such that 


YX lm lem(AP <C (8.3) 


2i<|m|<2i+1 


for each j = 0,1,2,.... Let us estimate the tail (8.2). Indeed, by the Cauchy— 
Bunyakovsky—Schwarz inequality and (8.3), 


¥ inl lenAS SS lal en (A) 


|m|>n J= ig 23<|m|<2/+! 
20~n 
1/2 1/2 
= 1 
2k 2 
2 > YY [ml lem(F)| a 
i=in \2i<|m\<2i4! 2i<|m|<2i+! 
2/0-~n 
1/2 
— 1 — 5d _ 40 
av yy yy sl) <ve yd 22 <c277. 
i=in \2i<|ml<2it1 ™ ii 
2/0 ~n 2/0~n 


Here, 2/0 ~ n means that 2/0 < n < 2/0+!, Therefore, we obtain 


Y, | Nem(f)| < Cn-¥?, 


|m|>n 


where the constant C > 0 is independent of n. This means that (see (8.2)) f belongs 
to Ch H41/2|_¢ xz] = C1/2[_2, zx]. 

If @ > 1/2 is not an integer and @ — 1/2 is not an integer, then for f € HS‘(—1,7) 
we have instead of (8.3) the estimate 


>  lPHAP eA AP SC, 


2i<|m|<2/+! 


where k = [a],0 < {a} < 1 and {a} 4 1/2. If k=0, then 1/2< a= {a} <1. 
Repeating now the above procedure, we obtain easily 
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1 1 
2 2 


» lems Y XY lm em( AIP mje 


|m|>n J=ig \24<|m|<2s+! 24 <|m|<2s+1 
20~n 
1/2 
< C bY »y |m| 2% < C ny 97 (a-1/2)) Cy OA), 
J=io \2i<|m|<2/+! J=io 
2/0-.n 2/0 ~n 


i.e., we have again that f € C¢—!/?[—x, 1]. 
For the case [or] = k > 1, @ is not an integer, and a — 1/2 is not an integer, we 
consider two cases: 0 < {a} < 1/2 and 1/2 < {a} < 1. In the first case we have 


> lal em(F)| < 


|m|>n 

1/2 1/2 
FS rent? Spee 
J=ig9  \23<|m|\<2/+! 2i<|m|<2/+! 
2/0-~n 


<6 Yr Habgi? < Cyl, 


J=j0 
2/0~n 


This means again that f ¢ Ch~!+!/2+{@}/_ 7 x] = C*!/2|_z, a]. In the second 
case, 1/2 < {a} < 1, we proceed as follows: 


> Iml‘em(F)| 


|m|>n 

1/2 1/2 
3 YP emf)? = ie 
J=ig \2i<|m|<2/+! 2i<|m|<2/+1 
20~—n 


<c 3 9a 1/2) < Cy{od+1/2, 
J=j0 
2/0 -~n 
This means that f ¢ Ch+{%-!/2/_7, 2] = C%!/?|_71, m1]. Hence, the theorem is 


completely proved. 


Corollary 8.8. Assume that a =k + 1/2 for some integer k > 1. Then 
HE (—n,x) c CP-/?|_x, a] 


for every 1/2<B <a. 
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Corollary 8.9. Assume that a > 1/2 and a — 1/2 is not an integer. Then 
BY 9(—x,") CC*!?[—-z, x] 


for every 1<0<, 
Exercise 8.2. Prove Corollaries 8.8 and 8.9. 


Exercise 8.3. Prove that the Fourier series (8.1) with coefficients 


1 
= yn 
|n|log(1 + |n|) 


cn(f) 0, co(f)=1 


defines a function from the Besov space By : (—2,7) for every 1 < @ <9, but not 


for 0 = 1. 


Exercise 8.4. Prove that the Fourier series (8.1) with coefficients 


1 


onl f) = Ta Piog(1 + nl) 


n#0, co(f)=1 


defines a function from the Besov space Bs 9(—7, 7) for every 1 < 8 < ©, but not 
for 0 = 1. 


Exercise 8.5. Consider the Fourier series (8.1) with coefficients 


1 


1 nPtogFL- ) 


n#0, co(f)=1. 
Prove that 

(1) fe H;/?(—x,z) if B >0 

(2) few; (—x,n) if B > 1/2 

(3) f €C'[—x, x] if B > 1 but f ¢ C![—z,z] if B <1. 
So the embeddings W(—2,m) C C¢-!/2|—2, n] and HY (—2,m) C C*-'/?|-a, a] 
are not valid for « — 1/2 an integer (see Theorem 8.6). 


Exercise 8.6. Let a 
» a‘ cos(b‘x) 
k=0 


be a trigonometric series, where b = 2,3,... and 0 <a < 1. Prove that the series 
defines a function from C![—z, 2] if 0 < ab < 1 and a function from the Holder 
space C’[—7,7], y< lifab=1. 


Exercise 8.7. Assume that a = 1/b* in Exercise 8.6. Is it true that this function 
belongs to C![—z, 7]? 


Chapter 9 
Absolute Convergence. Bernstein and Peetre 
Theorems. 


We begin by proving the equivalence between a 27-periodic function f belonging 
to the Nikol’skii space H}‘(—7, 7) for some 0 < @ < | in the sense of Definition 8.3 
and the L? Hélder condition of order @, i.¢., 


x fi f(x+h) — f(x)Pdx < K\hl?% (9.1) 


for some constant K > 0 and for all h 4 0 sufficiently small. Indeed, due to Parseval’s 
equality we have 


= ~ fa fGsth) = x) |?dx = lef | \Fie — 1)? 
< D> AP lAPla(AP+4 YY le(AP, ©.2) 
\n|<2/0 |\n|>2/0 


where jo is chosen so that 2/0 < a < 2/0+!, The first sum on the right-hand side of 
(9.2) is estimated from above as 


Jo 
Ar Y lAPleAP<lAP SY YY la lea AP 


|n|<2/0 J=02/<|n|<2/+1 
Oy 2-20 
<A> ") YAP ea AP 
j=0 QI <|n|<2/41 


Jo 92-20) it? _ 52-20 
aC > Qa = cw! ) 
j=0 


92-20 _ | 
24 Se 1 2-20 
< Clh|? (2) < C|h|? (a) = C|h|?* 
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if0 <a < 1. We used this condition for @ because we considered a geometric sum 
with common ratio 27-2 4 1. The second sum on the right-hand side of (9.2) is 
estimated from above as 


4y YL lala leaAP 4 27° YM [nen (FP? 


i=in 2i<|nj<2i+! i=io 2i<|n|<2i+! 


< Cc py 27 2a] < C2720 < CaP", 
J=Jo0 
since WW <2/0+! and the criterion of Definition 8.3 is satisfied. Thus, (9.1) is proved. 
Conversely, if the L* Hélder condition (9.1) is fulfilled, then Theorem 7.5 implies 
for each N = 1,2,... the inequality 


> lap sen 2 


|n|>N 
with the same & as in (9.1). But this leads to the inequality 


Ne OY len AP SC, 


N<|n|<2N 
where the constant C is independent of N. Thus, we obtain for every integer N > 0 


that 
Y lala AP <e. 
N<|n|<2N 


Since N is arbitrary, we may conclude that f € H$‘(—z,7) for 0 < @ < | in the 
sense of Definition 8.3. Therefore, the L? Hélder condition (9.1) can be considered 
as an equivalent definition of the Nikol’skii space HY (—z,7) forO<a< 1. 


Exercise 9.1. Prove that f belongs to the Nikol’skii space H}‘(—z,) for every 
noninteger o > 0 in the sense of Definition 8.3 if and only if the following L” Hélder 
condition holds: 


1 


1 
ag | IP +m) — FO (Pax < KAP 


—T 
with some constant K > 0 and k = [a]. 
Exercise 9.2. Prove that f € Wk(-n, m),k=1,2,..., if and only if 


1 7 ; 
sz fe Peta) — FY Par < Clap. 

20 J—n 
Theorem 9.1 (Bernstein, 1914). Assume that a 21-periodic function f satisfies 
the L Hélder condition with 1/2 < a < 1. Then its trigonometric Fourier series 
converges absolutely, i.e., 
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» len(f)| <e. 


Proof. Since the L? Hélder condition (9.1) is equivalent to f € H%(—z,7) for 
0 < a < 1, there is a constant C > 0 such that 


XY lala AP se 


2i<|n|<2i+! 


for each j = 0,1,2,.... Hence we have 


co 


DX len(f)| = leo(f +d, Dy lal*len(A)Ilal-® 


n=—oe J=023<|n|<2/+1 
1/2 1/2 
2 2. —2 
<leo(f)|+ > DY  lallen(F)I xy ia 
j=0 


Qi<|n|<Qitl 2i<|n|<2i+! 


< leo + VEX 2 H2 = lel H+ VEX (2°09) co 
j=0 


since @ > 1/2. Thus, the theorem is proved. 


Corollary 9.2. Theorem 9.1 holds for C°|—1, |, BS 9(—1,7), and Hy'(—1,1) for 
every & > 1/2 and1<0@<~. 


Exercise 9.3. Prove this Corollary. 
Theorem 9.3 (Peetre, 1967). Assume that a 21-periodic function f belongs to 


1/2 : * . ; . 
the Besov space By ;(—2,7). Then its trigonometric Fourier series converges 


absolutely. 
1 2 
Proof. If f € By; (—2,7), then 


1/2 


co 


Yl SY lalla?)  <-. (9.3) 


J=0 \ 27 <|n\<2/+! 


Hence we have 


co 


Y len(f)| = leof + YY lal! len(f)\|n\- 1? 
n==e J=02 <|n|<2i+1 
1/2 1/2 


<lo(Alt+S{ YE Inllealse yee 


J=0 \ 2i<|n\<2i+1 Q<|n|<2/t! 
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1/2 
— 2 eon 1/8 
<lo(Alt+E {| SY lalleaAP| (2-424 
J=0 \ 2i<|n\<2i+1 
1/2 
= |co(f 1+ Yall) < 
j=0 \ d/<|nl<2i+! 


due to (9.3). This proves the theorem. 


Corollary 9.4. It is true that By? (-a, nm) C Cl-7, 7}. 


Exercise 9.4. Prove that the embedding By, 5 (—2,2) C C|—2, 2] does not hold for 
1 < 0 < ~ by considering the function from Exercise 8.3. 


Exercise 9.5. Prove that H%'(—,m) C By/?(—1,m) if @ > 1/2. 


Theorem 9.5. Assume that a 21-periodic function f belongs to the Sobolev space 
Ww, (—1,7) with some 1 < p <%. Then its trigonometric Fourier series converges 
absolutely. 


Proof. Since W,, (—m,1) C W,,(—1,7) for 1 < pz < pi, we may assume without 
loss of generality that f € Ww, (—1,7) with | < p < 2. Then there is a function 
g © L?(—2,7) with 1 < p <2 such that 


=f alt jdt + f(— nr), [gar (9.4) 


As we know from the proof of Theorem 7.3, (9.4) leads to 


ea(f) = = en(8), n#£0. 


Since g € L?(—2, 7) with | < p < 2, the results of Chapter 7 give 


es 1/p 
(3 je) <0, (9.5) 


where ; + a = 1. The facts (9.4), (9.5) and Holder’s inequality imply that 


co 


DX len(f)| = leo(f al =yleale 


1 1/p 1/p' 
S leo(f)|+ ( a] (= ile) < 09, 
n#40 n#0 


since | < p < 2. This completes the proof. 


9 Absolute Convergence. Bernstein and Peetre Theorems. 57 


Remark 9.6. For the Sobolev space wi (—2, 7), this theorem is not valid, i-e., there 
is a function f from Wi (-a, m) with absolutely divergent trigonometric Fourier 
series. More precisely, we will prove in the next chapter that the function 


sinnx 


foo:=> 


& nlog(1+n) ee) 


belongs to the Sobolev space W}(—z, 7) and is continuous on the interval [—7, 7], 
but its trigonometric Fourier series (9.6) diverges absolutely. 


The next theorem is due to Zigmund (1958-1959). 


Theorem 9.7. Suppose that f € W}(—1,x)NC%|—x, 2] with some 0 < a <1. 
Then its trigonometric Fourier series converges absolutely. 


Proof. Since f € W,\(—7,7), it follows that f is of bounded variation. The period- 
icity of f implies that 


1 


eae Sa ei eas swf S [et kh) — f+ (k-1)h) Pax, 6.) 


k=] 


where the integer N is chosen so that N|h| < 1 for h 4 0 sufficiently small. We 
choose N = [1/A|]. Since f € C*|—z, z], the right-hand side of (9.7) can be esti- 
mated as 


aa. y f(a kh) — f(xt (k— 1h) Pax 


Tk=1 

2 Gar 

~ < nN 
e Clhl® 

< OnN 


> LA(x-+ kh) — f(x-+ (k— 1)h) jax 


ne 


(VIE A+ V2 (Ff) + Vert (f)) 2m < 
— CAS Clh|% Clh|e ie 
. (1/|Al] 7 1/|h| —{1/|A|} — 1/|A|-1 -_ 1—|h| 


& cae 


atl 
if |h| < 1/2. This inequality means (see (9.7)) that f € H,” (—a,x) with att > 
1/2 for w@ > 0. An application of Bernstein’s theorem completes the proof of the 
theorem. 


Exercise 9.6. Let a (periodic) function f be defined by 
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Prove that the function f belongs to the Nikol’skii space H,! *(—2,m) but its 
trigonometric Fourier series is not absolutely convergent. 


Exercise 9.7. Let a (periodic) function f be defined by the absolutely convergent 
Fourier series 
elkx 


f(x) := Bp 


Mes 


k=1 
(1) Show that f belongs to the Nikol’skii space H} (—z,7) but 


1 


4 2 
xz | \fle+h)— so Par> tog 7 


— | 
wm Th 


for 0 < |h| < 1, that is, (9.1) does not hold for a = 1. 
(2) Show that f does not belong to the Besov space BS g(—, %) for any 1 <0 <~, 


Chapter 10 
Dirichlet Kernel. Pointwise and Uniform 
Convergence. 


The material of this chapter forms a central part of the theory of trigonometric 
Fourier series. In this chapter we will answer the following question: to what value 
does a trigonometric Fourier series converge? 
The Dirichlet kernel Dy (x), which is defined by the symmetric finite trigonomet- 
ric sum 
Dy(x):= ¥ e™, (10.1) 


|n|<N 


plays a key role in this chapter. If x € [—2, 2] \ {0}, then Dy(x) from (10.1) can be 
recalculated as follows. Using Euler’s formula, we have 


oi ie aed — 2N 
Dy(x) = y ey — e Nx > ella +N)x = e INx »y eikx 
a t= k=0 


l-e*® 1—eix 
_ el(N+1/2)x _ e7i(N+1/2)x 7 sin(N + 1/2)x 
eit/2 — e~ix/2 ~ sinx/2 


Thus, the Dirichlet kernel equals 


sin(N + 1/2)x 
D = 0. 10.2 
w(x) sinx/2 ’ ( ) 
For x = 0 we have 
Dy(0) = 2N+1= lim Dyy(x), 
te a 
so that (10.2) holds for all x € [—z, 7]. 
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Exercise 10.1. Prove that 
i Tv 
(1) | Dy (x)dx = 1,N =0,1,2,...; 
20 —1 
(2) Ky(x) = yeq D) Lo Dj(x), where Ky(x) is the Fejér kernel (5.2) 
Recall that the trigonometric Fourier partial sum is given by 


Kia= S oipe™. (10.3) 


|n|<N 


The Fourier coefficients of Dy (x) are equal to 


Cn (Dy) = 


ik 0, >N, 
= P em py eas={ |n| 


KEN 1, |n| <N. 


Hence, if f is periodic and integrable, then the partial sum (10.3) can be rewritten 
as (see Exercise 4.1) 


co 


Svf(e) = ¥. en(Dy)ea(fe™ = (f* Dy) (x -5[° Dy(x—y)f(y)dy 


n=—o°o 


oe i ok of? sin(N + 1/2)y 


Exercise 10.2. Let f be the function 


Loox < 
f= 27 on? O<x<7, 
— 3 aq —lM<x<0 
Show that 
(1) (Sw f)'() = x¢(Dw() — 1) 
(2) limy—oo Sy f(x) = haa 0; 
(3) limy_... Sy f(0 = 
Exercise 10.3. Prove that as N — ©, 
1 /* 4logN 
— D dx = O(1). 
og |, !Pw(wide = “25 +011) 


Since the Dirichlet kernel is an even function (see (10.2)), we can rewrite (10.4) as 


1 
20 


sin(N + 1/2)y 
siny/2 


Swf) = 5 [* (Flety) + F0-y) 


Using the normalization of the Dirichlet kernel (see Exercise 10.1), we have for 
every function S(x) that 
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il 
On 


sin(N + 1/2)y 
siny/2 


Sw Fle) — Ste) = 5 [" (Faty) + fle-y) — 2519) dy. (10.5) 


Our aim is to define S(x) so that the limit of the right-hand side of (10.5) is equal to 
zero. We will simplify the problem by splitting it into two steps. The first simplifi- 
cation is connected with the following technical lemma. 


Lemma 10.1. For all z € [—1, 7], it is true that 


i 2) 
sinz/2 z|~ 24° 
Proof. First we show that 
: zi. lee 
2--|< — 10.6 
sinz/ 5 ae (10.6) 


for all z € [—7, 2]. In order to prove this inequality, it is enough to show that 
3 
x 
0<x—sinx < 6 


for all 0 <x < 2/2. The left inequality is well known. To prove the right inequality 
we introduce h(x) as 
h(x) =x—sinx—x3/6. 


Then its derivative satisfies 
hi (x) = 1—cosx—x*/2 = 2(sin?x/2—x"/4) <0 
for all 0 < x < /2. Thus, h(x) is monotonically decreasing on the interval [0,2 /2], 
which implies that 
0 =h(0) > h(x) =x—sinx—2x /6 
for all 0 <x < 2/2. This proves (10.6), which in turn yields 


1 2 
sinz/2  z| _ 


_ 2\z/2—sin(z/2)| |z|> /24 2 \z\3/24 — alz| _ x? 
\z||sin(z/2)|_ — |z||sin(z/2)| — |z||z|/m# — 24 ~ 24°’ 


since | sinz/2| > |z|/z for all z € [—2, 2]. This finishes the proof. 


As an immediate corollary of Lemma 10.1, we obtain for every periodic and inte- 
grable function f that the function 


yrs (f(xty) + f(xy) —25(2)) (sm - =) 
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is integrable on the interval [0,2] uniformly in x € [—7, 2] if S(x) is bounded, i.e., 


1 2 
siny/2 y 


[ltt + Fee-y) - 250) 


: 
ae (fn lf(xty) lav+ [ |f(x—y)|dy + 22|S(x 1) 


2 1 
<5 ( [Modlay+2m sup | sto) . 


xeE[ 
Application of the Riemann—Lebesgue lemma (Theorem 6.1) gives us that 


1 
siny/2 


az fret y)+1-y) 2810) ( 


2 
li —=)si 1/2)y = 
jim = =) sin(N + 1/2)y 
pointwise in x € [—7, a] and even uniformly in x € [—7, 2] if S(x) is bounded on the 
interval [—7, 71]. 
Thus, we have reduced the question of pointwise or uniform convergence in 
(10.5) to proving that 


ug sin(N + 1/2)y 
y 


nn). ety) Pi) 25x) 


Jim dy=0 (10.7) 


pointwise or uniformly in x € [—7, 7]. 
For the second simplification we consider the contribution to (10.7) from the 
interval 0 < 6 <y <q. Note that the function 


fxt+y)+fe—y) — 28(x) 
y 


is integrable in y on the interval [6,7] uniformly in x € [—7, 2] if S(x) is bounded. 
Hence, by the Riemann—Lebesgue lemma this contribution tends to zero as N > 9. 
We summarize these two simplifications as 


Swf (x) — S(x) 
6 
= -f (f(x+y) + f(e—y) — 28(x)) 


rT 


sin(N + 1/2)y 4 o(1) (10.8) 
; 


as N — co pointwise or uniformly in x € [—7, 7]. 

Let us assume now that f is a piecewise continuous periodic function. We wish 
to know the values of S(x) in (10.8) to which the trigonometric Fourier partial sum 
can converge. The second part of Theorem 5.1 shows that the Fejér means converge 
to 


(f(x+0) + f(x—0)) 


; 1 
Jim on fx) = 5 
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for every x € [—7, 7] pointwise. But since 


Ng. 
on f (x) = — es 


Sy f(x) can converge (if it converges) only to the value 


(f(x +0) + f(x—0)). 


Nie 


We can obtain some sufficient conditions when the limit in (10.8) exists. 


Theorem 10.2. Suppose that S(x) is chosen so that 


fi lflebodt fo) — 280), aa 
0 y , 
pointwise or uniformly in x € [—1, 7]. Then 

Jim Sy f(s) = $0) (10.10) 


pointwise or uniformly in x € |—1, 71]. 


Proof. The result follows immediately from (10.8) and the Riemann—Lebesgue 
lemma. 


Remark 10.3. If in (10.10) we have uniform convergence, then S(x) must necessar- 
ily be periodic (S(—z) = S(z)) and continuous on the interval [—7, 7]. 


Corollary 10.4. Suppose a periodic function f belongs to the Holder space 
C%|—1, 1] for some 0 < a < 1. Then 


tim Sy f(x) = Fx) 
uniformly in x € [—1, 7]. 
Proof. Since f € C*|—72, 7], it follows that 
[f(e+y) + f(@—y) —2F(2)| < |Fle+y) — F)| + 1F@—y) — FQ) < Cy” 


for 0 < y< 6. This means that the condition (10.9) holds with S(x) = f(x) uniformly 
in x € [—72,7], from which the statement of the corollary follows. 
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Theorem 10.5 (Dirichlet, Jordan). Suppose that a periodic function f is of 


bounded variation on the interval |x — 6,x + 6] for some 6 > 0 and some fixed x. 
Then 


Jim Swflx) = 5 (F040) +00). 


Proof. Since f is of bounded variation, the limit 


lim 5 (fl+y) + f@—-y)) = 


1 
ree 5 (FE +0) + fx —0)) = S(x) (10.11) 


exists. For 0 < y < 6 we define 
F(y) = f@+y) + fay) — 28a), 
where S(x) is defined by (10.11). Note that F(0) = 0. Let us also define 


Guo) = - sin MN. pages (10.12) 


It is easy to check that 
(N+1/2)y gi 
Gui) = | sap. O<y<é. 
0 


This representation implies that 


. _ f*sinp, 2 
Jim Gw(y) [ ' dp = a (10.13) 


For fixed x we have from (10.8) and (10.12) that 
1 6 
Syf(e) - Sx) =— [ FO)GYO)dy-+0(1), No. 
m Jo 
Here integration by parts gives 
1 e_7f 
Sv fe)—S) = 2 (FO)GvOIIE = [Guo}AFO)) +000) 
6 
= + (F(8)G(8)— [ Gu)4FO)) +01), Nom, (10.14 
T 0 


where the last integral is well defined as the Stieltjes integral of the continuous 
function Gy(y) with respect to the function of bounded variation F(y). Since the 
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limit (10.13) holds and Gy(y) is continuous, we can consider the limit in (10.14) as 
N — ce, Hence, we obtain 


dim (Sv Fle) — (a) = 


This completes the proof. 


Corollary 10.6. If f is periodic and if f and f' are piecewise continuous, then the 
Fourier series of f converges to 5(f(x+ 0) + f(x—0)) at all points. If in addition 
f is continuous on (—e,°°), then its Fourier series converges to f(x) uniformly on 


(20,9). 


Corollary 10.7. If f is periodic and belongs to the Sobolev space wi (—7,7), then 
its trigonometric Fourier series converges pointwise to f (x) everywhere. 


Proof. Since f € W,!\(—z,7), it is of bounded variation and continuous on the in- 
terval [—z,7]. In this case, the value S(x) from (10.11) equals f(x) at every point 
x € [—7,7]. Thus, 

lim Sy f(x) = f(x) 


No 


pointwise in x € [—7, 7]. 


Remark 10.8. The above proof does not allow us to conclude uniform convergence 
of the trigonometric Fourier series of functions from the Sobolev space W}(—7, 7). 
However, uniform convergence is in fact the case, as we will prove later in this 
chapter. 


Exercise 10.4. Show that 


1 
fx)=—>z, bl <1/2 


is of bounded variation but this function does not satisfy condition (10.9) at x = 0. 
Hint. 


6] 
| ty = +oo, 
0 ylogy 


Exercise 10.5. Show that ; 
f(x) =xsin Z 


satisfies condition (10.9) at x = 0 but this function is not of bounded variation, see 
Exercise 1.3. 
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We can return now to the question of term-by-term integration of trigonometric 
Fourier series. 


Theorem 10.9. Suppose f belongs to L'(—1,1). Then 


b b 
lim Sy f(x) | f (x)dx 


N20 Jaq 


for every interval (a,b) C [—1, 7]. 


Proof. For a given L! function f (not necessarily periodic) we introduce a new 
function F as a 
P(x):= f° (F(t) -eo( far (10.15) 


=% 


It is clear that F(x) belongs to the Sobolev space W;! (—z, 2) with F(—7) = F(x) = 
0 (periodicity) and 
F'(x) = f(x) —co(/). 


This implies 
ed) =ine (Fl =alf); ne eth) =o. 


Corollary 10.7 gives us that F(x) has everywhere convergent trigonometric Fourier 
series 


F(x) =c0(F)+ > CP) gine (10.16) 


n#0 ce 


In particular, for every —™ <a<b< 7 we have from (10.16) that 


F(b)-F(a)=> culP) (6 ind __ginay _ ¥ eal f af eax, 


n#0 ue n#0 


or equivalently (see (10.15)), 
[909 -eotmar [" 709) eo ar= [fear 0-aeo(s) 
= Sa i ei dy. 


n#0 7 


Thus, we obtain finally 


[se )dx = 3 cn f nfe e™dx = lim calf) [tax 


n=—oee |n|<N 


= lim ” Swf (x)dx 


No Jaq 
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This proves the theorem. 


Exercise 10.6. Calculate co(F) for F defined by (10.15). 


Corollary 10.10. If f < L'(—z,z), then the series 


y nlf) and > Gal F)(=1)" 


n#0 7 n#40 i 


converge. 


Proof. The result follows from (10.16). 


Corollary 10.11. The series 
sin(nx) 
log(1 +n) 


n=1 


is not the Fourier series of an L" function. 


Proof. Let us assume to the contrary that there is a function f € L!(—z,7) such 
that 


co elm oo —inx 
1 e 


—  sin(nx) 
fay~ 2d ‘log(1-+n) els g(l+n)  2i ps log(1+-n) 


1a n=1 


=a Li el a2 y sgn(nje"™ 1 sgn(n)el”™ 
7 2i 


aie log(1+|n|) — 2i car; log(1 + |n|)’ 


n=—1 


1.e., we have 


a sgn(n) _ 
elf) = 95 FoR + Inl)”’ nels, tO 


Since cy(f) = —c_n(f), this trigonometric Fourier series can be interpreted as the 
Fourier series of some odd L! function. Then Corollary 10.10 implies that 


sgn(n) 1 . 1 
2 2inlog(1+|n|) i 4 nlog(1 +n) 


must be convergent. But this is not true. This contradiction proves this corollary. 


Remark 10.12. If we define the function f by the series in Corollary 10.11, then it 
turns out that 
1 T 
[| fear=o, ff If(elar= +e. 


Recall that the Poisson kernel is equal to 
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1-r 


Px) = — >_>; 
(*) 1—2rcosx+ r2 


O0<r<l 


and its trigonometric Fourier series is 


P(x) = »y ltl eine 


n=—co 


Corollary 10.4 shows us that this series converges to P,(x) uniformly in x € [—7, 7]. 


Theorem 10.13. Suppose that f € C[|—1, 7] is periodic. Then 
Jim (Pex f(a) = £0) 


uniformly in x € |—1, 7] or 


lim y r"len(f)e™ = f(x) (10.17) 


t= ss 


uniformly in x € [—1, 1] even if f has no convergent trigonometric Fourier series. 


Proof. Using the normalization 


i a 
=f Piahie 
20 [. () 


we have 
1 T 
(Pe A) —L0) = 5 [POM F%—y) —SO))ay 
1 


= Fe fag POA 9) — Foe 
© - Peppeg OUFE-9) — f(x))dy =: +b. 


Since f is continuous on [—7, 7], it follows that 7; can be estimated as 


ns sup fee») S00] = | Broay 


xe[-n,A],y|<6 2n 
= sup |f(x-y)—f(x)| 0 


x¢[-1,n1},)1<6 


as 6 — 0. At the same time, /5 can be estimated as 


1 
Ih| < 2max =| P..(y)dy. 
Val <2maxlf(ize f,__ Polo)dy 
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For 6 < |y| < 2 the Poisson kernel can be estimated as 


ee 1-r _ 1—r 
a = 1—2rcosy+r?— 4rsin? y/2+(1—r)2 
l-r l-r m1—r 


< = : 
~ Irsin?y/2~ 2r62/n?2 26? 


If we choose 5* = 1 —r, then hy is estimated as 


1 T — 1 
Ih| < — max — = — max 
lal < max lf)I5 ; 


as r — 1—. Hence, the estimates for J; and J, show that 


lim ((P,* f)(x) — f(a) = 0 


rol- 


uniformly in x € [—2,z]. The equality (10.17) follows from this fact and 
Exercise 4.1. This completes the proof. 


We will prove now the well known Hardy’s theorem and then apply it to the uniform 
convergence of the trigonometric sum Sy f(x). 


Theorem 10.14 (Hardy, 1949). Let {a;}?_) be a sequence of complex numbers 
such that 
kla,| <M, k=0,1,2,..., (10.18) 


where the constant M is independent of k. If the limit 


n qi 
: ‘ J 
lim On := | I j= 10.19 
Ha tn 3 ( mon nee 


exists, then 
lim (0, — S,) = 0, 
n—0o 
where Sp = L=0 aj, i.e. also 
lim 5, = a. (10.20) 
n—co 


If ax, depends on x and (10.18) holds uniformly in x and convergence in (10.19) is 
uniform, then convergence in (10.20) is also uniform. 
Proof. For n < m it is true that 


(m+ 1)6n — (n+ 1)o, — > (m+1— j)aj =(m—n)sp. 
j=n+l 
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Indeed, 
m 


(m+ 1)0m— (n+ 1)On— PS (m+1— j)a; 


j=n+l 
m n m 
=¥ (i+1=)ay-S@ti-py- 3 @t1—ja; 
j=0 j=0 j=n+l 
n n n 
= ¥(m4+1— jyaj— ¥ (n +1 pay = ¥ (m—n)aj = (m—n)sp. 
j=0 j=0 j=0 


Therefore, 
m 
(m+ 1)Onm— (n+ 1)on + (m+ 1— j)aj—(m—n)o, = (m—n)s, — (m—n) on 
j=nt+l 


or equivalently, 


j=n+l1 


Let m >n— © be such that m/n ~ 1+ 6 (Le., limm»—..m/n = 1+ 6) with some 
positive 6 to be chosen. Since 6; is a Cauchy sequence by (10.19), it follows that 


m+1 
(On On) 0, m>n--., 
m—n 


At the same time, the condition (10.18) implies that 


1 m . 1 m A M 
m—n »*ry m+ 1 


Sim—n At —mt+i) 7 
~Ma+1/8) & (Ga) 
=muija)( % 4 Bot 
cmi+1/e)( {bag =") 
=M(1+1/8) (10g — 24 
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re) 
~M(1+1/6) (iog(1-+8)- tein) 
~M(1+1/6) 
x (5 — 67/2 +0(8”) — 8(1-5 + 0(8”))) 
= M(1+1/6) (6°/2+0(8°)) < 2Md 


if 5 is chosen small enough. Since 6 is arbitrary, we may conclude that also the 
second term converges to zero. This proves the theorem. 


Corollary 10.15. Suppose that f € C[|—1,1] is periodic and that its Fourier coeffi- 
cients satisfy 


with positive constant M that does not depend on n. Then the trigonometric Fourier 
series of f converges to f uniformly in x € |—1,71]. 


Proof. Since f € C|—7, 7] is periodic, Theorem 5.1 gives the convergence of Fejér 
means 


im ons (x) = f() 
uniformly in x € [—7, z]. Let us define ap = co(f) and 

ay(x) =c,(flel™+c_y(fye, k=1,2,.... 
Then 


Sy, = Dy a(x = Snf (x x) 


and 
n 


onfls) = az YSN) = ay De 


Thus, we are in the setting of Hardy’s theorem, because 


2M 
lax(x)| <—, k=1,2,.... 
k 
Since this inequality is uniform in x € [—z,7], on applying Hardy’s theorem we 
obtain that 
Jim SN= Jim Swf (x) = f(x) 


uniformly in x € [—7, 7]. 
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Corollary 10.16. If f € W,(—2,72) is periodic, then 


lim Sy f(x) = f(x) 


N—oo 
uniformly in x € [—1, 7]. 
Proof. Since f € W,!(—1,7) is periodic, there is g € L'(—z, 2) such that 
x tn 
f(x) = | sa+s-n), jatar =0. 


Thus, f’ = g and 


or equivalently, 


Due to embedding (see Lemma 1.14), the function f is continuous on the interval 
[—2, 2]. Using again Hardy’s theorem, we obtain 


lim Sw f(x) = f(x) 


N— co 


uniformly in x € [—7, 2]. This completes the proof. 


Exercise 10.7. Using Theorem 10.9, prove the embedding 
WS (—n,n) CWl(—n,2), a >1/2. 


Remark 10.17. Corollary 10.16 and Exercise 10.7 show that for every function f 
from the spaces H;" and By‘, with 1 < @ <coanda > 1 /2, its trigonometric Fourier 
series converges to this function uniformly. Here one must take into account that f 
might be changed on a set of measure zero. 


Let us return to some special trigonometric Fourier series. Namely, we consider 
functions f{(x) and f(x) that are defined by the Fourier series 


= sin(nx) 
A= DS ees (10.21) 
and 7 
falx) =>. ute) (10.22) 


7  nlog(1+n)- 
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These functions are well defined for all x € [—2,z] \ {0}; see Theorem 3.3. In 
addition, f1(0) = 0, whereas f2(0) is not defined, since the series (10.22) diverges 
at zero. We will show that f(x) does not belong to W(—z, 2) but f; (x) does. 

If we assume to the contrary that f2 € W/!(—z,7), then its derivative f} has the 


Fourier series ~ ner 
sin(nx 

Lae=- >). 

py log(1 +n) 


But due to Corollary 10.11 this is not a Fourier series of an L! function. This con- 
tradiction proves that fo ¢ W,!(—7, 7). 

Concerning the series (10.21), let us prove first that it converges uniformly in 
x € [—7, 7], i.e., fi(x) is (at least) continuous on the interval [—z,7]. Indeed, by 
summation by parts we obtain for 0 < M < N that 


sin(nx) N nat 
nlos(14-n) sin(kx) sin(kx) 
nem Mlog(it+n) , 2 aa (3 )- 2 
___ sin(Nx) sin(Mx) 
Nlog(1+N) Mlog(1+M) 


N+1 n 1 , 
n ~ al; > eae (aa 1) log(2 +n) ae 2 


Using the calculation from Exercise 5.1, we have 


> ant _ cosx/2 —cos(n+ 1/2)x __ sin(nx/2) sin((n+ 1)x/2) 
2sinx/2 sinx/2 : 


(10.24) 


The first two terms on the right-hand side of (10.23) converge to zero as N > M — 0 
uniformly in x € [—2, 2]. The sum on the right-hand side of (10.23) becomes, using 
(10.24), 


> sin(nx/2) sin((n+ 1)x/2) nlog 7+ + log(2 +7) 


po sinx/2 n(n+ 1)log(1 +n) log(2+7) 
7 y sin(nx/2) sin((n+ 1)x/2) log = 
- erat sinx/2 (n+ 1)log(1 +n) log(2 +n) 
N+! sin(nx/2) sin((n+ 1)x/2) 1 
: =+h. 
Pie sinx/2 n(n+ 1)log(1+n) 


Let us consider two cases: n|x| < 1 and n|x| > 1. In the first case, 


sin(nx/2) sin((n+ 1)x/2) 2 n|x|/2-1 _ mn 
sinx/2 ~ |x| / 2° 
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Then 
Le la] yt 
In| < Ty nlog(1+1/(n+1)) 28 y ne 
2 p42 (n+ 1)log(1+n)log(2+n) © 2,47) nlog*n 
os 1 
. 0 10.25 
2 Atanlogn Se 


that 


~ 2 At. n(n+1)log(1+n) — ra ica 


n=M+ 
1 Wk dt 
< Fpl fe 
4 m+2 logt 
r P/el I/\x| ag 
| +f 
logt M42 JM+2 logt 
be wees 
4°" Uog(1/|x]) log(M+2)  Ju+2 log”t 


a x|(M +2) Q 
“= (sti * log(M +2) taney illel+m+2)) 


l| 


1 1 1 1 1 
+ + + 
4 (He 2) log(M+2)  log?(M+2) log?(M+ 5) 
T 
$e) 
~ log(M + 2) 


uniformly in x as M — 9, In the second case, 


sin(nx/2) sin((n+ 1)x/2) 1 oes, 
n. 
sinx/2 ~ |sinx/2| ~ |x| — 
Then 
N+1 N+1 1 
nl<n nlog(1+1/(n+1)) n;, 


T ee ey, 
(n+ 1) log(1 +n) log(2+n) 4 nlog*n 
n=|5 n=| By 


—-0, Mc 


uniformly in x. For / we have, by integration by parts, 
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1 N+1 
Ha] < |sinx/2|_ py ion - ar ay >M eal 


[alt 


1 1 
|x| tlogt 


re i i dt 
[xlau Madea Plost 


es dt 
~ \EA/fxtHog[1/lxl] © bx] Jf] >a #2 log? 


[1/ixJ+1 , (e+. pe ae 
i Gre V/|x|] (L//] i" rok) 
<7 or + ae 0, Mc (10.26) 


uniformly in x. Finally, we may conclude that the trigonometric Fourier series 
(10.21) converges uniformly on the interval [—7, 2], and therefore it defines a con- 
tinuous function f|(x). This series, as well as (10.22), can be differentiated term by 
term for z > |x| > 6 > 0, because the series 


cos(nx) 
i log(1 +n) 
converges uniformly (see Corollary 3.4) for z > |x| > 6 > 0. This means that for 
this interval, f|(x) belongs to C!. Thus, it remains to investigate the behavior of 
the series (10.21) as x — 0+. But the estimates (10.25)-(10.26) show us that (if 
we choose M x 1/x,x — 0+) the function f(x) from (10.21) has the asymptotic 


behavior é 
filx) ~ icaxs (10.27) 
ogx 


It is possible to prove (see [46, Chapter V, formula (2.19)]) that the asymptotic 
(10.27) can be differentiated, and we obtain 


This singularity is integrable at zero. Therefore, the function fi(x) belongs to 
Wi (—2, 2). 


Exercise 10.8. Prove that the series (10.21) and (10.22) do not converge absolutely. 


Chapter 11 
Formulation of the Discrete Fourier 
Transform and Its Properties. 


Let x(t) be a 27-periodic continuous signal. Assume that x(t) can be represented by 
an absolutely convergent trigonometric Fourier series 


x(t) = >. Cme™ rE [—%, 7], (11.1) 
m=—o0 


where the c,, are the Fourier coefficients of x(t). 
Let now N be an even positive integer and 


Then x(t) is a response at tg, i.e., 


© 


x(t) = Yo cme”. (11.2) 


m>=—eo 


i2nkl 


Since e = | for integers k and /, the series (11.2) can be rewritten as 


co 


— 52k (yn 5 2mk (yy) 
> Cee (m IN) _ y y Cen (m—IN) 


m=—co l=—00 —N/2<m—IN<N/2-1 
2 N/2-1 Oak 
= »y on Cn+INe 
l=—con=—N/2 
N/2-1 Wat 2. 
= p> eu" + Cn+IN = by en "Xn, (11.3) 
n=—N/2 [=—0o n=—N/2 
where X;,,n = —N/2,...,N/2—1 is given by 
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= ¥ cn. (114) 


In the calculation (11.3) we have used the fact that the series (11.1) converges ab- 
solutely. Combining (11.2) and (11.3), we obtain 


js ae : j 2k 
“=a > Ge: (11.5) 
n=—N/2 


The formula (11.5) can be viewed as an inverse discrete Fourier transform, and it 
appeared quite naturally in the discretization of a continuous periodic signal. More- 
over, the formula (11.4) becomes the main property of this approach. Since 


(11.6) 


Ss (em 288 -{ k—m#£0,+N,+2N,... 
Zi = 

n=—N/2 N, k—-m=0,+N,+2N,... 

we solve the linear system (11.5) with respect to X,,n = —N/2,...,N/2—1, and 


obtain 
1 N2-1 


j 2akn 
= 3 sere. (11.7) 
= N/2 


Exercise 11.1. Prove (11.6) and (11.7). 


In fact, the formulas (11.5) and (11.7) give us the inverse and direct discrete Fourier 
transforms, respectively. 


Definition 11.1. The sequence {X,, al of oe numbers is called the dis- 


n=— or 
crete Fourier transform (DFT) of the sequence {Y; ee a ae Wi if foreachn=—N/2,..., 
N/2—1 we have 
ad im , j 2k 
yy yer. (11.8) 
N -N/2 


We use the symbol ¥ for the DFT and write 
Xn = F (Ve)n 
or simply X = -F(Y). 


Definition 11.2. The sequence ie le of complex numbers . said to be the 


an 
inverse discrete Fourier transform (IDFT) of the sequence 1 oe if for each 


k= —N/2,...,N/2—1 we have 


n=— ee 
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N/2-1 


B= Yo Xeow. (11.9) 
n=—N/2 


We use the symbol .¥—! for the IDFT and write 
La? ae 
or simply Z = ¥~!(X),. 
The properties of the DFT and IDFT are collected in the following lemmas. 


Lemma 11.3. The following equalities hold: 


(1) F-\(F(¥)) =¥; 
(2) ¥(F-'(X)) =X; 


(3) 
N/2-1 a 
F (Xn)eF(Yne=— YO XnYn- 
k=-N/2 N n=—N/2 


Proof. Using (11.6), (11.8), and (11.9), we have 


iy H + 2akn 1 Nee : oy d + 2nln « 2kn 
F'\AY) = Y¥ FU) v= Y¥ y Ye tw | eh 
n=—N/2 n=—N/2 \l=-N/2 


1 N/2-1 N/2-1 . 2an(k—1) 1 
=i > | + ee = lel = Me. 
I=-N/2 n=—N/2 


This proves part (1). Part (2) can be proved in the same manner. 


Exercise 11.2. Prove part (3) of Lemma 11.3. 


Corollary 11.4 (Parseval’s equality). 


1 N/2-1 N/2-1 
wo l= LF Xda’. 
n=—N/2 k=—-N/2 


Remark 11.5. Due to the periodicity of the complex exponential, we may extend 
the values of Xm, m= —N/2,...,N/2—1 periodically to any integer by 


Kuh, 10243 x (11.10) 
N/2-1 
Corollary 11.6. For a sequence X = {Xn} n= /2 we define 
N/2-1 


Xtrey = {Xn—n} p= _w/2" 
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Then 
F"(X) =NF (Xrev )- 


Proof. By Definition 11.2 and the periodicity condition (11.10) we have 


ie : j 2akn Ne ! j 2akn ie + 2mkn 
NF (Xrey )k = »y Xy-ne = Sy X_»e" m = » Xne a 
n=—N/2 n=—N/2 n=N/2 
N/2 ag N2ST 
= » Aer S= SS ue a *+Xyel™ ri Be n2e pauk 
n=—N/2+1 n=—N/2 
ey : j2zkn 
= > xXew =F '(X). 
n=—N/2 
This concludes the proof. 
Definition 11.7. The convolution of discrete sequences X = {X;, Ve : e jy) and Y= 
{Yn fe ° S [2 is defined as the sequence whose elements are given by 
N/2-1 
Cay ye= +, SY, (11.11) 
l=—N/2 
where X,, and Y,, satisfy the periodicity condition (11.10). 
Proposition 11.8. For every integer l, it is true that 
og - 2mnm Nae ! j 2anm 
by Yne N = by Yne N. 
m=—N/2-1 m=—N/2 
Proof. The claim is trivial for / = 0. If / > 0, then 
Nea « 2anm io : 2anm a - 27nm ies : 2anm 
y Ler = py Yne~ oe > Yne' ¥ — »y Yne ¥ 
m=—N/2-1 m=—N/2 m=—N/2-l m=N/2-1 
icon : i 2am Nj2-1 - 27n 
= DY Meter + Yo Ynwe be) 
m=—N/2 m=N /2—1 
N/2-1 N/2-1 


j 2anm 


_ y Y,,e7! - y Y,,e7 j2Znm j 28am 


m=N/2-1 m=—N/2 
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due to the periodicity condition (11.10). If / < 0, then 


N/2-I-1 N/2- 1 N/2-I-1 —N/2-I-1 
-i 2nnm j2Znm {2mm 
yy Yne N= bY Yne N+ > Vee = y 
m=—N/2-I m=—N/2 m=N /2 m=—N/2 
N/2-1 N/2-I-1 
i 2mam 2m 
= > Yne | + y Yne | 
m=—N/2 m=N /2 
N/2-I-1 7 N/2-1 2 
Tn mm 
- bs Yn— ne! a MOONY as > Yne | N 
m=N/2 m=—N/2 


due to periodicity condition (11.10). This proves the proposition. 


Corollary 11.9. For every integer | it is true that 


N/2-I-1 N/2-1 
py Yin = by Yin- 
m=—N/2-1 m=—N/2 


Lemma 11.10. The convolution (11.11) is symmetric, i.e., 
(X *V)x => (Y xX), 
for every k = —N/2,...,N/2—1. 


Proof. We have 


N/2-1 k+1-N/2 
(favYie= S Mea= > We3 
l=-N/2 j=k+N/2 
N/2—1+(k+1) N/2-1 
= SY Xp = YM VX p=(V*X)e 
j=—N/2+(k4+1) j=—-N/2 


by Corollary 11.9. 


Lemma 11.11. For eachn = —N/2,...,N/2—1 it is true that 
(1) F(X*Y)n =NF(X)nF (VY) as 

(2). Fa pe FI OD 

Proof. Using (11.11), we have 


N/2-1 -N/2-1 


1 3 270KN 
F(X*Y),=— YS (X#Y)e Pe" = 5 hw Dy Maem 
k=—N/2 N "W/2 k=-N/2 


j2akn 
N 
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+ 2am 


Yne* 
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1 N/2-1 — -N/2-I-1 


ap? x, y Ye 78 we (m+!) 


Nj-7 N/2 m=-N/2-1 


1 nie : + 2nnl ei + 27nm 
ae yy Xete YY Yee. (11.12) 
l=-N/2 m=—N/2-1 


Proposition 11.8 allows us to rewrite (11.12) as 


1 ! { 2an a= : i 2m 
F(X *Y)n ee xe s Yne ) X =NF¥(X)nF(¥)n- 
ae N/2 m=—N/2 


Part (2) is proved in a similar manner. 


Corollary 11.12. For each n= —N/2,...,N/2—1 it is true that 


where X -Y denotes the sequence {X,- Ye as 


Proof. Lemmas 11.3 and 11.11 imply that 


(X*7) =F! (7 (X+7)) =NF” (F(%) -F(¥)) 


n 


Setting X := .%—!(X) and Y := #—'(Y), we obtain easily from the latter equality 
that 


The second part is proved in a similar manner. 


Let us return to the continuous signal x(t), t € [—7, 7], which is represented by an 
absolutely convergent trigonometric Fourier series (11.1). Formula (11.4) allows us 
to obtain 


N/2-1 N/2-1 | oo N/2-1 
y [Xn —Cn| = > BY Cn+IN — Cn bY b> Cn+IN 
n=—N/2 n=—N/2|l=—e n=—N/2 |IA0 
N/2-1 
x Nlenswls DY levi. (11.13) 
n=—N/2140 Iv|>N/2 


Similarly, we have 
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N/2—-1 2akn N/2—1 - 2nkn 
F'(Xn)k py cne N |= by (Xr —cn)e’ 
n=—N/2 n=—N/2 
N/2-1 
= > e-als ¥ ie (11.14) 
n=—N/2 |v|>N/2 


In the formulas (11.13) and (11.14) the numbers c, are the Fourier coefficients of 
the signal x(t), and {Xn})/* 5 is the DPT of {x(ty) }q/” yo With th = 2mk/N. 
Theorem 11.13. /f x(t) is periodic and belongs to the Sobolev space W3"(—1,T) 
for some m= 1,2,..., then 


1 
k= or+0(sae), N— 0. (11.15) 
and 
1 et « 2akn 1 
F_ (Xn) x = x ne N +0 (<=) ; N- © (11.16) 
n=— 


uniformly in n and k from the set {—N/2,...,N/2—1}. 


Proof. Using Holder’s inequality, we have 


1/2 1/2 
> nl ( > Pm ( D3 mr] 
|vi2N/2 |v|>N/2 |vI>N/2 


The first sum on the right-hand side tends to zero as N — © due to Parseval’s equality 
for a function from the Sobolev space W3"(—z, 7). The second sum can be estimated 
precisely. Namely, since for every m= 1,2,... we have 


1/2 : 1/2 
( > mr] =< (/ nar) yoy 
|vI=N/2 Ne 


we conclude that (11.15) and (11.16) follow from the last estimate and (11.13) and 
(11.14), respectively. 


Corollary 11.14. An unknown periodic function x(t) € W3"(—m,m),m = 1,2,... 
can be recovered from its IDFT as 


2nk a 1 
«() = 2 Omi+0(sa): MN ree 


uniformly in k from the set {—N/2,...,N/2—1}. 
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Exercise 11.3. (1) Show that 


1 a=e 
ky N/2-1 , ’ 
F (fa! Fae up). = ~~ n( jr a Pat? oer. 


(2) Ifa sequence Y = iy A is real, then show that 


ae 


Chapter 12 
Connection Between the Discrete Fourier 
Transform and the Fourier Transform. 


If a function f(x) is integrable over the whole line, i.e., 


| @lar<a, 


then its Fourier transform is defined as 


F f(E) =flé):= = [feje ar 


Similarly, the inverse Fourier transform of an integrable function 9(€) is defined as 


F"g(x) = = [s@eas. 


Theorem 12.1 (Riemann—Lebesgue lemma). For an integrable function f(x), its 
Fourier transform F f(&) is continuous, and 


lim F f(E) =0. 


Proof. Since e'” = —1, we have 


_~ 


oo ° xen tin a. - ev iby 
ARE) =e | _flde 8 ar=—-—T— | fot a/é)e ey 


This fact implies that 


278) = Te | (Flo-+-m/8) — Foo)e Hae 
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Hence 


21F( f(x+n/5) — f(x)|dx — 0 


Ns ag fi 
an 
as |E| — oe, since f is integrable on the whole line. This is a well known property of 


integrable functions. Continuity of f(E) follows from the representation 


f(E+h)-f(E Je 5 (eB _ 1) dx 


~ Von aml fe 
and its consequence 


ai 


ile Tay x)\dx =: +h. 


=] 20 Te nealZ™ V2 Lys lf 


For the first term 7; we have the estimate 


1 
< Je F(a nds < — ffl 


For the second term J) we have 


2 
L -— | x)|dx — 0 
2 Von Ix|>8/lAl FOI 


as |h| — 0. If we choose 6 = |h|!/?, then both /; and /; tend to zero as |h| — 0. This 
completes the proof. 


If a function f(x) has integrable derivatives f(x) of order k = 0,1,2,...,m, then 
we say that f belongs to the Sobolev space W;”(R). 


Exercise 12.1. Prove that if f € W, (IR), then lim, .+.. f(x) = 


Theorem 12.2 (Fourier inversion formula). Suppose that f belongs to W;(R). 
Then 


FF f(x) = f(x) 
at every point x ER. 


Proof. First we prove that 


f_feyeera= fF 


for every pair of integrable functions f and g. Indeed, 
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[-sesaa = [p00 [alee aga 
=e | ale) [sere *anag = [” Fe aE a8 


by Fubini’s theorem. Suppose now that g(&) is given by 


_Ji, ll<a, 
e)= 4h esa 


Its Fourier transform is equal to 


m 1 Ue ss lL fe /2 sin(nx) 
= — ixg i 4 
8x) J/2n le dg J2n ( ix =) mx 


Thus, we have the equality 


where f € W, (IR). Letting n — 09, we obtain 


pv. FE) (E)ag = sim /2 fp sey (12.1) 


We will prove that the limit in (12.1) is actually equal to /27f(0). Since 


[ sin(nx) 5 o 


—oo x 


the limit in (12.1) can be rewritten as 


aeill fom 
_ 0) + lim qe fu p(o)) ay 
- Vint (0 Ea sin) 
mf (0 )+ lim f(t/n) — f(0)) —“dr. 


It remains to show that the latter limit is equal to zero. In order to prove this fact we 
split the above integral as follows: 
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[rein — 50) a 
= sin(t) | 7 sin(1) 
= f(r) FO) arf (lel £(0)) ar 


=,+h. 


Since f € W, (R), it is continuous with respect to the definition of Sobolev spaces 
in this chapter. Therefore, 


| < sup |f(t/n) — F(0)| 


|t|<1 


|t|<1 


For the second term, /, we first change variables to obtain 


caf -GO—70j 
|z|>1/n Zz 


= [9-10 (fay) ac 
+ [4 -s0) ( [2 ae 


Integration by parts in these integrals leads to 


(Fle) —f() f 


0 y 


bh 


<4 Ft jf sin (ny) 4 
lh ae 

vA n —I/n 1/n Z n 
+(F-F0) [ ne -["ref ag 


~ sin(n /” sin(n 
~ (im ()- F0)) [ SO) ay —(F(U/n) - #00) [ ny 
ey sin(t) ~!/n sin(ny) 
— fF. [PP aac + (-U/n) 10) | 


y 
~ (tim 4) i) [ ce ‘a : 


Ijn nz sin(f) 
; _ fof Sad 


0 (see Exercise 12.1) and since f is continuous, we obtain (as 


dy 


Since lim... f(z) = 


n— oo) 


t 
barat 3 Him Fe a fr ee 
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=-—m7f(0)— lim 7 f(z) [ Sn aie 
n—-oo 1/n 0 t 
—1/n Zz 
— lim f(z) _ sn ae 
n—-oo 0 


=-nf(0 0- fF ee 


=—nf(0) + f(0) 5 + f(0)5 = 


Here we used again the fact that lim,_,+.. f(z) = 0 and Lebesgue’s dominated con- 
vergence theorem. Thus, (12.1) transforms to 


pv. | FG) = V2 F(0), 


or equivalently, 


In order to prove the Fourier inversion formula for every x € R, let us note that 


CPS 


FONE) = FFE) = ef Flat y)e Pay 


=e [soe ebac= e718). 


Since f,(0) = f(x), it follows that 


F(x) = fx(0 a ~'(F fx)(0) 


= —|_ (F AN(E)ME = — —|_ eX FEE = F"(Ff)(a). 


This completes the proof. 
Remark 12.3. As a by-product of the above proof we record the limit 


tim = [Fla ) SN) ae = £0) 


n—-oo JU 


for every f € W/(R). 
Lemma 12.4. If f belongs to the Sobolev space W;"(R) for some m= 1,2,..., then 


fO=e (em) (12.2) 


as |E| > ©, 


90 Part I: Fourier Series and the Discrete Fourier Transform 


Proof. Since f € W}"(R), it follows that f’, f”,...,f@-) © W/(R). By Exercise 
12.1, we have 


im fP@)=0 
for each k= 0,1,...,m— 1. This fact and repeated integration by parts give us 
f(x) Je PS dy = = * F(x) =f. f(x Je BS dy = — =f. 7 (x ye dy 
[C = TE ig 
ee / i ar é 
= —Fagl'@) race f" (xe dx 
ey? 


= dn [rtettacn. ee nee 7 (em) 


due to the Riemann—Lebesgue lemma. O 


The equality (12.2) allows us to consider (with respect to the accuracy of calcu- 
lations) the Fourier transform only on the interval (—R,R) with R > 0 sufficiently 
large, i.e., we may neglect the values of ¥f(&) for || > R. This simplification 
justifies the following approximation of the inverse Fourier transform: 


f(x) je dé. 


1 R 
V2 J-R 


At the same time and without loss of generality we may assume that the function 
f(x) is equal to zero outside some finite interval. In that case it can be proved that 
F f(&) is a smooth function for which (12.2) holds. 


Definition 12.5. We say that f € W?"(—R,R) if f € W/"(R) and f = 0 for x ¢ 
(—R,R). 


Theorem 12.6. Suppose that f € W''(—R,R) is supported in a fixed interval [a,b] C 
(—R,R) with R > 0 sufficiently large for some m = 2,3,.... Then 


2 1 N/2-1 Qn + 1 i x(2n+1) 
=4/ = ayy F f | ——__ Je nin/(m¥2) 
Fe) \2 Naor) 2 AF ( Nm/(m+2) ) a 


=-N/2 


l 
ee ase} (12.3) 


uniformly in x € (—R,R) for R = N2/""*?) and even N > ~. 
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Proof. Since f(x) = 0 for x ¢ (—R,R), using the Fourier inversion formula (see 
Theorem 12.2) we have 


_pay-Lfe¢ itge_ | [" ¢ ets 
fe) FG) = se | _ Free as- [Flee ak 


2 = [og FFE. 


Lemma 12.4 implies then that 


Rm 1 


Fx) 1°06) =0 (ger) (12.4) 


Let us divide the interval [—R,R] into N +1 subintervals [€,,6,11], where n = 
—N/2,...,N/2—1 such that 


R= €_wy2 < 6-wat <9 < En =R 


where oi on 
n= ar ntl — Sn = Ve 
Let us also set 
gy = ttt Roo 1) 


Then we obtain 


P= se [FFG eas 


ion 
1 "Sg ents? 
a ae N/2 N 
1 N/2— : Sn+l 
F f(E)e*> — F fF (Exe™ | dé 

‘Ted [ (Fre (6;)e"5 ) 

N/2-1 3 
=< y F F(RCOn-+ Iyinpereentnin' 4.0 (). (12.5) 


n=—N/2 
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Exercise 12.2. Prove that 


uniformly in x € supp f. 


Hint. Use the Taylor expansion for the smooth function F f(& yeixé at the point &*. 


If we combine (12.5) with (12.4) and choose R = N2/(m+2) , then we obtain (12.3). 
This completes the proof. 


Remark 12.7. The main part of (12.3) represents some kind of inverse discrete 
Fourier transform. In order to reconstruct f at a point x € [—R,R] we need to know 
only the Fourier transform of this unknown function at the points 


2n+1 
Nm/(m+2)’ 


n=—N/2,...,N/2—-1, 


where m is the smoothness index of f. What is more, the formula (12.3) shows us 


that it is effective if 
2m—2 m 


———_|— > —— 
m+2 m+2 


or m > 2. This means that f must belong to the Sobolev space W4’(—R,R) with 
some m > 3. 


Chapter 13 
Some Applications of the Discrete Fourier 
Transform. 


First we prove the Poisson summation formula. 


Definition 13.1. Let f be a function such that 


lim }) f(x+2zn) 


Ns ey 


exists pointwise in x € R. Then 


paie > f(x+2mn) (13.1) 


n=—oco 
is called the periodization of f. 


Remark 13.2. It is clear that fp(x) is periodic with period 27. Hence we will con- 
sider it only on the interval [—7, 7]. 


Theorem 13.3 (Poisson summation formula). Suppose that f € L'(R). Then 
f(x) from (13.1) is finite almost everywhere, satisfies fy(x-+ 2%) = f(x) almost 
everywhere, and is integrable on the interval |—1,1]. The Fourier coefficients of 
f(x) are given by 


1 a —imx 1 
x xje "dx = ——F f(m 
se | fol) ag hom 
If in addition 
x |F fm) <~, 
m=—oco 
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then 
s f(x+2an) = LF )e™, (13.2) 
n=—oo sf DIT pes 
In particular, fp(x) is continuous, and we have the Poisson identity 
> f(2nn) = —_ x Ff (13.3) 
n=—e V20 m= 
Proof. Since f € L'(IR), we have 
[- Lox dlars [” > [fet 2an)ide= > [ou f(x-+2mn)|dx 
T n=—co n= ee 
se m+2mn co 
=Y f lr@la= fo flar<a. 
—n+2mn —oo 


n=—0e 


This shows that fp is finite almost everywhere and integrable on [—72, 7]. Applying 
~""™* allows us to integrate term by term to obtain 


the same calculation to f,(x) 


Cm (fs) = xi. f(x) ye dx = Y; xi. ci (x+2mn)e IM dy 


Sat 
m+27 
7 fhe md 


> = iat, SO 


n=—eco 
oo 1 m+27n . 
; f(the "dt 


1 
See 
evi 1 on 
= Taye [forma Fe Fsie, 
Now, if the series 7 
dX |Ff(m)| 


m=—eo 
converges, then that convergence is equivalent to the fact that 


> lem(fp)| < e. 
m=—oco 
Thus, f)(x) can be represented by its Fourier series at least almost everywhere (and 
we can redefine f,(x) so that this representation holds pointwise), i.e., 
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This means that (see (13.1)) 


co 


~ 1 on imx 
2, fet 2mn) = oe ee ’ 


Finally, set x = 0 to obtain the Poisson identity (13.3). 


Example 13.4. If 
1 2 
x)= e #, xER, 
PO) Tea 


where f > 0 is a parameter, then it is very well known (see, e.g., Example 16.7 and 
Exercise 16.4) that 


FFE) = a 


Formula (13.2) transforms in this case to 


1 ee __ (x+2an)? 1 = = 
eo lS >, e tm e 


V4at n=—0o 20 m=—oo 


and the Poisson identity transforms to 
T wa _y2,2 See eo) 
—~ yer. Sm, 
t n=—0o m=—oco 


As an application of the Poisson summation formula we consider the problem of 
reconstructing a band-limited signal from its values on the integers. 


Definition 13.5. A signal f(t) is called band-limited if it has a representation 


2nAa 
S(t 


wa eité 
O=s f FO dé, (13.4) 


where A is a positive parameter and F is some integrable function. 


Remark 13.6. If we set F(&) = 0 for |€| > 27, then (13.4) is the inverse Fourier 
transform of F € L!(IR). In that case f is bounded and continuous. 


Theorem 13.7 (Whittaker, Shannon, Boas). Suppose that F € L'(R) and F(E) = 
0 for || > 220. IfA < 1/2, then for every t € R we have 


(13.5) 
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where the fraction is equal to 1 whent =n. If A > 1/2, we have 


. V2 bocgcon IFS) Ids. 


F,(§) = ~ F(§ + 2nn) 


n=—oo 


- sin (t —n) 
7 2X fo) m(t —n) 


Proof. Let 
be the periodization of F’. Formula (13.4) shows that 


where .¥(F) denotes the Fourier transform of F(€). Hence, by the Poisson summa- 
tion formula, we have (see (13.2)) 


oo 1 oo 


FE +20) = SY sme = =D somers, 


Since every trigonometric Fourier series can be integrated term by term, we obtain 


[Fo EjeSdé = had (E +2nn)eS dé 
_ FE p= 


ellt—m)é q 
V2n am, =I i fe $ 


t—m)n _ ev i(t—m)x 


ie i( 
7 ze i(t _ m) 


— —_ m) 
pO en, 


Now, if A < 1/2, then F(€) for |€| < z is equal to its periodization F,(€) (see 
Definition 13.1) and 


[ol e!ag = Vins. 


These equalities imply immediately that 


as sin a(t —n) 
=> sn 
ae An) 
so that (13.5) is proved. If A > 1/2, then we cannot expect that F(€) = F,(¢) for 
|€| > 2, but using Definition 13.1 we have 
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t eee yell ale ey yeivé d 
Flt) = V2 et ea: 6 aoa $ 
= y Fn) sina(t—n Pes) Eeilb de, 
pears m(t —n) a 
where 
oo 1 a ing gé 
=> —= F . 
Fn)=— =f Fee 
Therefore, 
f(t) = s rl ald 
7 n=—co m(t - n) 
= (x sin 2(t — — | itt 
=F dé. 
2. (Fo) F(n)) m(t —n) 7 on m<|E|<2nd F(s jets 


Here the middle series is equal to 


er aes F(g)e**a8 ae 


or 


2 = sinz(t—n) eine 
J2n yea @( S 1(t —n) Jas 


Exercise 13.1. Prove that 


sin 1(t —n) eine _ eis 
m(t—n) 


€ €(-2, 7]. 


n=—°o 


Hint. Show that 
en(e We) = sinz(t —n) 
m(t—n) — 


Using Exercise 13.1 and the periodicity of eS we have 


= V2 econ WF(S as. 


no- yo 


This proves the theorem. 
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Theorem 13.7 shows that in order to reconstruct a band-limited signal f(r), it is 
enough to know the values of the signal at integers n. In turn, to evaluate f(7) it is 
enough to use the IDFT of F(&); see (13.4). Indeed, let us assume without loss of 
generality that A = 1/2. Then 


_ 1 u ing 
flr) = =f P(E )eMas. 


If F is smooth enough (say F € Cc [—7, 7]), then formula (12.5) gives (R = m and 
N>I1) 


21 N/2-1 . mn(2k-+1) 1 
rE Bnet s0() 
k=—N/2 
20 jm ee « 2nkn ( 1 
= ae "S” net +0(4), 
N k=-N/2 N° 


where F; denotes the value of F(&) at the point 7(2k+1)/N. Therefore, up to the 
accuracy of calculations, 


V 20 «an 


N bv F"(Fe)n, 


f(n) 


i.e., for N a sufficiently large even integer, 


Chapter 14 
Applications to Solving Some Model 
Equations 


14.1 The One-Dimensional Heat Equation 


Let us consider a heat conduction problem for a straight bar of uniform cross sec- 
tion and homogeneous material. Let x = 0 and x = L denote the ends of the bar 
(the x-axis is chosen to lie along the axis of the bar). Suppose that no heat passes 
through the sides of the bar. We also assume that the cross-sectional dimensions 
are so small that the temperature u can be considered constant on any given cross 
section (Figure 14.1). 


Fig. 14.1 Geometry of the heat conduction problem for a bar. 


Then u is a function only of the coordinate x and the time f. The variation of 
temperature in the bar is governed by the partial differential equation 


7 Ux,(x,t) =u; (x,t), O<x<Lt>0, (14.1) 


where @ is a constant known as the thermal diffusivity. This equation is called the 
heat conduction equation or heat equation. 
In addition, we assume that the initial temperature distribution in the bar is given 
by 
u(x,0)= f(x), O<x<L, (14.2) 


where / is a given function. Finally, we assume that the temperature at each end of 
the bar is given by 
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u(0,t)=go(t), u(L,t)=gi(t), t>0, (14.3) 


where gg and g; are given functions. The problem (14.1), (14.2), (14.3) is an ini- 
tial value problem in the time variable t. With respect to the space variable x it is a 
boundary value problem, and the conditions of (14.3) are called the boundary con- 
ditions. Alternatively, this problem can be considered a boundary value problem in 
the xt-plane (Figure 14.2): 


u(0,t) = go(t) 7 Uxx =U u(L,t) = 21 (t) 


Fig. 14.2 Geometric illustration of the heat equation as a boundary value problem. 


We begin by considering the homogeneous boundary conditions when the func- 
tions go(t) and gi(t) in (14.3) are identically zero: 


OU = Uy, 0<x<Lt>0, 
u(0,t)=u(L,t)=0, ¢>0, (14.4) 
u(x,0) = f(x), O<x<L. 


We look for a solution to the problem (14.4) in the form 
u(x,t) = X(x)T(t). (14.5) 


Such a method is called a separation of variables (or Fourier’s method). Substituting 
(14.5) into (14.1) yields 


o?X" (x)T (t) = X(x)T' (2), 


x") ATO 
X(x) a? T(t)’ 
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in which the variables are separated, that is, the left-hand side depends only on x, 
and the right-hand side only on ¢. This is possible only when both sides are equal to 


the same constant: 
xX” 1 T' 


X fT 


Hence, we obtain two ordinary differential equations for X (x) and T(t): 
X"+AX =0, 
T'+o0°AT =0. (14.6) 
The boundary condition for u(x,t) at x = 0 leads to 
u(0,t) = X(0)T(t) =0. 


It follows that 


since otherwise, T = 0, and so u = 0, which we do not accept. Similarly, the bound- 
ary condition at x = L requires that 


X(L) =0. 


So, for the function X (x) we obtain the homogeneous boundary value problem 

X"+AX =0, 0<x<L, 

- . (14.7) 
X(0) = X(L) =0. 


The values of A for which nontrivial solutions of (14.7) exist are called eigenvalues, 
and the corresponding nontrivial solutions are called eigenfunctions. The problem 
(14.7) is called an eigenvalue problem. 


Lemma 14.1. The problem (14.7) has an infinite sequence of positive eigenvalues 


2 2 
nvm 
An= T N= 1 2yaces 


with the corresponding eigenfunctions 


where c is an arbitrary nonzero constant. 


Proof. Suppose first that A > 0, ie., A = 7. The characteristic equation for (14.7) 
is r? + u? = 0 with roots r = +i, so the general solution is 
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X (x) = cj cosux +c sinwx. 


Note that 1 is nonzero, and there is no loss of generality if we assume that w > 0. 
The first boundary condition in (14.7) implies 


X(0) =c; =0, 
and the second reduces to 
c2sinuL = 0, 
or 
sinuL = 0, 


since we do not allow c2 = 0 either. It follows that 
uL=nn, n=1,2,... 


or 


Hence the corresponding eigenfunctions are 


__ NX 
X,,(x) = csin a 


If A = —p* <0, u > 0, then the characteristic equation for (14.7) is r? — u? = 0 
with roots r = +u. Hence the general solution is 


X (x) = cy coshtx +c? sinh x. 


Since ‘i i ‘ 
ell 4 @ Hx : elX — e- Hx 
cosh Ux = a and = sinh ux = 


this is equivalent to 
X(x) =cje*+che ™. 


The first boundary condition requires again that c; = 0, while the second gives 
c2 sinh wL = 0. 


Since pp. £0 (u > 0), it follows that sinh uL ¥ 0, and therefore we must have cz = 0. 
Consequently, X = 0, i.e., there are no nontrivial solutions for A < 0. 
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If A = 0, the general solution is 
X (x) =cyx4+ cp. 


The boundary conditions can be satisfied only if c) = cz = 0, so there is only the 
trivial solution in this case as well. 


Turning now to (14.6) for T(t) and substituting ia for A, we have 


Hence the functions 


Un(x,t) = sin a (14.8) 
satisfy (14.1) and the homogeneous boundary conditions from (14.4) for each n = 
1,2,.... The linear superposition principle gives that every linear combination 


a ma)? . NMUX 

n=1 L 
is also a solution of the same problem. In order to take into account infinitely many 
functions (14.8), we assume that 


= Seve" ("2") aa (14.9) 


where the coefficients c, are still undetermined, and the series converges in some 
sense. To satisfy the initial condition from (14.4) we must have 


= ¥ ensin™ = f(@),. USe <1, (14.10) 


n=1 


In other words, we need to choose the coefficients c, so that the series (14.10) con- 
verges to the initial temperature distribution f(x). We extend f from (0, L] to [—L, L] 
as an odd function and then obtain that 


nx 
Cn 7, & 
=j.f, fos 


It is not difficult to prove that for tf > 0, 0 < x < L, the series (14.9) converges 
(with any derivative with respect to x and r) and solves (14.1) with boundary condi- 
tions (14.4). Only one question remains: can every function f(x) be represented by 
a Fourier sine series (14.10)? Some sufficient conditions for such a representation 
are given in Chapter 10. 
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Remark 14.2. We can consider the boundary value problem for a linear differential 
equation 
y" + p(x)y’ +q(x)y = a(x) (14.11) 


of order two on the interval (a,b) with the boundary conditions 


y(a)=y0, yWb)=y1, (14.12) 


where yo and y, are given constants. Let us assume that we have found a fundamen- 
tal set of solutions y; (x) and y2(x) to the corresponding homogeneous equation 


y+ p(x)y' +. q(x)y = 0. 


Then the general solution to (14.11) is 


y(x) = e1yi (x) + ery2(x) + yp(x), 


where yp(x) is a particular solution to (14.11) and c; and cz are arbitrary constants. 
To satisfy the boundary conditions (14.12) we have the linear inhomogeneous 
algebraic system 


c1yi(a) + c2y2(a) = yo — yp(a), 


14.13 
i Pe. ae 


If the determinant 


is nonzero, then the constants c; and c2 can be determined uniquely, and therefore 
the boundary value problem (14.11)—(14.12) has a unique solution. If 


then (14.11)—(14.12) has either no solutions or infinitely many solutions. 


Example 14.3. Let us consider the boundary value problem 


y'+p7y=1, O<e< 1; 
y(0) = yo, YA) = 1, 
where U > 0 is fixed. This differential equation has a particular solution yp (x) = Te 


Hence, the system (14.13) becomes 


14 Applications to Solving Some Model Equations 105 


p?? 


c, sin0+c2cos0 = yo — 4 
c, Sinut +c2 cose = yy — re 


or 
C2 =Yo- 72s 
c, Sinw’ = yj — z= (v0- tr) COS LL. 
If 
0 1 
Sin Ll COS LL | #0, 


i.e., sing £ 0, then c; is uniquely determined, and the boundary value problem in 
question has a unique solution. If sins = 0, then the problem has solutions (in fact, 
infinitely many) if and only if 


1 1 
=> cos. 
yi uw (v0 zx) u 


If u = 27k, then sin = 0 and cosu = | and the following equation must hold: 


Le., yj = yo. If u = 7+ 27k, then sinu = 0 and cos uw = —1, and we must have 
+ = 
yityo=r >: 
uw 


Suppose now that the ends of the bar are held at constant temperatures 7; and 7). 
The corresponding boundary value problem is then 


Ot, = Uy, 0<2c< La 0, 
u(0,t)=T%,u(L,t)=hh, t>0, (14.14) 
u(x,0) = f(x). 


After a long time (¢ — °°) we anticipate that a steady temperature distribution v(x) 
will be reached that is independent of time and the initial condition. Since the solu- 
tion of (14.14) with 7; = 7T> = 0 tends to zero as t — ©, see (14.9), we look for the 
solution to (14.14) in the form 


u(x,t) = v(x) + w(x,t). (14.15) 
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Substituting (14.15) into (14.14) leads to 


0) +w(0,t) = 7, v(L)+ w(L,t) = Th, 


Let us assume that v(x) satisfies the steady-state problem 


oe 0<x<L, (14.16) 
v(0)=T%, v(L)=fh. 


Then w(x,t) satisfies the homogeneous boundary value problem for the heat equa- 
tion: 


0 Wee = We, 0<x<Lt>O0, 
w(0,t) = w(L,t) = 0, (14.17) 
w(x,0) = f(a), 


where f(x) = f(x) — v(x). Since the solution of (14.16) is 


(pee 
v(x) = =F oe on a (14.18) 


the solution of (14.17) is 


NMX 


= ¥ ee Ve sin, (14.19) 


n=1 


where the coefficients c, are given by 


—T, 
[|r 3% T | sin A i 
~E L 


Combining (14.18) and (14.19), we obtain 


=F; = nt 2 Tr. 
Eg. Th+ >» eer! sin. 


n=1 


Let us slightly complicate the problem (14.14), namely assume that 


0 Ux = uy + p(x), O<x<Lt>0, 
u(0,t)=T%,u(L,t)=hh, t>0, (14.20) 
u(x,0) = f(x). 
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We begin by assuming that the solution to (14.20) consists of a steady-state solution 
v(x) and a transient solution w(x,t) that tends to zero as t — ©: 


u(x,t) = v(x) +w(x,f). 


Then for v(x) we will have the problem 


(14.21) 


hae Ay W227 
(0) = 1, v(L) = 


To solve this we integrate twice to get 


1p. Pp 
i= = | ay [ p(s)ds+cix+ cp. 
a” JO 0 


The boundary conditions yield cz = T, and 


! : “4 : d 
=-\,h-Th-—; ‘ 
Cl { 2-41 =z | yf p(s) s} 


Therefore, the solution of (14.21) has the form 


Th -T, 
v(x) = a a y [ls Jas+ =f ay [ ps) )ds+T). 


For w(x,t) we will have the homogeneous problem 


Wey = w, O<x<L,t>O0, 
w(0,t) = w(L,t) =0,t > 0, 
w(x,0) = f(x) = f(x) — v(2). 


A different problem occurs if the ends of the bar are insulated so that there is no 
passage of heat through them. Thus, in the case of no heat flow, the boundary value 
problem is 

CieH=m, 0<*e< L450, 

ux(0,t) = u,(L,t) =0,t > 0, (14.22) 

u(x,0) = f(x). 


This problem can also be solved by the method of separation of variables. If we let 
u(x,t) = X(x)T(t), it follows that 


X"4AX=0, T’+o07AT =0. (14.23) 


The boundary conditions now yield 
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X'(0) =X"(L) =0. (14.24) 


If A = —p? <0, u > 0, then (14.23) for X(x) becomes X" — 7X = 0 with general 
solution 
X (x) = cy sinhux + co coshLx. 


Therefore, the conditions (14.24) give cj = 0 and cz = 0, which is unacceptable. 
Hence A cannot be negative. 
If A = 0, then 
X (x) =cix+c2. 


Thus X’(0) = c) = Oand X'(L) = 0 for every cz, leaving cz undetermined. Therefore 
A = 0 is an eigenvalue, corresponding to the eigenfunction Xp(x) = 1. It follows 
from (14.23) that T(t) is also a constant. Hence, for A = 0 we obtain the constant 
solution uo(x,t) = c2. 

If A =? > 0, then X” + 2X = 0 and consequently 


X (x) = cj) sinUx+c2 cos Lx. 


The boundary conditions imply cj = 0 and uw = “*, n = 1,2,..., leaving cz arbi- 
: : ae : 7 an 
trary. Thus we have an infinite sequence of positive eigenvalues A, = a with the 


corresponding eigenfunctions 


If we combine these eigenvalues and eigenfunctions with zero eigenvalue Ay = 0 
and X(x) = 1, we may conclude that we have the infinite sequences 


2d 
wn 
An = D2 ’ Xn(x) = cos —, n=0,1,2, ’ 
and ; 
lin(X,t) = cose (EA) n=0,1,2,.... 


Each of these functions satisfies the equation and boundary conditions from (14.22). 
It remains to satisfy the initial condition. In order to do so, we assume that u(x,t) 


has the form 
vas NICO 2 
u(x,t) = J + Lencos mre (MH) r (14.25) 
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where the coefficients c, are determined by the requirement that 


NTMUX 


u(x,0) = s+ Y caces : 


n=1 


=f(x), O<x<L. 


Thus the unknown coefficients in (14.25) must be the Fourier coefficients in the 
Fourier cosine series of period 2L for the even extension of f. Hence 


2 L 
=> f f(x) cos dr, on eee 


and the series (14.25) provides the solution to the heat conduction problem (14.22) 
for a bar with insulated ends. The physical interpretation of the term 


Co 1 se 
S=7f f(x)dx 


is that it is the mean value of the original temperature distribution and a steady-state 
solution in this case. 


Exercise 14.1. Let v(x) be a solution of the problem 


v(x) =0, O<x<L, 
v'(0) _ T,v'(L) =T. 


Show that the problem 


Oly, =u, O<x<L,t>0, 
ux(0,t) = T,, ux(L,t) =Th,t > 0, 
u(x,0) = f(x), 


has a solution of the form u(x,t) = v(x) + w(x,t) if and only if T = 7. 


Example 14.4. 

Uxx =u, O<x<1,t>0, 

u(0,t) = u(1,t) =0, 

u(x,0) =>, + sin(n7x) := f(x). 
As we know, the solution of this problem is given by 


u(x, t) — ey Cn sin(n7ax)e— (nn) 
n=1 
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Since 
— : 1. 
(x,0) = §. cy sin(nax) = Y — sin(nax), 
n=1 n=1 n 
+ (since the Fourier series is unique). Hence the 


we conclude that necessarily c, = 


solution is 
ate | 
u(x,t) = ) = sin(nax)e omy 
n=1! 
Exercise 14.2. Find a solution of the problem 
Ux =U, O<x<7n,t>O0, 
=0,t>0, 


u,(0,t) = Ux(7,t) 
(x,0) = 1—sinx, 


using the method of separation of variables 
Let us consider a bar with mixed boundary conditions at the ends. Assume that 


the temperature at x = 0 is zero, while the end x = L is insulated so that no heat 


passes through it: 
Cu,=m, O<x<L,t>0, 
u(0,t) = uy(L,t) = 0,1 > 0, 
u(x,0) = f(x). 
Separation of variables leads to 
X"4+1X =0, 0< L 
- A (14.26) 
X(0) = X'(L) =0, 
and 
T’+o07?AT=0, t>0. 
As above, one can show that (14.26) has nontrivial solutions only for A > 0, namely 
FT _ (2m—1)?x? noe (2m—1)mx er 
Mm AI? ? m\X) = Sin OL J m= at ena Matta 


The solution to the mixed boundary value problem is 
(2 -_ 1 (2m—1)ta 2 
=) Cm gq = aT. ic BG 2L ) : 


m=1 
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with arbitrary constants cy». To satisfy the initial condition we have 


_ (2m—1)nx 
So AL », O<x<L. 


m=1 


This is a Fourier sine series but in some specific form. We show that the coefficients 
Cm can be calculated as 


7 ffs . p Om tn (Qm—1)nx | 
=F ; 


and such a representation is possible. 

In order to prove this, let us first extend f(x) to the interval 0 < x < 2L so that 
it is symmetric about x = L, i.e., f(2L—x) = f(x) for 0 <x < L. We then extend 
the resulting function to the interval (—2L,0) as an odd function and elsewhere as a 
periodic function f of period 4L. In this procedure we need to define 


f(0) = f(2L) = f(—2L) = 0. 
Then the Fourier series contains only sines: 
= . AMX 
x)= bz Cn Sin =; 
n=1 
with the Fourier coefficients 


2 phe 
a=s f f(x)s 


Let us show that c,, = 0 for even n = 2m. Indeed, 


MTX 


bps 
C2m = a f(x) sin dx 
1 L 1 2L 
=; f(x)sin ars | f(2L—x) sin ax 
1 se _ mmx : nl (2L—y) 
=-7f f(x)sin Mae 1 [posi tly 


=+f fosth nae tf ro)sin™ay a0, 
which is why 


_< . (2m—1)ax 
x) = >» C2m—1 SIN aL ) 
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where 


1 pb~ 2n—1 
cm-i= sf F(x) sin OV 


= + [ fesin a= BLL + [see x) sin ee 5, 


dx 


2L 2L 
2 fb 2m— 1 
= =f f(x) sin Ua, 
as claimed. Let us remark that the series 
aad _ (2m—1)ax 
»¥ Cm Sin. ———_ 
2L 


m=1 
represents f(x) on (0, Z]. 
Remark 14.5. For the boundary conditions 
ux(0,t) = u(L,t) =0 


the function f(x) must be extended to the interval 0 < x < 2Las f(x) =—f(2L—x) 
with f(L) = 0. Furthermore, f is an even extension to the interval (—2L,0). Then 
the corresponding Fourier series represents f(x) on the interval [0, ZL). 


Exercise 14.3. (1) Let u(x,t) satisfy 


Uxx = Ur, 0<x<I1,t>0, 
u(0,t) =u(1,t)=0, ¢>0, 
u(x,0) = f(x), Oke< 1; 


where f € C[0, 1]. Show that for every T > 0 we have 


1 1 
2 2 
[ wo.ryPars [fe Pae. 


Hint: Use the identity 2u(u; — ux,) = O,u* — 0,(u- ux) + 2(ux)?. 
(2) Use Fourier’s method to solve 


Uxx = Uz, O0<x<1,r>0, 
u(0,t) = u(1,t),ux(0,t) =ux(1,t) 1 >0, 
u(x,0) = f(x), O0<x<1, 


where f € C[0, 1] with piecewise continuous derivative. 
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(3) Use Fourier’s method to solve 


Ux, +U= Uy, O0<x<1,t>0, 
u(0,t) =u,(0,t)=0 +¢>0, 
u(x,0) =x(1—x), O<x<l. 


(4) Show that 


solves the problem 


Ux, +Uy = Uy, —@ <xX<0,t >0, 
u(x,0) = @(x), TO LX LO, 
u(x,t) is bounded for — ce <x < c,t > 0. 


14.2 The One-Dimensional Wave Equation 


Another situation in which the separation of variables applies occurs in the study 
of a vibrating string. Suppose that an elastic string of length L is tightly stretched 
between two supports, so that the x-axis lies along the string. Let u(x,t) denote the 
vertical displacement experienced by the string at the point x at time f. It turns out 
that if damping effects are neglected, and if the amplitude of the motion is not too 
large, then u(x,t) satisfies the partial differential equation 


AU =U, O<x<L,t>0. (14.27) 
Equation (14.27) is known as the one-dimensional wave equation. The constant a” 


is equal to T/p, where T is the force in the string and p is the mass per unit length 
of the string material (Figure 14.3). 


u(x,t) 


Fig. 14.3. Geometry of the one-dimensional wave equation. 


To describe the motion completely it is necessary also to specify suitable initial 
and boundary conditions for the displacement u(x,t). The ends of the string are 
assumed to remain fixed: 


114 Part I: Fourier Series and the Discrete Fourier Transform 
u(0,t) =u(L,t)=0, t>0. (14.28) 

The initial conditions are (since (14.27) is of second order with respect to r) 
u(x,0) = f(x), u(x,0) = g(x), O<x<L, (14.29) 


where f and g are given functions. In order for (14.28) and (14.29) to be consistent, 
it is also necessary to require that 


f(0) = F(Z) = 8(0) = g(L) = 0. (14.30) 


Equations (14.27)—(14.30) can be interpreted as the following boundary value prob- 
lem for the wave equation (Figure 14.4): 


x=0 c=L 


Fig. 14.4 Geometric illustration of the wave equation as a boundary value problem. 


Let us apply the method of separation of variables to this homogeneous boundary 
value problem. Assuming that u(x,t) = X(x)T(t), we obtain 


X"4+AX=0, T"+a°AT =0. 
The boundary conditions (14.28) imply that 


X"41X=0,0<x<L, 
X(0) =X(L) =0. 
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This is the same boundary value problem that we have considered previously. 


Hence, 
1 
“ya? X,(x) = sin, N= 1, Doscicc 


Taking A = A, in the equation for T(t), we have 


nta 


)' TW) =0. 


T(t) a ( 


The general solution to this equation is 


Tat Tat 
T(t) = ki cos +k sin ; 


where ky and kz are arbitrary constants. Using the linear superposition principle, we 
consider the series 


niat . nitat ) 
? 


= nx 
t)= in — b 14.31 
u(x,t) 2h Z (ancos 7 +b, sin Z ( ) 


where the coefficients a, and b, are to be determined. It is clear that u(x,t) 
from (14.31) satisfies (14.27) and (14.28) (at least formally). The initial conditions 
(14.29) imply 


fai= > asin, 082<6, 
— (14.32) 
ox) = ys, ee O<x<L 


Since (14.30) are fulfilled it follows that equations (14.32) are the Fourier sine series 
for f and g, respectively. Therefore, 


2 L 
an = al f(x) sin “dr, 


2 ft nx 
= — in ——dx. 
nia [ a(x) a L 


(14.33) 
bn 


Finally, we may conclude that the series (14.31) with the coefficients (14.33) solves 
(at least formally) the boundary value problem (14.27)—(14.30). 
Each displacement pattern 


. nmx ntat ; 
Uy (x,t) = sin sz Man cos : +b, sin 
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is called a natural mode of vibration and is periodic in both the space variable x 
and time variable t. The spatial period = 2L in x is called the wavelength, while the 


numbers “F“ are called the natural frequencies. 


Exercise 14.4. Find a solution of the problem 


Ux, = Uy ,0<x< 1,t>0, 
u(0,t) =u(1,t) = 0,1 > 0, 
u(x,0) =x(1 —x), u(x, 0) = sin(77x), 


using the method of separation of variables. 


If we compare the two series 


NIX nt _ nmat 
u(x,t) ay sin ( cos —— i 2 ep sin ) ; 


n=1 


& i ; 
at) = by Cy Sin ae CP) 3 
n=1 


for the wave and heat equations, we see that the second series has an exponential 
factor that decays rapidly with n for every t > 0. This guarantees convergence of the 
series as well as the smoothness of the sum. This is no longer true for the first series, 
because it contains only oscillatory terms that do not decay with increasing n. This 
means that the solution of the heat equation is a C® function in the corresponding 
domain, but the solution of the wave equation is not necessarily smooth. 

The boundary value problem for the wave equation with free ends of the string 
can be formulated as follows: 


OU, = Un, 0 <x <L,t > 0, 
ux(0,t) = u,(L,t) = 0,t > 0, 
u(x,0) = f(x), u:(x,0) = g(x),0 <x <L. 


Let us first note that the boundary conditions imply that f(x) and g(x) must satisfy 


f'(0) = f'©) =8'(0) =8'(L) =0. 


The method of separation of variables gives that the eigenvalues are 


nt \ 2 
n= (>) ) n=0,1,2,..., 


and the formal solution u(x,t) is 


bot+ao  ~< nx nt . nmat 
u(x,t) = <a + > cos — (ancos “= 7 aos sin —— ' \e 


n=1 
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The initial conditions are satisfied when 


ao — 
f(x) = = + ¥ ancos — 
2 n=1 
and b eo 
(0) nila nNXx 
B= a+ bo oT 
where 
2 pl 
On = 5 f(a) cos dx, DAD, 
2 pL 
b= = 
Lara s g(x)dx, 
and 5 é 
n 
n= — dx, = 1,2, 
arene g(x) cos 7 n 


Exercise 14.5. (1) Show that there is no uniqueness for the problem 


Uxx = Ur, O0<x<L,t>0, 
u(0,t) = u(L,t),ux(0,t) =uy(L,t), 120, 
u(x,0) = f(x), ur(x,0) = g(x), Os rek, 


i.e., this problem is ill posed. 
(2) Find a solution of the problem 


Uxx = Urt, 0<x<L,t>0, 
ux(0,t) = u(L,t) =0, t>0, 
u(x,0) = f(x), u;(x,0) = g(x), O<x<L. 


Let us consider the wave equation on the whole line. It corresponds, so to speak, 


to an infinite string. In that case we no longer have the boundary conditions, but we 
have the initial conditions 


reticent (14.34) 


u(x, 0) = f(x), ur(x, 0) = g(x). 
Proposition 14.6. The solution u(x,t) of the wave equation is of the form 
u(x,t) = p(x—at)+ w(x+at), 


where @ and y are two arbitrary C? functions of one variable. 


118 Part I: Fourier Series and the Discrete Fourier Transform 


Proof. By the chain rule, 
Dep = a Act = 0 


if and only if 

dz Onu = 0 
where € = x+ at and n = x—at (and so 0; = dg + On, 10, = dz — dn). It follows 
that 

dzu= (5), 
or 

u=w(S)+9(n), 

where y’ = O. 


To satisfy the initial conditions, we have 


It follows that 


Integrating, we obtain 


0) = 540) — x0 [als)dster, wa) = 560) +5 | als)as ber, 


where c, and c2 are arbitrary constants. But @(x) + w(x) = f(x) implies cj +c2 = 0. 
Therefore, the solution of the initial value problem is 


1 1 X+at 
u(x,t) = 5 (Fle —at) + fetar)) + = xf Bo (14.35) 


This formula is called d’Alembert’s formula. 


Exercise 14.6. Prove that if f is a C? function and g is a C! function, then u from 
(14.35) is a C* function that satisfies (14.34) in the classical sense (pointwise). 


Exercise 14.7. Prove that if f and g are merely locally integrable, then u from 
(14.35) is a solution of (14.34) in the sense of integral equalities and the initial 
conditions are satisfied pointwise. 


Example 14.7. The solution of 


eer ern > 0, 


u(x,0) = f(x), m(x,0) =0, 
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where 
1, |x| <1, 


i= fs I> 1, 
is given by d’Alembert’s formula 
u(x,t) = ; (f(x—t)+ f(x+t)). 
Some solutions are graphed below (Figure 14.5). 


u(x,0) 


—1 


Fig. 14.5 Some solutions of Example 14.7. 
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We can also apply d’Alembert’s formula to the finite string. Consider again the 
boundary value problem with homogeneous boundary conditions with fixed ends of 
the string: 


Qty, = Uy, 0 <x <L,t > 0, 


u(0,t) = u(L,t) =0,t > 0, 
u(x,0) = f(x), m(x,0) = g(x), 0<x<L, 
F(0) = f(L) = g(0) = g(L) =0. 


Let h(x) be the function defined for all x € R such that 


and k(x) is 2L-periodic. Let us also assume that f and g are C? functions on the inter- 
val [0,L]. Then the solution to the boundary value problem is given by d’ Alembert’s 


formula 
x+-at 


1 1 
= (h(x — at) +h(x+at)) + — k(s)ds. 
2 2a Jx—at 


u(x,t) = 


Remark 14.8. It can be checked that this solution is equivalent to the solution given 
by the Fourier series. 


Exercise 14.8. Prove that 


1 X-+hat 


=, at) + f(x+at))+ +> / g(s)ds 


—at 
x+a( t— T) 
T)dsdt 
i, oe: . 


Uy, = ty + F (x, 1), 0 <x<o0,t >0, 
u(x,0) = f(x), u;(x,0) = g(x), oe LX <K, 


solves 


Example 14.9. (Linearized system of the equation of gas dynamics) The isen- 
tropic (the entropy is assumed to be constant) flow of an inviscid gas in the one- 
dimensional case satisfies the nonlinear equations 
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2: 
Cc 
U; + U- Ux ++ —Px = 0, 
p 
Pr +U- Py + Puy = 0, —0e<x<ot>0, 


where u(x,t) is the velocity of the gas at x and time t, p(x,t) is the density, and 
c =C(p) is the known local speed of sound. 

As a first step in understanding the general nature of solutions to this system we 
assume that u(x,t) and p(x,t) are not very different from their values at time t = 0 
and that these values and their derivatives are “small.” Neglecting products of terms 
of “small” order, we arrive at the linear system (which is the linearization of the 
original system) 


ce C = 
gnc is 1p, =0, OPxx = Prt, 
ft) SO 0 
—Uy, = U, 
Pr + Poulx = 0, fe) ee ue 


where Po is the density of the fluid at rest and cp = c(po). This is just a wave equation 
for p and u. Thus we have that 


u(x,t) = Je (f(x— cot) + g(x+cot)) 
p (x,t) = V/po(f(x— cot) — g(x+cot)), 


where f and g are arbitrary C* functions, and they are the same here due to the 
linearized system. If in addition 


u(x, 0) = 1 (4); p(x,0) _ 2(x), 


then 
ulst) = 5 (ils et) + @i(s-bert)) + 5% (ale et) — 214+ 08) 
plat) = 5 (pale —cot) + gale beat) + 22 (p(x cot) — Qi (x+ cot). 


14.3 The Laplace Equation in a Rectangle and in a Disk 


One of the most important of all partial differential equations in applied mathematics 
is the Laplace equation: 


Uxx + Uyy =O 2D equation, 
» : (14.36) 


Uxy + Uyy + Uz, =0 3D equation. 


122 Part I: Fourier Series and the Discrete Fourier Transform 


The Laplace equation appears quite naturally in many applications. For example, a 
steady-state solution of the heat equation in two space dimensions, 


OL (Ux + Uyy) = uy, 
satisfies the 2D Laplace equation (14.36). When electrostatic fields are considered, 


the electric potential function must satisfy either the 2D or the 3D equation (14.36). 
A typical boundary value problem for the Laplace equation is (in dimension two) 


i + Uyy = 0, (x,y) EeQc R’, (14.37) 


u(x,y) = f(x,y), (x,y) € dQ, 


where f is a given function on the boundary dQ of the domain Q. The problem 
(14.37) is called the Dirichlet problem (Dirichlet boundary conditions). The problem 


Uxx + Uyy = 0, (x,y) EQ, 
94 (x,y) = g(x,y), (x,y) € dQ, 


where g is given and ge is the outward normal derivative, is called the Neumann 


problem (Neumann boundary conditions) (Figure 14.6). 


y v lvj=1 


dQ 


Fig. 14.6 Domain Q and the outward unit normal vector v on the boundary dQ. 


Dirichlet problem for a rectangle 
Consider the boundary value problem in most general form: 


Wyx + Wyy = 0, 0<x<a0<y<b, 
w(x, 0) = gi(x),w(x,b) = fila), 0<x<a, 
w(0,y) = g2(y), w(a,y) = faly), OS y <b, 
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for fixed a > 0 and b > 0. The solution of this problem can be reduced to the solu- 
tions of 


Uxx + Uyy = 0, 0<x<a0<y<b, 
u(x,0) = u(x,b) = 0, O0<x<a, (14.38) 
u(0,y) = go(y),u(a,y)=fly), O<y<b, 


and 
Uxx + Uyy = 0, 0<x<a0<y<b, 
u(x,0) = g1(x),u(x,b) = fix), O<x<a, 
u(0,y) = 0,u(a,y) = 0, O<y<b. 


Due to symmetry in x and y, we consider (14.38) only (Figure 14.7). 


u(0,y) = g(y) Q u(a,y) = f(y) 


Fig. 14.7 Geometric illustration of the boundary value problem (14.38). 


The method of separation of variables gives for u(x,y) = X(x)Y(y), 


y” Y= b 
+A 0, 0<y<b, (14.39) 
Y(0) = Y(b) =0, 
and 
X"-AX=0, O0<xK<a. (14.40) 


From (14.39) one obtains the eigenvalues and eigenfunctions 
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We substitute /,, into (14.40) to get the general solution 
X (x) = c; cosh BES i co sinh as 
b b 
As above, we represent the solution to (14.38) in the form 


= sin = (a cosh se +b, sinh =) (14.41) 


n=1 


The boundary condition at x = 0 gives 


with b 


It is a Fourier sine series for f(y). Hence, 


a, cosh ; aac sinh“ = ak f(y) sin wee dy =: by. 
This implies ey 
by — a, cosh 
Substituting (14.42) into (14.41) gives 
— . nmy nx — Dy —a,cosh ae, NEX 
= — | a, cosh : nh 
u(x,y) py sin (: cosh — + sinh #2 sinh = 


co 


. nTNy~ sinh "7* 
= > sm bn : nia 
b sinh =" 


= nmy (cosh "sinh — cosh "sinh 
+ 2, sin b oy sinh 224 
n=1 5 


-3. 2 YS, sinh "2 5 _nmy— sinh 2-2) 
= sin a sin a 
= n nta °? 
inh b sinh “* 


n= =! 


because cosh o sinh B — sinha cosh B = sinh(B — oc). Using the properties of sinh o 
and cosha for large @, we may conclude that inside of the rectangle, i.e., for 
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0<x<a,0<y<b, we may differentiate this series term by term as often as we 
wish, and so u is a C™ function there. 


Exercise 14.9. Find a solution of the problem 


Uxy + Uyy = 0, 0<x<2,0<y<l, 
u(x,0) = u(x, 1) =0, 0<x<2, 
u(0,y) =0,u(2,y)=y—-y), O<y<], 


using the method of separation of variables. 


Exercise 14.10. Find a solution of the problem 


Uxx + Uyy = 0, 0<x<a0<y<b, 
By (x, 0) = wy(%,b) = 0, 0<x<a, 
ux(0,y) = f(y), ux(a,y) = a(y), 0<y<b, 


using the method of separation of variables. 
Dirichlet problem for a disk 


Consider the problem of solving the Laplace equation in a disk {x ER? : |x| < a} 
subject to the boundary condition 


u(a,0) = f(8), (14.43) 


where f is a given function on 0 < @ < 27. In polar coordinates x = rcos 0, y= 
rsin @, the Laplace equation takes the form 


1 1 
Urr + —Ur + UO = 0. (14.44) 
r r 
We apply again the method of separation of variables and assume that 
u(r,0) = R(r)T(@). (14.45) 


Substitution for uv in (14.44) yields 


I 1 
R'T + —RT + SRT" =0, 
r r 


or 
rR" +rR —AR=0, 
T"+AT =0. 


There are no homogeneous boundary conditions; however, we require T(0) to be 
2m-periodic and also bounded. This fact in particular leads to (f(0) = f(27) and 
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f'(0) = f'(2n)) 
T(O)=Tx), T'Ol=T' Ox), (14.46) 


It is possible to show that equations (14.46) require A to be real. In what follows we 
will consider the three possible cases. 

If A = —u? <0, u > 0, then the equation for T becomes T” — u?T = 0, and 
consequently 


T(0) = cyl? tiga He, 
It follows from (14.46) that 


i +¢2 = ce" + ene, 


cy — cn = Cpe" — ce FH, 


so that cy} =co = 0. 
If A =0, then T” = 0 and T(@) = c) +20. The first condition in (14.46) implies 
then that cp = 0 and therefore T(@) = constant. 
If A =u? > 0, u > 0, then 
T(0) =c 1 cos(uUO) +c2sin(We). 
Now the conditions (14.46) imply that 
ci =; cos(27p) + c2 sin(2mp), 
c2 = —c, sin(27uU) + co cos(27L), 
or - 
c1 sin’ (7) = c2 sin(U) cos(U7), 
co sin’(u) = —c; sin(um) cos(uz). 
If sin(uz) # 0, then 
{° = co cot(U7), 


c2 = —c; cot(U7). 


Hence c +6 = 0, i-e., C1) = co = 0. Thus we must have sin(t17) = 0, and so 


An =n", T(0) =cicos(n@)+czsin(n@), n=0,1,2,.... (14.47) 


Turning now to R, for A = 0 we have r?R” + rR’ = 0, i.e., R(r) = ki +k logr. Since 
logr — —co as r — 0, we must choose k2 = 0 in order for R (and u) to be bounded. 
That is why 

Ro(r) = constant. (14.48) 
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For A = u* =n’ the equation for R becomes 
PR" +rR’ —n’R=0. 


Hence 
R(r)=kir'+hkhor™. 


Again, we must choose ky = 0, and therefore 
Ri(r) =k", n=1,2,.... (14.49) 


Combining (14.45), (14.47), (14.48), and (14.49), we obtain 


u(r,0) = = + ¥ r"(a,cos(nO) + by sin(n8)). (14.50) 
n=1 
The boundary condition (14.43) then requires 
u(a,0) = + ¥, a"(ancos(n8) + bn sin(n®)) = f(8). 
n=l 


Hence the coefficients are given by 


| 21 
“= ah f(0)d0, 


1 20 
ah = — f(@) cos(nO)d8, 
ta" Jo 
and 
a @) sin(n@)d@ 
agree : f(@) sin(n@)dé. 


This procedure can be used also to study the Neumann problem, i.e., the problem 
in the disk with the boundary condition 


Ou 
5, (49) = f(@). (14.51) 


Also in this case the solution u(r, 0) has the form (14.50). The boundary condition 
(14.51) implies that 


oH (1.8) = + na"! (a,cos(n@) +b, sin(n@)) = f(@). 


r=a n=1 
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Hence 
1 20 
an = anor , f(@)cos(n@)d@ 
and 
1 20 
7na" 0 


Remark 14.10. For the Neumann problem a solution is defined up to an arbitrary 
constant 2. Moreover, f must satisfy the consistency condition 


[ rae0 =o, 
0 


since integrating 


f(0@) = y na" "(an cos(n@) + by sin(n®)) 


n=1 
termwise gives us zero. 


Remark 14.11. The solution u(r,@) of the Laplace equation in a disk {x € R?: 
|x| < a} subject to the boundary condition u(a,@) = f(@) without the assumption 
that f’(0) = f’(27) (but with the assumption f(0) = f(27)) can be obtained as 


u(r,0) = S + ¥ r"(a,cos(n@) +b, sin(n@)) + r'/2¢, sin(n—1/2)0. 
n=1 n=1 


(14.52) 


Exercise 14.11. Prove (14.52) and then show that we have no uniqueness in this 
boundary value problem. Hint: Use the fact that if c, =0,n = 1,2,..., then we may 
uniquely determine ao, a,,b, satisfying the boundary condition u(a, 0) = f(@), and 
if dy = b, = 0, n= 1,2,..., we may uniquely define c,,n = 1,2,... that depend 
parametrically on an arbitrary constant ao. 


Remark 14.12. The solution u(r,@) of the Laplace equation in the disk {x € R?: 
|x| < a} subject to the boundary condition ug(a,@) = f(@) with (possibly non- 
smooth) periodic function f(@) can be obtained as 


u(r, 0) = aoe Po + ¥ r"(ancos(n@) + by sin(n@)) + ¥ r1/2¢, cos(n—1/2)0. 
1 


n= n=1 


(14.53) 


Exercise 14.12. Prove (14.53) and then show that we have no uniqueness in this 
boundary value problem (see the previous exercise). 


Part II 
Fourier Transform and Distributions 


Chapter 15 
Introduction 


In this part we assume that the reader is familiar with the following concepts: 


(1) Metric spaces and their completeness. 

(2) The Lebesgue integral in a bounded domain 2 C R” and in R”. 

(3) The Banach spaces (L?, 1 < p<, C*) and Hilbert spaces Fr iri< p<, 
then we set 


1/p 
L?(Q) = {f : Q — Cmeasurable : || f||,>(@) = (/, 1") dr) < oo}, 
while 


L*(Q) := {f : Q — Cmeasurable : || f||;~() = esssup|f(x)| < o>}. 
xEQ 


Moreover, 


CQ) = {FQ C: Mlle = max Y [9% (2)| <=}, 


lal<k 
where Q is the closure of Q. We say that f € C*(Q) if f € C*(Q)) for all k EN 


and for all bounded subsets Q; C Q. The space C*(Q) is not a normed space. 
The inner product in L?(Q) is denoted by 


(F.8)2@) = f £8) 


Also in L?(Q), the duality pairing is given by 


(Feediaa) =f Fea 
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(4) Holder’s inequality: Let 1 < p<o,u€ L?, andve L’ with 


/ 


it “4 
-4+—=1. 
pP 


Then wv € L! and 


J, wesrcniees (jcottar)’ (f wca'ss)", 


where the Hilder conjugate exponent p’ of p is obtained via 


with the understanding that p’ = if p= 1 and p! =1if p=. 

Lebesgue’s dominated convergence theorem: 

Let A C R” be measurable and let {f,}7_, be a sequence of measurable func- 
tions converging to f(x) pointwise in A. If there exists a function g € L'(A) such 
that | f,(x)| < g(x) in A, then f € L'(A) and 


(5 


wm 


lim [ fi(aax =f, p(ea 


(6) Fubini’s theorem on the interchange of the order of integration: 


[.,,flayarey= [arf rloo)ay) = fay ( [ Foss)as) 


if fe L(X x). 
(7) The divergence theorem: Let 2 C R" be a bounded domain with C ' boundary 
OQ, and let F be aC! vector-valued function on Q. Then 


i divF(x)dx= | V-Fdo(x), 
Q dQ 


where V is the outward normal vector to 0Q. 


Chapter 16 
The Fourier Transform in Schwartz Space 


Consider the Euclidean space R", n > 1, with x = (1,...,%») € R” and with |x| = 
\/xt +--+ +.x2 and scalar product (x,y) = Dj-1xjy;- The open ball of radius 6 > 0 
centered at x € R” is denoted by 


Us(x) := {y € R": |x—y| < 5}. 
Recall the Cauchy—Bunyakovsky—Schwarz inequality 
I(x,y)| < lallyl- 


Following Laurent Schwartz, we call an n-tuple & = (01,..., On), € NU{O} =No 
an n-dimensional multi-index. Define 


lo} =O1+---+O%,, O@!=ay!---a! 


and 


Cae a, Ue Sk, OS 


Moreover, multi-indices a and B can be ordered according to 


a<B 
if oj < B; for all j = 1,2,...,n. Let us also introduce a shorthand notation 
0 
at =a ...9%, a=. 
Ox; 
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Definition 16.1. The Schwartz space S(IR") of rapidly decaying functions is 
defined as 


S(R") ={f ©C°(R") : |flo,p = sup xa f(a] < ce for any a, B € N5}. 
xER” 


The following properties of S = S(IR”) are readily verified. 


(1) Sis a linear space. 

(2) 0%: S—S for every @ > 0. 

(3) x8.:§— S for every B > 0. 

(4) If f € S(R"), then | f(x)| < cm(1 + |x|)” for every m € N. The converse is not 
true (see part (3) of Example 16.2). 

(5) It follows from part (4) that S(R”) C L?(R") for every 1 < p<. 


Example 16.2. 


(1) f(x) = eal” € § for every a> 0. 

(2) f(x) = eat € § for every a > 0. 
(x)=e Hs. 

(4) CPR") Cc S(R"), where 


Cp (R") = {f € C*(R") : supp f compact inR”} 


and supp f = {x € R”: f(x) ZO}. 
The space S(IR”) is generated by a countable family of seminorms because ||, is 
only a seminorm for @ > 0 and B > 0, i.e., the condition 


lflag =0 ifandonlyif f=0 


fails to hold for, e.g., a constant function f. The space (S,p) is not normable but it 
is a metric space if the metric p is defined by 


a= ¥ ries, Ye slap 
p(f.8) xa iF sles 


Exercise 16.1. Prove that p is a metric, that is, 


(1) p(f,g) > 0 and p(f,g) = O if and only if f = g. 
(2) p(f.s) =pls.S). 
(3) p(s.) < pls, f) +e(f,4). 


Prove also that |p(f,h) —p(g,h)| <p(f,g)- 


Theorem 16.3 (Completeness). The space (S,p) is a complete metric space, i.e., 
every Cauchy sequence converges. 
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Proof. Let {fx }2_1. fe € S, be a Cauchy sequence, that is, for every € > 0 there 
exists no(€) € N such that 


P(fesfm) <€, k,m>no(e). 


It follows that 
sup | (fi — fm) 


xe€K 


<éE 


for every B > 0 and for every compact set K in R”. This means that {f,}@_, is a 


Cauchy sequence in the Banach space C IB! (K). Hence there exists a function f € 
C'B|(K) such that 


|B| 
jim fx =” f. 


Thus we may conclude that our function f is in C”(IR”). It remains only to prove 
that f € S. It is clear that 


sup |x70P f| < sup|x%0* (fe — f)|+sup|x*0? fi| 
xeK xeK xEK 
< Ca(K) sup|0? (fy — f)| + sup |x*0P fil. 
xEK xeK 
Taking k — 9, we obtain 
sup [x08 f| < limsup| fx |a,p< ©: 
xe€K k-00 
The last inequality is valid, since {f,};_; is a Cauchy sequence, so that | fi|a.,p 


is bounded. The last inequality doesn’t depend on K, and we may conclude that 
flap <, orf es. 


Definition 16.4. We say that f; ©» f as k > © if 


lfk—F lap70, kee 


for all a, B > 0. 
Exercise 16.2. Prove that Cj’(R") = S, that is, for every f € S there exists {fi}? 1, 
fi € Cp (R"), such that fi; aA fik ©. 


Now we are in position to define the Fourier transform in S(R”). 


n~ 


Definition 16.5. The Fourier transform F f(€) or f(&) of the function f(x) € S is 
defined by 


FIE)=AE) = ayn? [eM pladds, EER’. 
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Remark 16.6. This integral is well defined, since 


LFE)| <em(2my-"’? [1+ [ear < em, 


nh 
form>n. 


Next we prove the following properties of the Fourier transform: 


(1) F isa linear continuous map from S into S. 
(2) E%aP FE) = (—ilal+Blaa(x8 f(x). 


Indeed, we have 


and hence BI 
< en(2n)-"”? f a ies 


|e Ae) fan (4 Be 


L=(R") 
if we choose m > n+ |B|. At the same time we have obtained the formula 
af F(S) = (—in F(a). (16.1) 
Further, integration by parts gives us 
E°f(E) = (iim(any-n? fe M8 a F(2)de, 
from which we have the estimate 
ler 


since 0 f(x) € S for every « > 0 if f(x) € S. And also we have the formula 


<ef lat sl)lar<e, 


L=(R") 


Ef = (—ilelaep. (16.2) 


If we combine these last two estimates, we may conclude that ¥ :S— S and F 
is a continuous map (in the sense of the metric space (S,p)), since maps every 
bounded set from S$ again to a bounded set from S. 

The formulas (16.1) and (16.2) show us that it is more convenient to use the 
following notation: 


; 0 a 
af ie bas DP a aD 
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For this new derivative the formulas (16.1) and (16.2) can be rewritten as 


Def=(-Wielaf, E° f= Des. 


Example 16.7. It is true that 
Fe BYE) =e, 
Proof. The definition gives us directly 


F (eo 2P)(E) = (20)? | en s8)-AP ay 


= (2n)-M/2e- ZIP fg a(kP+2i%S)-16 7) gy 
IR? 


= (20 je etry fe 5 (t+i€;) g 


Be) 
In order to calculate the last integral, we consider the function f(z) =e” 7 of the 
complex variable z and the domain Dr depicted in Figure 16.1. 


Dr 


Fig. 16.1 Domain Dr. 


We consider the positive direction of going around the boundary dDrg. It is clear 
that f(z) is a holomorphic function in this domain, and by Cauchy’s theorem we 


have ; 
$ e 7dz=0. 
ODR 


But 
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i i 
e 2 
0 


[. en tHE? gp = [. etdt, j=l,...,n. 


—oo 


If R— o, then 


— 


+R+it) ge 0. 


Hence 


Using Fubini’s theorem and polar coordinates, we can evaluate the last integral as 


eo 1/242 2n oo 62 
(/ Far] =f e 2 +s ‘ards = [ ae [ eZ rdr 
—oo R2 0 0 


= 2n [ e "dm = 2n. 
0 


Thus co 
/ en 2b ar — On 


and 
x|2 n f 
F(e- 7 )(E) = (20) Fe 26? TY] Von =e FP, 
j=1 


J 


This completes the proof. 
Exercise 16.3. Let P(D) be a differential operator, 


PD= ¥. aed", 
|a|<m 
with constant coefficients. Prove that P(D)u = P(E)in. 


Definition 16.8. We adopt the following notation for translation and dilation of a 
function: 


(uA(x):=fe—h), (AA(x):= flax), a£0. 
Exercise 16.4. Let f € S(R"), he R", and A € R, A £0. Prove that 
(1) OPE) = [Alor AE) and oy f(E) = Al "or FE): 

(2) TF (E) = eS) F(E) and 4,F(E) = eI F(E). 


Exercise 16.5. Let A be a real-valued n x n matrix such that A~! exists. Define 
fa(x) = f(A7!x). Prove that 


if and only if A is an orthogonal matrix (a rotation), that is, A’ =A"}, 
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Let us now consider f and g from S(R”). Then 


(Pade = [AGB as = Cony"? fe fe reas) a6 


R2 


=(anyn? [say (fe Pe(G)us) d= 1 Fee, 


where .¥* g(x) := Fg(—x). 


Remark 16.9. Here .¥* is the adjoint operator (in the sense of L”), which maps S 


into S since ¥ : § > S. The inverse Fourier transform .F~! is defined as ¥~! := 


F*. 

In order to justify this definition we will prove the following theorem. 

Theorem 16.10 (Fourier inversion formula). Let f be a function from S(R"). Then 
FF f =f. 

To this end we will prove first the following (somewhat technical) lemma. 


Lemma 16.11. Let fo(x) be a function from L'(R") with fen fo(x)dx = 1 and let 
f (x) be a function from L®(R") that is continuous at {0}. Then 


lim [ e"fo (=) Fes)ax= 0). 


€—0-4 


Proof. Since 


[,€"to(Z) Fedex—10) = [Fe "fo (2) Fe) FO) ax. 


we may assume without loss of generality that f(0) = 0. Since f is continuous at 
{0}, there exists 6 > 0 for every 7 > 0 such that 


n 
YOl< Te 


whenever |x| < 6. Note that 


R" 


faa < [\folle- 


We may therefore conclude that 
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[erm (2) reas S TAR a vo(Z) ax 
+Ifline" f[o(Z)]ax 
< Tap olla +l fg Voorlay 


=1+|lfllo=te- 


But J; — 0 as € — 0+. This proves the lemma. 
x|2 
Proof (Proof of theorem 16.10). Let us consider v(x) = e— ">. We know from Exam- 


ple 16.7 that fonv(x)dx = (2)"/? and Fv = v. If we apply Lemma 16.11 with 
fo = (2)~"/ v(x) and f € S(R”), then by Exercise 16.4, 


(27)? f (0) = im [ev (2) sesjax= lim (f,€-"01y);2 


—0-4 
= lim (fe "01 Fv) = lim (f,F (Gev)) 2 
= Jim (FI,00v)p2 = (FI1) = fF F(E)e HAE, 


where we have used Lebesgue’s dominated convergence theorem in the last step. 
This proves that 


f(0) = (myn? [Fy (Ee ag = (F*Ff)(0). 


The proof is now finished by 


= (an)? ar 8) F FEE = F*F f(x), 


where we have used Exercise 16.4. 


Corollary 16.12. The Fourier transform is an isometry (in the sense of L”). 


Proof. The fact that the Fourier transform preserves the norm of f € S follows from 


IFAle=@hFhe=U4 Fhe = Che =lflp: 


This is called Parseval’s equality. 


Note that 
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means that 
[,F@e@aé = [oF eWax= [ £)F@ehax. 


This implies that 


or 


Chapter 17 
The Fourier Transform in L?(R”), 1 < p< 2 


Let us begin with a preliminary proposition. 


Proposition 17.1. Let X be a linear normed space and E C X a subspace of X such 
that E = X; that is, the closure E of E in the sense of the norm in X is equal to X. 
Let Y be a Banach space. If T : E — Y is a continuous linear map, i.e., there exists 
M > 0 such that 

| Tully <Mlully, WEE, 


then there exists a unique linear continuous map T.x : X — Y such that T.x|g = T 
and 
I|Texully <M |lully, wEXx. 


Exercise 17.1. Prove the previous proposition. 


Lemma 17.2. Let 1 < p< %. Then 
=~ [P 
Co UR) = 17(R"), 


that is, Cy (R") is dense in L?(R") in the sense of L?-norm. 


Proof. We will use the fact that the set of finite linear combinations of characteristic 
functions of bounded measurable sets in IR” is dense in L?(R”), 1 < p < e. This is 
a well known fact from functional analysis. 

Let now A C R” be a bounded measurable set and let ¢€ > 0. Then there exist a 
closed set F and an open set Q such that F C A C Q and u(Q\ F) < €? (or only 
L(Q) < €? if there is no closed set F C A). Here is the Lebesgue measure in R”. 
Let now @ be a function from Cj (R”) such that suppg C O,g|r =land0<@ <1; 
see [19]. Then 


| zalleria = f,,19) — alae sf tde= W(Q\F) <e?, 
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or 
lo — xallarcRr) < €, 


where 7, denotes the characteristic function of A, i.e., 
(x) 1, xéA, 
ee —+ 
aA 0, x€A. 


Thus, we may conclude that Cp (R”) = L?(R") for 1 < p<. 


Remark 17.3. Lemma 17.2 does not hold for p = o-. Indeed, for a function f = co 
0 and for every function @ € CF (R”), we have that 


If — Pllz=can) 2 leo] > 0. 


Hence we cannot approximate a function from L”(R”) by functions from CP (R”). 
This means that 


—___ L” 


Cr (R") ¢ L*(R"). 


But the following result holds: 


Exercise 17.2. Prove that S(R") = C(iR"), where 


C(R") :={f €C(R"): fai gee =O}. 


Now we are in a position to extend F from S C L! to L!. 


Theorem 17.4 (Riemann—Lebesgue lemma). Let ¥ : S — S be the Fourier trans- 

form in Schwartz space S(IR"). Then there exists a unique extension ¥.x as a map 

from L'(R") to C(R") with norm ||-Fex||,1_,,. = (2")~"?. 

Proof. We know that || .F f||,. < (2)~"/? ||f||,1 for f € S. Now we apply the pre- 
—_y7!i 

liminary proposition to E = S, X = L!, and Y = L®. Since S$ = 7! (which follows 


eeeets 3 | 
from Cy C S and Cp = 1!) for every f € L! (R"), there exists {f;,} C S such that 
\| fk — fl, — 0 as k — o, In that case, we can define 


Ll”, 
Pex f = jim F fx. 


—0o 


Since SEC (see Exercise 17.2), it follows that Ff € C and ||-Fex||p1_p- < 
(2)-”/?. On the other hand, 


IF flax = FO) = (2m)? Ills 
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for f € L' and f > 0. Hence ||-Fex|| 71,7. = (22)-*/2, 


Proof (Alternative proof). If f € L'(IR”), then we can define the Fourier transform 
F f(€) directly by 


F HE) = (2a) fe f(ada, 


n 


since 


[pet pte < I. f(x) |dx = |lfllz- 


Also we have 


WN FE ay 7 _ =i(E 8) (gilt) _ 
(2m)"!? FE +n) - FE) sian) = OR [Ge Lf la)dx 
<2 foldrte [ Oi nae. 
big allai<e 


Here we have used the fact that |e” — 1| < |y| for y € R with |y| < 1. It is easily seen 
that I, — 0 for |h| > 0 and 1 — 0 for € — 0, since f € L'(R"). 


n~ 


This means that the Fourier transform f(&) is continuous (even uniformly con- 
tinuous) on R”. Moreover, we have 


2AE)=(on)-*?? fet) (7a) 7 (24+ Be) Jae 


This equality follows from 


n~ 


AE) =—(2my-n? [cite 9) playa 
R” 
ifé, ; 
a —(2nyr? f a (Scie) st) poe 
and Exercise 16.4. Thus, 


0 
L!(R") 


21F(E)| < (2a)? 


fo) (++ 55) 


for |E| — 0, 


Theorem 17.5 (Plancherel). Let ¥ : S — S be the Fourier transform in S with 


\|_F f\lp2 = || fz. Then there exists a unique extension Fex of F to L?-space such 
that Fe, : L2 ™? 1? and \|Fex|| 2,72 = 1. Also Parseval’s equality remains valid. 
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Proof. We know that S z L?, since Ce E 12. Thus for every f € L7(R”) there exists 
{Si ke1 C S(IR") such that || fe — f||72(@n) > 0 as k — 0». By Parseval’s equality in 
S we get 

IF fe — F fille = lfe- fill2 79, kl. 


2 
Thus {.F fx}@_, is a Cauchy sequence in L?(R”), and therefore, F fx Eat g, where 
g € L’. Therefore, we may put Fx f := g. Also we have Parseval’s equality 


|| Pex Flz2 = him || fallie = lim | fella2 = If 


which proves the statement about the operator norm. 


Remark 17.6. In L?-space we also have the Fourier inversion formula 73. Fex f = 
f.o01%, Paf =f. 


Exercise 17.3. Prove that if f € L?(IR"), then 
(1) Fexf(§) = gli F fal), where f(x) = Xxx] <R} (x) f(x). 


Q) Faf(6) = jim Fe" f). 


Exercise 17.4. Let us assume that f € L'(IR”) and ¥ f(E) € L'(R"). Prove that 


fx) =n)? f el8) # f(E)ag = FF fl). 


nN 
This means that the Fourier inversion formula is valid. 


Exercise 17.5. Let f, and f) belong to L7(IR”). Prove that 


(fi, fale =(FA,F fo) p- 


Theorem 17.7 (Riesz—Thorin interpolation theorem). Let T be a linear contin- 
uous map from LP'(R") to L{(IR") with norm estimate M, and from L?2(IR") to 
L®(R") with norm estimate Mp. Then T is a linear continuous map from L? (R") to 
L4(IR") with p and q such that 


with norm estimate M?M, et 


Proof. Let F and G be two functions with the following properties: 


Cd) F,G20, 
2) [Fila = [Glin = 1. 
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Let us consider now the function ®(z) of a complex variable z € C given by 


4 sz 


(2) = MMe [TRAE )(x)g0G4” % (xr 


where a aa =1, z are = 1, |fo| < 1, and |go| < 1. The two functions fo and go 
1 2 2 
will be selected later. We assume also that 0 < Re(z) < 1. 
Our aim is to prove the inequality 


(7 F.8).21 << Mp My? Wifi Iisllae 5 


where 
@ 1-0 1 06 1-6 1 1 
= =e , = PF ’ + aa 1 
P Pl P2 q 4 Q q 4 
pit iz 
Since T is a linear continuous map and Fi * Gh ® are holomorphic func- 


tions with respect to z (consider a® = e#!°84, a > Wi we may conclude that ®(z) is a 
holomorphic function also. 


(1) Let us assume now that Re(z) = 0, i.e., z= iy. Then we have 


l-iy iy , Ivty 


P(iy) =M,My'*?(T (fF 2 ),goG%  ® pp. 


Since |a’*| = 1 for a,x € R, a > 0, it follows from Hélder’s inequality and the 
assumptions on 7 that 


iy , l-iy 


aon 


dy | l-iy 


foF 1 Pe 


|P(iy)| < My 'Mp 


Lh 
= 


LP2 
1 


|golG% < FIP oe =1. 


JL. 
7 [lair 


dh 


LP2 L72 


(2) Let us assume now that Re(z) = 1, ie., z= 1+ iy. Then we have similarly that 


I+iy | —iy Lhiy D 
|P(1+iy)|<My'M for 7) |[goGa 2] 
LP\ L" 
1 1 - 
se om 5 
= |e leolG4 || < Rll? Ia <1. 
LP1 L! 


If we apply now the Phragmén—Lindeldf theorem for the domain 0 < Re(z) < 1, we 
obtain that |®(z)| < 1 for every z such that 0 < Re(z) < 1. Then |®(@)| < 1 also for 
0 < 6 < 1. But this is equivalent to the estimate 
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1 ar = 
(7 (foF”), 8064 ),2| < MPM, ®, (17.1) 
where : = "a + ie a = - + We and i+ 7 = 1. In order to finish the proof of 


this theorem let us choose (for arbitrary functions f € L? and g € L? with p and q’ 
as above) the functions F,G, fo and gg as follows: 


y 
F=|fl?, G=|gil?, fo=senfi, go=sgngi, 


where f= Tie?! Tel, goo 
1 f>0, 
senf={0, f=, 
—-l, f<0 


1 i 
In that case, fj = foF'? and g; = g9G” . Applying the estimate (17.1), we obtain 


Gas) kz), 


which is equivalent to 


<M)M,° 


| 


(7 F.8)21SMPMy Wifi liste - 


This implies the desired final estimate 


7 Fllis < MP My? |Ifllar 


and finishes the proof. 


Theorem 17.8 (Hausdorff-Young). Let ¥ : S — S be the Fourier transform in 
Schwartz space. Then there exists a unique extension F,x as a linear continuous 
map 

Fox, LP(R") > L? (R"), 


where 1 < p<2 and 5 + 7 = 1. What is more, we have the norm estimate 


$ -W(}-2) 
Il Fex | ->_.pp’ < (27) BLS 
This is called the Hausdorff—Young inequality. 


Proof. We know from Theorems 17.4 and 17.5 that there exists a unique extension 
Fx of the Fourier transform from S to S for spaces: 
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(1) Fex : L'(R") > L*(R") with norm estimate M, = (22)~?; 
(2) Fex: L?(R") = L?(R") with norm estimate M> = 1. 


Applying now Theorem 17.7, we obtain that .F.x : L? — L1, where 


It follows that : 3 
—-—-—= 1, 


iLe., g= p’ and@= i. 1. For 0 to satisfy the condition 0 < 0 < 1 we get 1 < p<2. 
We may also conclude that 


1 


n = —n Lol 
| Feel pp aot < ((2m)-2)8U-® = (20) *Ce- 4) 


to obtain the desired norm estimate. 


Remark 17.9. In order to obtain ¥,.x in L?(IR"), 1 < p < 2, constructively we can 
apply the following procedure. Let us assume that f € L?(IR"), 1 < p < 2, and 
{fie C S(R") such that 


Ilfe—Flleecan) 79, kK =. 


It follows from the Hausdorff—Young inequality that 
Il F fe — F fill pp! can) < Gill fe — filleecer) 7 


This means that {.F f;}°_, isa Cauchy sequence in L?’(R"). We can therefore define 


pl 


Fox f i= jim F fy. 
And we also have the Hausdorff—Young inequality 


\| Pex fll = him || F Selly < him Cn ll fella» = Cull fllee - 


Example 17.10 (Fourier transform on the line). Let fo(x) = =o where € > 0 is 
fixed. It is clear that f2 € L'(IR) and 


Te =e 
a) 20 =e —ie)? 


nw 


f2(E 
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In order to calculate this integral we consider the function F(z) := ae of a com- 
plex variable z € C. It is easily seen that z = ig, € > 0, is a pole of order 2. We 


consider the cases € > 0 and € < 0 separately; see Figure 17.1. 


Imz Imz 


Rez 
Fig. 17.1 Domains Dz and Dj of integration. 
(1) Let € > 0. By Cauchy’s theorem we have 
R 
$ F(z)dz=0= 7 F(z)dz+ / F(z)dz=:h +h. 
ODR —-R 
|z|=R 
Imz<0 
It follows that 
to ebay 
I oo 
: fe (x —ie)? om 
and 
h-0, R-© 
due to Jordan’s lemma, since €Imz < 0. We therefore may conclude that 
+o eb dy 
[. (x—ie)? 

for € >0. 
(2) Let € <0. In this case again €Imz < 0. So we may apply Jordan’s lemma again 

and obtain 


R eS dy 
F(z)dz= ———_— F(z)dz = 27iRes F(z). 
frog Ms I, (x —ie)? ; me aa (2) 
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Hence 


z=ie= 2n& ef . 


eo e7ixs 
[ing = 28e-ieF FO 


If we combine these two cases, we obtain 


anise 6) = VIE (8), 
where 
1, ¢>0, 
nr fs t<0, 


is the Heaviside function. Similarly we obtain 


oe) = —VInEH (Ee. 


Example 17.11. Let f\(x) = —4, where e€ > 0 is fixed. It is clear that f; ¢ L'(R), 


x—i€? 


but fi € L?(R), 1 < p< 2. Analogously to Example 17.10 we obtain 


ag _ ie E40, 


x+ie -i/%, €=0, 


and 


Exercise 17.6. Find the Fourier transforms of the following functions on the line. 


e*, x>0, 
(1) r= {6 220, 
(2) f(x) =e Fl and f(x) = be, 
3) A) = gaa € > 0. 


Exercise 17.7. Define the Laplace transform by 
Lip) = | flee Pde, 


where | f(x)| < Me™, x > 0, f(x) =0, x < 0, and p = p; +ipo, p; > a. Prove that 
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(1) L(p) = V2 f (xe? (pr). 


(2) Apply the Fourier inversion formula to prove the Mellin formula 


1 or Pq 
=z “dp, >a. 
f(x) ani = (p)e™dp, pi>a 


Chapter 18 
Tempered Distributions 


In this chapter we will consider two types of distributions: Schwartz distributions 
and tempered distributions. To that end we consider the space Y := CF (R”) of test 
functions. It is clear that F is a linear space and Y C S. A notion of convergence is 
given in the following definition. 


Definition 18.1. A sequence {@}7°_, is a null sequence in J if 
(1) there exists a compact set K C IR” such that supp @ C K for every k and 
(2) for every a > 0 we have 


sup|D°@(x)| +0, ke. 
xeK 


Z G G 
We denote this fact by @, #0 Ke usual, Qx = @ € Z means that ~ — A. 
Now we are in a position to define the Schwartz distribution space. 


Definition 18.2. A functional T : Z — C is a Schwartz distribution if it is linear 
and continuous, that is, 


(1) T(a + QQ) = oT (1) + QT (2) for every (1,2 € Zand a,02 € C 
(2) for every null sequence @, in Y, one has T(@,) — 0 in C as k > &, 


The linear space of Schwartz distributions is denoted by Y’. The action of T on @ 
is denoted by T(@) = (T,¢). 


Example 18.3. Every locally integrable function f, that is, f € Lj,,(R”), defines a 
Schwartz distribution by the formula 


Ty.) = [ Fo)@G)ae, 
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It is clear that Ty is a linear map. It remains only to prove that Ty is a continuous 
map on J. Let {gx }¢_, be a null sequence in J. Then 


\(7/,)| <sup|ge(a)| f [f(a)|dx—+ 0, k + 
xEK K 


by the definition of null sequence. 


Example 18.4. If (T,@) := (0), then T € Y’. Indeed, T is linear, and if @, 2.0; 
then (T, x) = @(0) — 0 for k — ce, This distribution is called the 6-function and 
is denoted by 6, i.e., 


(6,9)=9(0), EF. 


Remark 18.5. A distribution T is regular if it can be written in the form 


(7,9) = |. f(x)e(a)jdx 


R” 
for some locally integrable function f. All other distributions are singular. 
Exercise 18.1. Prove that 6 is a singular distribution. 


Definition 18.6. The functional T defined by 


(T,@) := lim 9 grep. [ 9) ay 


e—0+ |x|>€ 


on A(R) is called the principal value of 1. We denote it by T = p.v. 1. 
Remark 18.7. Note that + ¢ L},,(IR), but we have the following result. 


Exercise 18.2. Prove that 
pvt. y= [e@aees O(x) = O(=4) 4 pv. f P(x = PO) a, 


Example 18.8. Let o be a hypersurface of dimension n— 1 in R” and let do stand 
for an element of surface area on o. Consider the functional 


(7,9) = [ a(x)o(x)do 


on Y, where a(x) is a locally integrable function on o. We can interpret T in terms 
of surface source. Indeed, 


(| a(€)5(x—8)d0g,) := | a(E)(5(x—£),9(2)) dog = | a(E)9(E)dog. 
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It is easy to see that T is a singular distribution. This distribution is known as the 
simple layer. 


Definition 18.9. If T € J’ and g € C”(R"), then we may define the product gT by 
(87,9) = (T,80), PED. 
This product is well defined, because gy € J. 


If f is a locally integrable function whose derivative oF is also locally integrable, 
et 


then 
of \ ¢ of _ Op I” 
(34.9) = R" an won CF, Ox; ? 1 Q 


by integration by parts. This property is used to define the derivative of any distrib- 
ution. 


Definition 18.10. Let T be a distribution from 9’. For a multi-index a we define 
the derivative 0O%T by 


(0°T, 9) = (T,(-I"0%9), gE. 
It is easily seen that 0O°T € Y. 


Example 18.11. Consider the Heaviside function H(x). Since H € L},(R), 
it follows that 


(H',9) = —(H, 9") =— | 9')dx= 9(0) = (5.9). 


Hence H’ = 6. 


Example 18.12. Let us prove that (log |x|)’ = p.v. + in the sense of Schwartz distri- 
butions. Indeed, 


((log||)’,@) = —(log|x1,") =f log(|x/)"(x)ax 
=~ [roa(x)o" ar [toa 9"x)ax 
0 —co 
=— | los(x)(9') + 9'(-x))ar=— | log()((x) — 9(—x))'ax 
= og(x) (p(s) (alg + [PPO ar = (pv. 2,9) 


Xx 


by integration by parts and Exercise 18.2. 
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Exercise 18.3. Prove that 


1 ; 
(P. v.59) = lim 


£04 J|x|>e x 


The following characterization of Y’ is given without proof: T € J’ if and only if 
for every compact K C R" there exists no(K) € No such that 


(7,@)|<Co >} sup|D9| 


|a|<ng *¥EK 


for every @ € ZY with supp@ C K. 
Definition 18.13. A functional T : S — C is a tempered distribution if 


(1) T is linear, i.e., (T,ap + By) = a(T,o) + B(T,y) for all a,B € C and 


pwe S. 
(2) T is continuous on S, i.e., there exist 9 € No and a constant cp > 0 such that 


KT,P)l<co Y lPlap 


|a|,|B|<no 


for every @ ES. 


The space of ca ia distributions is she by S’. In addition, for 7,,7 € S’ the 
convergence T 5, T means that (Tk, 0) & (T,@) forallg eS. 

Remark 18.14. Since Y C S, the space of tempered distributions is narrower than 
the space of Schwartz distributions, S’ C Y’. Later we will consider the even nar- 


rower distribution space &’, which consists of continuous linear functionals on the 
(widest test function) space & := C*(R"). In short, J C S C & implies that 


ECHR. 
It turns out that members of &’ have compact support, and they are therefore called 
distributions with compact support. But more on that later. 


Example 18.15. Let us consider R!. 


(1) It is clear that f(x) = ell” is a Schwartz distribution but not a tempered distrib- 
ution, because part (2) of the previous definition is not satisfied. 


m 
(2) If f(x) = > a,zx* is a polynomial, then f(x) € S’, since 
k=0 
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\(7,9)1 = | L> ato 


<3 jan) [+ be) 29+ x) Ll 
k=0 


m 


SCY lailloloxsivs [+b 1 Fak, 
k=0 


so condition (2) is satisfied, e.g., for 6 = 1, np) = m-+2. This polynomial is a 
regular distribution, since (Ty, @) = Jp f(x) @(x)dx is well defined. 


Definition 18.16. Let T be a distribution from 9’. Then the support of T is defined 


by 
suppT :=R”\A, 


where A = {x € R": (T,@) = Ofor alle € C” withsupp @ C Us(x)}. 
Exercise 18.4. Prove that 


(1) if f is continuous, then supp 7; = supp f; 
(2) supp(0°T) C suppT; 
(3) supp6 = {0}. 


Example 18.17. (1) The weighted Lebesgue spaces are defined as 


1 


LB(R") = {f € LP (R") :[Ifllig = (/, (1+ |x) °PLF(a)Par) p < co} 


for | < p< and 


EGA a1 S Siok Polling eS supe Ixl)°1F(@)| < =}. 
xe n 
If f € L! 5(R”) for some 6 > 0, then Ty € S’. In fact, 
Mty.0)1=| Foal < Ul lls: 
This means that /p f@dx is well defined in this case and 


(Tf) °= [foe 
(2) If f E L?, 1 < p<, then f € S’. Indeed, 


nN n n 
L?(R") CL! 5(R") for oe 
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where - + a = |. This follows from Holder’s inequality 


1 


[arbi ireplacs (f+ ayer) "Wl. 


(3) Let T € S’ and p(x) € Cp (R") with @(0) = 1. The product p ( 


defined in S’ by 7 F 
(9 (7) 70) = (Te (Z)@)- 


If we consider the sequence 7; := @o (7) T, then 


i)T is well 


: kre0 

(a) (Te. 9) = (T, 00(2)9) ‘ (T,@) (since go(3)p * 9), so that Te * 7. 

(b) 7 has compact support as a tempered distribution. This fact follows from 
the compactness of support of @ = @o(Z). 


Now we are ready to prove a more serious and more useful fact. 


Theorem 18.18. Let T € S’. Then there exists T, € S such that 


(1,9) = | Tela) (sax (7.9), ke, 


where @ € S. In short, § 9 


Proof. Let j(x) be a function from FY = CP (R") with fen j(x)dx = 1 and j(—x) = 
I(x). Let jx(x) = k"j(kx). By Lemma 16.11 we have 


dim (ie) = Him | je(x) P(x)dx = (0) 
—> 00 R” 


for every @ € S. That is, jx(x) = 6(x). 
The convolution of two integrable functions g and @ is defined by 


(g* )( =f g(x—y)p(y)dy. 


If h and g are integrable functions and @ € S, then it follows from Fubini’s theorem 
that 


(hxg,9) = “hh padre | h(x—yer)ey= [) alo)ey [ he—y)@(a)ex 


= [say [Rhy —x)@@)de = (¢.Rh+ 9), 


where Rh(z) := h(—z) is the reflection of h. 
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Let now @(x) € Y with @o(0) = 1. For every T € S' let us put Th :=_jx * Th, 
where 7; = Qo (+) T. From the above considerations we know that (jx * Tk, @) = 


(Ths Rik* 9). 
Let us prove that this 7, meets the requirements of the theorem. First of all, 


xX 


(Tis 9) = (ie Tis) = (Te Rie* 9) = (0 (Z) 7, jn 0) 
=(7,90(=) (Je#9)) + (7,9), ko, 
because 


(a) @o (#) — 1 pointwise for k — 0, since ~o(0) = 1 and go(7)¢y a Q, 
(b) jn* s @ for k — eo by Lemma 16.11: 


iu(x—yo)dy= | ju) @(e—2)de > (a). 
R" R" 


Finally, j,(x) € Co’ (IR") implies that J, € Cy (R") C S also. 


Definition 18.19. Let us assume that L : S — S is a continuous linear map. The 
adjoint map L’ : S’ — S' is defined by 


(L'T,@) :=(T,Lg), TES’. 
Clearly, L’ is also a continuous linear map. 


Corollary 18.20. Every continuous linear map (operator) L: S — S admits a con- 
tinuous linear extension L: S' > S'. 


Proof. If T € S’, then by Theorem 18.18 there exists 7;, € S such that Ty an T. Then 


(LTi, 9) = (Te,L'g) > (T,L'@) =: (LT, 9) 


as k > ©, 


Now we are in a position to formulate the following theorem. 


Theorem 18.21 (Properties of tempered distributions). The following linear 
continuous operators from S$ into S admit unique continuous linear extensions as 
maps from S’ into S’: 


(1) (uT,@) :-=(T,ug), uecS, 
(2) (0°T,@) = (T,(-1)!*l0%@); 
(3) (tT, 9) = (T, tao); 
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(4) (0,7, 9) = (T,|A| 019), A#0; 
(5) (FT, @) :=(T, FQ). 


Proof. See Theorem 18.18, Definition 18.19, and Corollary 18.20. 


Remark 18.22. Since (F~|!.FT,@) =(FT,F—'9) =(T,FF—'@) = (T,), we 
have that. ¥-'¥ = FF =TinS’. 


Example 18.23. (1) Since 


in S’. 
(2) 6 =(2m)~2-1, since for @ € S we have 


(5,0) = (6, F 0) = FQ(0) = (2ny-4 | el) g(x)dx = (20)? (1,9). 


Moreover, .#—!6 = (2m)~2-1 in S’, 
ae n 2 
(3) e4t= ote e, Rea>0,a# 0. Indeed, for a > 0 we know that 


(Jax)? n _& 
2 )=a Ze 2, 


x2 
Fe") = Fe 


If ais such that Re a > 0, a 4 0, then we can use analytic continuation of these 
formulas. 


(4) Consider (1 — A)u = f, where A = x Sea a is the Laplacian in R” and 
xy n 


wm 


and u, f € S’. This equation can be solved in S’ using the Fourier transform. 
Indeed, we get 


(1+ |6P?)a=f, 


or 


@=(1+16?)'f, 


u=F'((1+|6?)' Ff). 
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If f € S, then Ff € S and (1+|&|?)-'!Ff ES also, and then u € S exists. If 


f €S’, then by Theorem 18.18 there exists f, € S such that fy 5, Jf. We conclude 
that 


er 
u= lim ug, 
where uz = F—!((1+|E|?) | Ff). 


Exercise 18.5. Let P(D) be an elliptic partial differential operator 


PiDpy= Xap" 


|ar|<m 


with constant coefficients and P(€) 4 0 for € 4 0. Prove that if u € S’ and Pu = 0, 
then uv is a polynomial. 


Corollary 18.24. [f Au =0 in S’ and |u| is less than or equal to some constant, then 
u is constant. 


Exercise 18.6. Prove that 


(1) (p.v.+ a 
(2) F ip) —/5I61- 


Definition 18.25. Let us introduce the tempered distributions 


1 ; 
= lim 
Xx 0° ~ e30+xtie 


1 1 
— 9)= li 
(59) sim (53-0). re 


In a similar fashion, 


(if they exist), i.e., 


1 
ee te hg 
(e210)? goad +ie)? 


in S’ (if they exist). 


Example 18.26. We know from Example 17.11 that 


Ny i. E70, 
a §=0, 
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and 
Tg, _ fiv2mH(-E)e%, § 40, 
7-1 °) = iJ, E=0 
Hence aaa _ 
a ea 5 #0, 
X+i0 e30+x+i€ —i4/ 5; 6=0, 
and co _ 
sane E40, 
x—-i0 20+ x—i€ dala €=0. 


It follows from Exercise 18.6 that 
1 1 1 1 
x40 | x—10 Byam SENS ( V = sen§ Pv 


ee ee Ore. 
ara = Pa ire 
eo 


and thus 


In a similar fashion, 


i; ee es A 
— =iV2n-1=iV2nV 276 = 276, 


x-i0 x+i0 
and so i 
0 20 21d. 
We add and subtract to get finally 
1 

a Py and yao PY tit) 
Exercise 18.7. Prove that 
(1) ee ee, 

aie ~V2REME) and ayy = VIREM(-E): 
(2) 

: : = 2p.v. 4 and ! : = —27i6'; 
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” 1 1 1 1 
a oe Lo) _ af 
G+ i0)2 P-V. 5 +7id’ and (= i0)3 P-V. Tid’; 
(4) 
— 1 
log |x| = ~[ Zp. =; 
2° |6| 
(5) 


xB = (2m)"/2illaB 5. 


Exercise 18.8. Prove that 


(1) 


(2) 


Example 18.27. Since 


(0%5, p) = (8%S,G) = (-1)!*(6,0%@) = (6,i11Exg) 


we get 


and 


in R?. 
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Let us prove the following facts about these operators: 


(1) i 
d=0-0=-_A 
0-0=0:-0 44 
(2) = 
—9d (<) =6 inR? 
1 v6 
The last fact means that 4 
mx+iy 


is the fundamental solution (see Chapter 22) of 0. Taking the Fourier transform of 
(2) gives us 


— 


J=(6) = 61), 


which is equivalent to 


or - 
1 1 . i 


= a: = 1 . ? 
z ii — 2 éi tig 
Let us check that this is indeed the case. We have, by Example 17.11, 
1 1 ~i(G1x+y) 1 se Jaan 
(6) == [| ——awy= fay f * 
Zz 2m JR2  x+iy 2 aa 
= af eee fe mee disks i fie “ray ae 
27 Jo * Joo x+ iy Pa 
1 se 
= 2m ; e529 \/On(-iV MH (Eye! )dy 
_ a eiby Imi 2mH(—E,)e™!)dy 
= (Hey [re y(E1 +182) dy —H(— af e Egy), 
0 _ 


For €; > 0 we have 


-if e61+ib2) dy =, ey (61+ i€2) 
0 61+ ie2 


§ #0. 


| 
1 —. 
€1 +i€2 
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For €; < 0 we have 


en (6ii&) |? 


1 : 
—o0 &1 +i) 


ol 
1 =>. 
€1+i€2 


Hence 


a €) +i€2’ 


which proves (2). Part (1) is established with a simple calculation: 


ee a re ee on d\7\ _ 
~ 4\ ax Oy Ox "Oy 4 Ox oy _ 
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Chapter 19 
Convolutions in S and 5S’ 


Let us consider first the direct product of distributions. Let us assume that T),..., Th 
are one-dimensional tempered distributions, 7; € S’(R), j = 1,2,...,n. The product 
Ti (x) -++T, (xn) can be formally defined by 


(Ti (x1) +++ Tn (en) P15 «+ %n)) = (Th 1) + Tr=1(%n—-1), P1 (41, +++ Xn—1)) 
= (T\ (x1) +++ Tn—2(Xn—2), P2 (m1, ---,%n—-2)) 
= Tiles), n_ ale}, 


where 


Mitt) = Ga) OB) ESE), 
PB y 2-5 Sup) = CE Pi-1 By Xap) S(R"~). 


In this sense, it is clear that 
O(x1,---,Xn) = O(x1)-+- d(x). 


But the product Tj (x) T>(x), where the x are the same, in general case does not exist, 
that is, it is impossible to define such a product. We remedy this by recalling the 
following definition. 


Definition 19.1. The convolution @ « y of the functions @ € S and y € S is defined 
as 


(p*y)( a= ft o(x—y)y 


We can observe the following immediately. 
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(1) The convolution is commutative for every n > 1. Ifn > 2, then 


(px y)( = [ ee-»y y) w(y)dy = [ay = (y*@)(x). 


If n = 1, then 


=| oe-yy y)y --f- Plz) W(x — z)dz 
a; vlx—2)(2)dz = (ws 9)(2). 


(2) It is also clear that the convolution is well defined for @ and y from S, and 
moreover, for every a > 0, 


ae (p*W)(x) = (A%~*W)x) = [A @x—y)WO)dy 
=| (-1/*la%o(x—y) wo) dy 
= (-1241 [ee syarwOo)dy = (99% W) (0) 


where we integrated by parts and used the fact that 0,,p(x—y) = —dy,p(x—y). 


We would like to prove that for @ and y from S it follows that @ « y from S also. In 
fact, 


(1) px yw eC*(R") since 0% (px W) = x0 and 0%: SS. 
(2) @ * y decreases at infinity faster than any inverse power: 


1 
Fw pry VO Hef IYO)Idy 
bi< 4 |x—y| b> 
J 


al —m m 
<p Myc Worle fy bibl" Worle 
ig pl> ot 


on POE) AY) Sc 


Next we collect some important inequalities involving the convolution. 


(1) Hélder’s inequality implies that 
Vz cwry S lllercary “Vl aren: (19.1) 


where 7 + a = 1,1 < p<. This means that the convolution is well defined 


even for @ € L?(R") and y € L” (R"). In particular, 
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IP * Wllr=ceny SNPlle1 cen) - I Iic=cery - (19.2) 


(2) It follows from Fubini’s theorem that 


lorvlln < [def loe@—yllwoey 


= [ \wovlar [lo —y)lee= loll livin. 093) 


(3) Interpolating (19.2) and (19.3) leads us to (see the Riesz—Thorin theorem, The- 
orem 17.7) 
lox VWllir < Wllir Welle - (19.4) 


(4) Interpolating (19.1) and (19.4) leads us to (again by the Riesz—Thorin theorem) 


wm 


l* Wlles < Wile“ ll@lle 


where 
1 1 1 
l+-=-+-. 
S or op 


Indeed, the linear operator Ty = @ * y with @ € L?(IR”) maps as 
Pe Rsk), 2+ cad 
PP 


and 
T : L'(R") > L?(R"); 


see (19.1) and (19.4), respectively. Thus 


T : L’(R") = L*(R"), 


where 
ag a ty e) 
rp 1 
and 
L @ ,I=6. 1 e) 
s "pp 
This gives 
1 1 1 
—-—-=]|--. 
r s Dp 


Now we are in a position to consider the Fourier transform of a convolution. 
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(1) Let 9, ye S. Then 9* yw € S and F(o* yw) € S. Moreover, 


Foxy) = (2m) [eax [ ox—y)wbo)ay 


n R” 
1.€., 
ex w= (20)? 9-Y 
Similarly, 
F(pxy) = (20)? F'9-F"y 
Hence 


which implies that 


or 


(2) Let us assume that @ € L! and we L?,1< p< 2. Then (19.4) implies that 
p*xweL?,1<p<2. Further, ¥(g * w) belongs to L”’ by the Hausdorff- 
Young inequality. Thus, 


@*W=(2n)?9- VEL". 


Lemma 19.2. Let p(x) be a function from L!(R") with fn @(x)dx = 1 and let (x) 
be a function from L?(R"). Let us set e(x) := €-"Q (2), € > 0. Then 


inweu L 
eo 


Proof. By (19.4) we have that @, * y € L?(IR"). Then 


G2W = (2m) 265-0 


in L?. But 
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as € — 0+. Note also that 


Hence 


Ge eW = (2n)2G(cé)- GWE) SHE), e> 0+. 


By the Fourier inversion formula it follows that 


R 
Ge* Vow 


as € — 0+. 


Theorem 19.3. For every fixed function @ from S(R") the map @*T has, as a 
continuous linear map from S to S (with respect to T), a unique continuous linear 
extension as a map from S' to S' (with respect to T ) as follows: 


(9*T, W) = (T.RO*Y), 
where RQ(x) := @(—x). Moreover, this extension has the properties 
(1) Q*T =(2n)3@-T, 
(2) 0%(@*xT) =0%9*xT =Ox0°T. 


Proof. Let us assume that @, y, and T belong to the Schwartz space S(R”). Then 
we have checked already the properties (1) and (2) above. But we can easily check 
that for such functions the definition is also true. In fact, 


n 


=/ Ti) | O(x—-y)y(a)dxdy 
R" Rn 


(oxT.v) = [ (ot) a)wyar= [| oer TO)aywlajax 


= [Todd [RW ylx)de= (7.R9 +): 


For the case T € S’ the statement of this theorem follows from the fact that S ae Ss’ 
(see Theorem 18.18). 


Corollary 19.4. Since 9*T =T «@ for @ and T from S, we may define T * @ as 
follows (for T € S'): 
(T*9,Y) = (T,RO*Y). 
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Example 19.5, 
(1) Itis true that 6 « = @. Indeed, 


(5*9,W) = (6,Ro*W) =(Rp*w)(0) = }| Ply) wO)dy = (9, y). 


Alternatively, we note that 


is equivalent to 


in S’. 


(2) Property (2) of Theorem 19.3 and part (1) of this example imply that 


wm 


0% (6*Q) =6 «0p =0"%Qq. 


Let us consider again the equation (1 —A)u = f for u and f € L? (or even from 
S’). Then (1+ |E|*)@= f is still valid in L? and @= (1+ |E|?)~'f or 


(3 


wm 


= (any #9" (ae) ara [ Kle—y)F0)e, 


where ; 
estes 1 ei(x—».8) z 
eo nyt den THIER 


This is the inverse Fourier transform of a locally integrable function. This func- 
tion K is the free space Green’s function of the operator 1 — A in R”. We will 
calculate this integral precisely in Chapter 22. 


Lemma 19.6. Let j(x) be a function from L'(R") with frn j(x)dx = 1. Set je(x) = 
e-"j (4), € >0. Then 


lietf—fllyp 70, €- 04, 


for every function f € L?(IR"), 1 < p<. In the case p = ~ we can state only the 
fact 
[Ger nzax fl f-zax, © 04 
R"” R” 


for every g € L!(R"). 
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Exercise 19.1. Prove Lemma 19.6 and find a counterexample showing that the first 
part fails for p =o. 


Remark 19.7. If j € Cy (R”) or S(R”), then je * f € Cp’ (R”) or S(R”) also for every 
f €L?(R"), 1<p<e. 


Chapter 20 
Sobolev Spaces 


Lemma 20.1. For every function f € L?(R") the following statements are 
equivalent: 


(1) 2£(x) e P(R”), 


xj 


(2) E)f(6) €L7(R"), 
(3) lim a exists in L?(IR"). Here A‘ f(x) = f(x + tej) — f(x) with t € R and 


e; =(0,...,1,0,...,0). 


(4) There exists { fr }~_1, fe € S, such that fi sae f and Of has a limit in L?(R"). 
J 


YS 


Proof. (1) = (2): Since _ 7 
Djf = if 


a 


we have 


7 llif 


12 


by Parseval’s equality. 


(2) = (3): Let € if be a function from L7(IR”). Then the equality 


ce 1, ae. ~ efGj_—1 
VAIS) = — (eli — 1) f(6) = Sif (5) 
t ae 
holds. But 
elfgj — 1 : 
=P 
Gj 
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pointwise as t — 0. Hence 
ie 
1 tee F 
Ail > isil, t—0 


i.e. (again due to Parseval’s equality), 


“aps 2 ai t—0. 
ay! 


The same arguments lead us to the statement that (3) = (1). 
2 y y 
(4) > _ Let f;, be a sequence from S such that f; a f. Then fx = f and sii ay 


5t also. By condition (4) we have that the limit ym. sf k= an exists. We 
may conclude that jis S k —, g. This means that g = 5 in @ 
(2) = (4): Let us write f(E) as the sum of two functions Fey = = g(€)+A(€), 
where 


a(f) = F(E)xE Jet} h(g) = F(E)xqe|o1}- 


2 
Let {g;} be a sequence in S such that g; *, ¢ and supp gx C {[e;|< 2}. 
2 
Let {fy} be a sequence in S such that hy — &jh and supphy C {|€;| > +}. 
If we define the sequence fx(x) = F— ' (ge + #) (x), then 


Fulé) = gn+ #S o(E)+0(&) = FE). 


j 
But 


Ofe eo We see 
oI iBigg tithe SiGe +h) =18) 7 
J 


This means that (by the Fourier inversion formula or Parseval’s equality) 


This completes the proof. 


We have also the following generalization of Lemma 20.1 to a multi-index @. 
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Lemma 20.2. Let f be a function from L*(IR") and let s € N. Then the following 
statements are equivalent: 


(1) D*fEL?(R"),|a| <s; 
(2) §°f € L*(R"),|al <s; 
(3) tim Ai! exists in L?(R"), |al| < s. Here AM f = (AP! ---A2") f and h eR" with 
hj AO for all j = 1,2,...,n. 
2 
(4) There exists fy, € S such that fy pad f and D® f;, has a limit in L?(R") for |a| <s. 


Proof. The result follows from Lemma 20.1 by induction on |a|. 


Definition 20.3. Let s > 0 be an integer. Then 


H(R") = {fe L(R"): ¥ ||D%fllp <} 


|o.|<s 
is called the (L?-based) Sobolev space of order s with norm 
1/2 
2 
IF llascery = ( > IO" 
jal<s 


Remark 20.4. It is easy to check that H*(IR"), s € N, can be characterized by 


HR ={f DUR"): [ (1+IE PAE) Pas <=}. 


n 


Proof. It follows from Parseval’s equality that 


2 
= 2 


ja|<s 


Gof 


2 
12 


& I*slie= o*r 


jal<s 


= y f erPiferrag =f > eerireyras. 


|a|<s |a|<s 


But it is easily seen that there are positive constants c; and c2 such that 


e(1+|é)P< > (%P <a(1+|é))*, 


|a|<s 


or 


>», 6° S0+leP 


|a|<s 
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Therefore we may conclude that 


DY ID%flli2 <9 SL ID flliz < [+P AEP <a. 


|a|<s lal<s 


This establishes the characterization. 


This property of an integer s justifies the following definition. 

Definition 20.5. Let s be a real number. Then we define 
H(R") = {fess (1L4|EP fe LR} 

with the norm ; 
Illa = (f+ BP YIAEDPas 


n 


Definition 20.6. Let s > 0 be an integer and 1 < p < «©. Then 


W,(R") := {f € L?(R"): ¥ ||D*fllzrcany < 


jal<s 


is called the Sobolev space with norm 


1/p 
Il fllws cen) = ( by IO" Flam . 


jal<s 
Exercise 20.1. Let s > 0 be an even integer and 1 < p < ©. Prove that 


gem = (f LFEPA Altar) 


is an equivalent norm in W;(R"). 


Definition 20.7. Let s > 0 be a real number and | < p < ©. Then 


W,(R") = {fes': (fle Ma +i6P EA Pae) ee} 


with the norm 


gen = (f,1F M+ PEA Par) 
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Exercise 20.2. Let s € R. Prove that 
fen (R") 


if and only if 7 
feL;(R’). 


Proposition 20.8. Let us assume that 0 < s < 1. Then 


[attra =[ iorata ff LT ads, 0.1 


where A, is a positive constant depending on s and n. 


Remark 20.9. Since 1+|&|?* = (1+|&|*)’, 0 <s < 1, the right-hand side of (20.1) 
is an equivalent norm in H*(R"). 


Proof. Denote by J the double integral appearing on the right-hand side of (20.1). 
Then 


= I, Ra Fors) — f(y) |? |<] 7" dydz 


—1/? 
= [era fe —iPifenras = f wrenras [| 


by Parseval’s equality and Exercise 16.4. We claim that 


ee = als 2sq—l 


Indeed, if we consider the Householder reflection matrix 


Qvvt 


then A? = A~! =A and AE = [Ele = (\E|,0,...,0). It follows that 


By Jei(z.$) = 1/? a |ei(4z.45) _ 1/2 
IS | ge = IE! gars 
wee ei.A5) = 1/2 eras jeiv6| _ 1/2 
= Is! h ye = 18 | pp 


lee IF ged 
= oe “Ygnras He = As . 
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Therefore, 


fleeoParsas ff If) —F0)Pe— 1-day 


=f lfenras+ ff IEPIAE) Pas. 
R" R" 


This completes the proof. 
Remark 20.10. Note that As exists only forO <s <1. 


Exercise 20.3. Prove that 


_ 


+16 PHP) F(E)PaE = 


2 
2 ay FP 2s|\ Ha F|2 
I lieseqan = fh Pe [eR warras 


=Il+as Df fh 1%F(a)—D% 60) Pe— yl" aaa. 


\a| =% R 


Example 20.11. 1 ¢ H*(R") for all s. Indeed, peices that 1 € H%(R") for some so 
(it is clear that so > 0). This means that (1+ |&|?) 27 le (R"). It follows from this 


fact that 1 € Lz, ,(R"), and further, Le Li. (R”). But 1 = (2m)36, and we know that 
6 is not a regular distribution. 


Next we list some properties of H*(R"). 


(1) Since f € H'(IR") if and only if f(E) € L2(R”) and L2(IR") is a separable Hilbert 
space with the scalar product 


(Firevdincan =f, O+IEP A -Bd8, 


it follows that H*(IR") is also a separable Hilbert space, and the scalar product 
can be defined by 


(F.8)aan = f+ EP YF BA. 
We may prove the following property: 
H™*(R") = (#°(R"))", sER 
in the sense that 


I(f-8)2¢@)| 
I Flle-smey = sup RY 
0Ag¢HS (R") Ilollezs cn) 
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This means that H~*(IR”) is the dual space to H*(R”) with respect to the Hilbert 
space L? (IR”). Indeed, since by Parseval’s equality 


n~ 


(f.8)2cm = (F@ ey = (A+1EP) PAF IEP) 8) 2200; 


it follows that 


(fF, 8)r20R")| (F822 ¢9") 


sup —————= _ sup 
0AgeH'(R") Ilgllascee) 0AgEL2(R") lla llzz¢ R") 


=f lla-scer) - 


,(R”) 


We have used here the fact that the space L? ,(IR”) is dual to L?(IR”) for every 
seER. 
(2) For —0 <5 <t <., it follows that SC H‘(R") C H°(R") cS’. 


Example 20.12. 6 € H*(IR") if and only if s < —}4. Indeed, if we define 


(€) =(1+|)2, 


then 5 € H°(IR”) is equivalent to (22)~2(E)* € L?(IR"), which in turn is equivalent 
tos<—%. 
2 


(3) Let @ be a function from H*(R"), and y a function from H~*(R"). Then @ € 
L2(R") and [ € L2,,(R"), so that @- ¥ € L'(R") by Holder’s inequality. We 
may therefore define (temporarily, and with slight abuse of notation) 


(9, V) 2 (Rn) = on OWS 
and obtain 
(PW) 22¢@"y1 S lO llescey «I lla—sceny - 
For example, if @ is a function from H2*!+#(R”), € > 0, and y= 28, then 


(0) 7 28 eae = i(on)- tf E@(E)a8 
Ox; PR) R" a 


is well defined, since @ € Ti 14¢(R") and €; € L*»_,_,(R"). 
(4) Consider a differential operator with constant coefficients 


PD) =. aD”. 


|a|<m 


Then P(D) : H*(IR") — H*~(R") for all real s. 
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Proof. By the properties of the Fourier transform we have 


IPD) Fllin-mean) = fh 1+ EP "(PDF ae 
=f +lEPymPE)P FE) Pa 
se f (+16 PM + EP MAE PAE = ell lence 


for all real s. 


There is a generalization of this result. Let P(x, D) be a differential operator 


D)=¥, agQ)D” 


|ar|<m 
with variable coefficients such that |a9,(x)| < co for all x € R” and |a| < m. Then 


P(x,D) : H™(R") > L?(R"). 


Indeed, 
IP&D)flla seo DY ID*flla =o DY [EZ], 
| o0|<m |ar|<m 
oa+lEP) 2A, =o lifllam- 


(5) We have the following lemma. 


Lemma 20.13. Let @ be a function from S, and f a function from H*(IR") for s ER. 
Then @- f € H*(R") and 


“\|Fllas- 


loll Sell +IEP)7 6), 


Proof. We know that 


Hence 
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for all s € R. Indeed, 
(E) = (1+ |EP)2 < (1+ In)? +1€-nl = (n) + 1€-nl < (+1 - a1). 
Since 1+ |E —n| < V2(E —n), we have 
(E)° <22(n)*-(E —n)* 


for s > 0. Moreover, for s < 0 we have 


(nye = Gym S27 (9 8)" 
It now follows from (19.4) that 
llofllas = Eyer], <e|MEy"@l«Kny* Al], <el](ey'"a],, |], 


for alls ER. 


Exercise 20.4. Suppose s > 1/2. Show that if u,v € L7(IR”) and 


_ f u—n)v(n)dn 
*6)= fa (aN Y 


then w € L?(R”) and ||w||,2 <C||ull,2 ||v|l,2- 


(6) Let us now consider distributions with compact support in greater detail than 
what we saw in Chapter 18. 


Definition 20.14. Set & = C*(R"). We say that T € &’ if T is a linear functional 
on & that is also continuous, i.e., @, — 0 in & implies that (T,@,) — 0 in C. Here 
@ — 0 in & means that 
sup|0%@,| +0, ko 
K 


for every compact subset K C IR” and multi-index a. 


It can be proved that T € &’ if and only if there exist co > 0, Ro > 0, and no € No 
such that 


(7,@)| Sco DY sup |D%@(x)| 


|ae|<ng |x|<Ro 


for all p € C*(R”). Moreover, members of &’ have compact support. 
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Assume that T € &’. Since (x) = e~#(*4) € C”(R"), it follows that (T,e715)) 
is well defined and that there exist co > 0, Ro > 0, and no € No such that 
(T,25))| <9 YL sup [D%M4)| <ey YY (E*| = (UF 1EP?)? 


|| <ng |+|SRo | c|<no 


If we now set 7 
TE) Qn) Pre), 


then T is a usual function of &. The same is true for 
a°F (E) = (20)-"??(-1)!4 (7, a%e 4) 


and hence T ec°(R”). On the other hand, (T,e5))| < e9(E)"9 implies that 
\T(E)| <ch(€)" and hence T € L?(R") for s < —no — $. So, by Exercise 20.2, we 


n 


may conclude that every T € &” belongs to H°(R") for s < —no — § 


(7) We have the following lemma. 
Lemma 20.15. The closure of Cj (IR") in the norm of H*(R") is H*(R") for all 
s € R. Inshort, C?(R") = H*(R"). 
Proof. Let f be an arbitrary function from H*(IR") and let fg be a new function such 


that 
wey certiey SFE) EI<R, 
falé) = wle)78) = 4) IE] >R. 


Then fe(x) = F~!(yef)(x) = (2m)? (F-!ypR* f)(x). It follows from the above 
considerations that ¥~!ypr € C*(IR”) as the inverse Fourier transform of a com- 
pactly supported function (but ¢ Cf (IR”)) and 


Ifa = f WE) FCCP Gas =f PEIE)*a +0 


as R — ©, since f € H*(IR"). This completes the first step. 

The second step is as follows. Let j(§) € CF (|€| < 1) with Jpn j(€)dé = 1. Let us 
set jg(€) := k"j(kE). We recall from Lemma 19.6 that jp * g 2 g, 
1 < p<. Define the sequence vy := -F~!( jx * fr). Since tj = jx * fr, it follows 
that supp %% C Ur+1(0), and so vj € Cy (IR"). Hence v, € S. Therefore, v, € H*(R”) 
and 


ve Fellas = fo CG) Fre Fala 


|E|<R+1 


Caf liesfe— fale 0, k>~, 
E|<R+1 
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Since vy. ¢ CP (R”), we take a function kK € Cj’(R”) with «(0) = 1. Then 


« (4) A 
& Vk — Vk, = * 


This fact implies that K (+) vg is vg as A — oe. Setting fi(x) = K (4) ve(x) € 
CF (R”), we get finally 


—0 
HS 


IF — fills <ILF — Fallgs + Ilfie— valle + [re (Z) ve 


if A, k, and R are sufficiently large. 


Now we are in a position to formulate the main result concerning H*(R”). 


Theorem 20.16 (Sobolev embedding theorem). Let f be a function from H*(R") 
fors >k+ 5, where k € No. Then D® f € C(IR") for all o such that |o| < k. In short, 


H* CC#(R"), s>k+5. 
Proof. Let f € H*(IR") Cc S’. Then 
Df =F" F(D*f) =F "(E°F(E)). 
What is more, 


n~ 


ae c lal) F =. [é lo" s 
[leeFe 0s <e fl lelelAe as =e fare" FEIas 


epial 1? . 1/2 
<e( (E)25 «) (/, eyAe P88 ) <e'||fllascee) 


if and only if 2s—2|a| >n, or s > |a|+n/2. 

This means that for such s and o@ the function D“ f is the Fourier transform of 
some function from L'(R"). By the Riemann—Lebesgue lemma we have that D® f 
from C(R"). 


Lemma 20.17. L2(IR”) C L4(R") if and only if q=2 ands >0 orl <q<2and 


1 1 


Exercise 20.5. Prove Lemma 20.17. 
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Lemma 20.18 (Hormander). 

(1) # : HS(R") > L4(R") forl1<q<2ands>n ( - 3). 
(2) #:LP(R") > H*(R") for2<p<ecands>n ( — 1). 
(3) #:1L?(R") > L’(R"). 


Proof. (1) See Lemma 20.17. ” 
(2) Let f be a function from L?(R") for 2 < p<. Then f € S’ and |(f,);2(@”)| = 
\(f, ) 22(R")| < |lfll,-Wl@ll,. where 1 < p’ < 2. But if @ € A(R") for s > 


n(q—5)-then |||,» < ell plla- So 


(F.9)22¢@91 Sellfllp: Illus 


Therefore (by duality), 
<— a 
lFl.,.. Sellfllu 


fors >n(4—4) =n(4-4). 
(3) This is simply Parseval’s equality lA 
This completes the proof. 


alle. 


Exercise 20.6. Prove that 

(1) X01) € 4°(R) if and only if s < 1/2. 

(2) X(0,1)x(0,1] € H°(R?) if and only if s < 1/2. 

B) K(x) := #7! (ie) € H*(R") if and only if s<2—n/2. 

(4) Let f(x) = x(x) loglog|x|~! in R?, where x(x) € Cf(|x| < 1/3). Prove that 
f € H'(R?) but f ¢ L*(R?). 


Remark 20.19. This counterexample shows us that the Sobolev embedding theorem 
is sharp. 


Lemma 20.20. Let us assume that 9 and f from H*(IR") for s > 5. Then F (pf) € 
iA"), 


Proof. Since f,@ € H*(R"), it follows that fF. GE L2(R") for s > 4. But this implies 
(see Lemma 20.17) that f and @ € L'(IR") and 


F (pf) = (2a) 2x f 


also belongs to L!(R”). 
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Remark 20.21. It is possible to prove that if g, f € H*(R") for s > 5, then pf € 
H’(R") with the same s. 


Exercise 20.7. Prove that W)(R")-W,(IR") C W,(R") if p >n. 


Next, we consider the trace map T, defined initially on S(R") by tu = f, where 
f(x) = u(0,x’) if x= (x1,...,%n) and x’ = (x0,...,Xn). 


Proposition 20.22. The map T extends uniquely to a continuous linear map 
Tt: H®(R") eRe) 
for all s > 1/2, and this map is surjective. 


Proof. If f = tu, then for all u € S(R") we may define 


fe) = [mg )a8s, 


Hence, using the Cauchy-Bunyakovsky-Schwarz inequality, we have 


EDP sf" mE PO +lEP ae [A+R aah, 


Since 


Caserrey®= crepe (1+( : "ye 


ae 4 
=(tlery? fae 93 1/2, 


we have 


Q+EP AEP sc, f laE)PO+ EP yas, 


where C;, denotes the latter convergent integral with respect to p. Integrating with 
respect to &’ in the latter inequality leads to 


LF? pe ay Colliery 
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This means that the first part of this proposition is proved, since S(IR”) is dense in 
H®(R"). Surjectivity follows also. If g ¢ H®'/?(R"~!), s > 1/2, we can define 


(1 4 ai 


=) 


(5) = a(S’) 


Then u:= F~!(a(E)) defines u € H*(R”) and u(0,x’) = Cg(x’) with some nonzero 
constant C. 


20.1 Sobolev Spaces on Bounded Domains 


Let Q be a bounded domain in R” with smooth boundary 0Q. We define for integers 
k > 0 the Sobolev space H*(Q) = WS(Q) as the set of all f € L?(Q) for which 
there exist (by analogy with Lemma 20.1 if we extend f by zero outside of Q) the 
generalized derivatives 0% f in L?(Q) for all |a@| < k. The norm in this space is 
defined then by 


1/2 
Umar (5 a aera) , (20.2) 


|a|<k 


We define the space Hé(Q) as the completion of Cy (Q) with respect to the norm of 
H*(Q). 


Theorem 20.23 (Poincaré’s inequality). Suppose f € Hk(Q), k > 1. Then there is 
a constant M > 0 such that 


IFllne-ra) <M |lO*s (20.3) 
|B|=k 


B(Q) 


Proof. We apply induction with respect to k. Since Q is bounded, it can be enclosed 
in a cube 
On = {x ER": |x;| <A, j=1,...,n}, 


and f € CP (Q) will continue to be identically zero outside of Q. Then for all x € O, 
we have 


fx) = fi An fEx 8, x= (1%). 204) 


We have used here the fact f = 0 on dQ. Using the Cauchy-Bunyakovsky-Schwarz 
inequality, we obtain that 


A A xX] A 
J \pepPan 24 fo av fl fGi.x) Pai < 44? fla, FE1x) ae. 
—A. —A =A —A 
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Integrating now with respect to x’, we obtain 


[we yPrar<4a? fe |x farsa ff |? f|?dx. 
\B|=1 


Since C7?(Q) is dense in Hj (Q), the case k = 1 is established. Let us assume that 
for all f € Hk(Q), k > 1, we have 


I Fl a—1( 


|B|=k 


Then for all f ¢ H**!(Q) we have that 0; f € HK(Q), j =1,...,n, and by induction 
we have 


l2iFll asa) >, |e AD)|| 24) <4 lA" Fllixa 
|y|=k+1 
Thus , 
» lifllat(o) $M’ > lO" Fllz2¢@) 
j=l \y|=k+1 
or 


Ifllaeiay SM DY lO" Fllizcay 


|y|=k+1 


Hence the theorem is completely proved. 


For all real s > 0 the space H*(Q) with fractional s can be obtained as the inter- 
polation space between L?(Q) and H*(Q) with some integer k > 1 (see, e.g., [39, 
p. 286] for details). 


Corollary 20.24. Suppose f € Hk(Q), k> 1. Then 0% f\99 =0 forall |a| <k-1. 


Proof. This fact can be proved also by induction on k > | using (20.4). Since Cj’ (Q) 
is complete in H‘(Q), it follows that for k = 1 and x = (x),x’) € dQ we have from 
(20.4) that 


= [au fGr.x)a& = 0 
—A 


Using induction on k and the representation 


a F(x) =f Ox, (8% F(Er,x’) dE 


for x € AQ and |a| < k—1, we obtain the desired result. 
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Also, the converse of this corollary holds: if f € H*(Q) and 0% f\|3¢ =0 for |a| < 
k—1, then f € Hk(Q). For details, see [11]. 


Exercise 20.8. Prove Rellich’s theorem: if 2 is bounded and s > t > 0, then the 
inclusion map Hj (22) — Hj(Q) is compact. Hint: Use the Ascoli-Arzela theorem 
(Theorem 34.7). 


We define for every integer k > O the space 
H*(R") = {fe D(R"):d%f € P(R"),|a] <i} 


with the norm 


1/2 
Wliaae) = (3 [8 ff aren Ps - 20.5) 


We may say that an element f € H K(R") is the restriction on IR” of some element 
from H*(R"). More precisely, the following proposition holds. 


Proposition 20.25. For every integer k > 0 there is an extension linear operator E 
defined on H*(R".) with image in H*(R") such that 
EF llizeceny S C\lfllaeceny (20.6) 


where the constant C > 0 is independent of f. 


Proof. Since S(IR".) is dense in H*(IR".) (see, for example, Lemma 20.15), it follows 
that for every f € S(R‘,) and integer k > 0 we may define E as 


E f(x) = 1% a os 


Hajf(—i,x), x1 <0, 


where aj, j = 1,...,k +1, are to be determined. Let us prove that this operator E 
satisfies this proposition. It is clear that E is linear and that for k = 0 (a; = 1), 


os f(x), Xx] 2 0, 
Ef (x)= Lo 5p 20: 


belongs to LV? (IR”) and (20.6) holds. If k > 1 is an integer, then for 0 < / < k we have 
formally 
On Fe) x1 > 0, 


1 —_ 4 
0. (Ef(x)) = eee: x) <0. 


Let us choose a; as the solution of the linear algebraic system 
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k+1 
¥aj(—j)'=1, 1=0,1,...,k. 
j=l 


The determinant of this system is the well known Vandermonde polynomial, and it 
is not equal to zero. Hence, this system has a unique solution with respect to the 
coefficients aj, j = 1,...,k — 1. After these coefficients have been determined, the 
inequality (20.6) follows immediately. 


Remark 20.26. For arbitrary s > 0 the result of Proposition 20.25 can be obtained 
by interpolation of Sobolev spaces H*; see [39, p. 285]. 


Let Q C R" be a bounded domain with a C” boundary 0Q. Since 0Q is a compact 
set, it can be covered by finitely many open sets U;, j = 1,...,m, such that 


m 
0QC U U; 
j=l 


and there is a partition of unity {@;}"_, with pj € Cy (Uj) and D7", gj = 1 on dQ. 
Thus for every function u(x) defined on 0Q we have u = Y"_; pju. The functions 


gu can be written in local coordinates y’ as pju = (ju)(x(y’)), ¥ € R"!, and the 
U; are mapped into the unit ball {y € R” : |y| < 1} so that (see Figure 20.1) 


UjNQ— {yER": |y| < 1,y1 > oO} 


and 
U;NdQ = {y ER": jy] < 1,1 = 0}. 


For these purposes we may use the extension operator E from Proposition 20.25 
such that (s > 0) 


E:H*(Q)> HU), U=\|JUj. 
j=l 


Bal 


aa ; 


Fig. 20.1 Representation of the boundary in local coordinates. 
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Definition 20.27. A function u is said to belong to H*(0Q) if pju, j = 1,2,...,m, 
belong to H°(R”~') as a function of y’. The norm in H*(dQ), s > 0, is defined as 


m 
Ill #s(a2) = » || pju| HS(R"-1) : 
j= 


Remark 20.28. It can be shown that H*(dQ) is independent of the partition of unity 
and that the norms are equivalent with respect to the different partitions of unity. 


Let Tt be a trace map (linear): 
Tu := Ulao 


for all u € C*(Q) defined on Q. 


Proposition 20.29. For s > 1/2 the map T extends uniquely to a continuous linear 
map 
Tt: H8(Q) > H*"/2(9Q) 


with the norm estimate 


|| Tull s—1/2(9a) S Cllullas(ay- 
Moreover, this map is surjective. 


Proof. The proof is based on Proposition 20.22, the definition of H*(0Q), and the 
following diagram: 


HY(Q) H-"/2(9Q) 
E in local coordinates 
H°(U) H—'/2(R"-1) 


See [39, p. 287] for details. 


Chapter 21 
Homogeneous Distributions 


We begin this chapter with the Fourier transform of a radially symmetric function. 


Lemma 21.1. Let f(x) be a radially symmetric function in R", i.e. f(x) = fi(|xl). 


aA 


Let us assume also that f(x) € L'(IR"). Then the Fourier transform f(&) is also 
radial and 


AE) =I Ef Alias (rg Dar 


where Jy(-) is the Bessel function of order v. 
Proof. Let us take the Fourier transform 


n~ 1 


AE) = (2m)-# fH) fu(Lefyax 
= (2)? [nora [ e 1519.8) ag, 


where x= r0, € = |E|—, and 0,9 €S""! := {x ER": |x| = 1}. It is known [43] that 


n—-1 
yey. 2n 2 Bape. 
—i/6|r(9,0) 49 -ilE|roosW/o: n—2 
= : de = r() [ € (sin y) dy, 


~~ 


where I" is the gamma function. This fact implies that f(&) is a radial function, 
since the last integral depends only on |&|. A property of Bessel functions [23] is 


that 
MS iby is —1\ Jn-2(r|§]) 
i e151" (sin wy)” Ady = 227 | /ar (* ; ) ome (21,1) 
(riS|) 2 
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Collecting these things, we obtain 


AE)=1 [rhea (IE Dar 


and the claim follows. 


Remark 21.2. Tf we put the variable u = cos y in the integral J appearing in (21.1), 
then we obtain 


T= [eit (sin wy)" 2ay be [ e Elm /] — 12)" 3dy. 
. -1 
In particular, if n = 3, then (21.1) implies that 


ft ei sin([E|r) FEED) 
t= f elrdy=2 Bp ree 


1.e., 
2 sin(|& |r) 
Ji (7/61) eas 
(|r)? 
If n = 2, then 
1 e 7 ilé|ru ; ‘ 
i= | u=TJo(r|g|), 
wee 
1.e., 


Le ilé|ru 


w(rlé)) == | 


u 
-1V1—uv 


Remark 21.3. For later considerations we state the small- and large-argument 
asymptotics of Jy for v > —1 as 


(x) ee |x| > 0+, 
Jy(\x]) 4 7 1 
Cy—=cos(Ay|x|+ By), |x| — +00 
ocos(Ay|t| + By), 


(see [23]). 


Exercise 21.1. Prove that f(A€) = f(€) if A is a linear transformation in R” with 
rotation A’ = A~! and f is radially symmetric. 


Let us return again to the distribution (cf. Example 19.5) 


eo 1 G-—\ 1 x 
pe arr td (ep) 
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Let us assume now that n = 1,2,3,4. Then the last integral can be understood in the 
classical sense. It follows from Lemma 21.1 that 
popes _n 1-2 oe rJno (r|x|)dr 
K(x) = Ri(lal) = 2m) lal'-# f 2 
wn en Pe P2252 (P)dp 
= 2n)-§|xe” fe 
0 pr +|x| 


It is not too difficult to prove that for |x| < 1 we have 


1, n=1, 
IKi(x)|<e4 log, n=2, 
x2", n=3,4. 
Ix|~", 


Exercise 21.2. Prove this fact. 


Remark 21.4. A little later we will prove estimates for K;(x) for every dimension 
and for all x € R”. 
There is one more important example. If we have the equation (—1— A)u = f in 
L?(IR") (or even in S), then formally u = (22)~?.F—! (qh) * f = K_,* f, where 
= P2Jn2(p)dp 

pr—|x/> - 


K1([x) = 2m)-f xP" f 


But there is a problem with the convergence of this integral near p = |x|. Therefore, 
this integral must be regularized as 


Recall that 


(l) a f(x) := f(Ax), 4 #0and 
(2) (o,T,) = ANT, 319), A>O. 


Definition 21.5. A tempered distribution T is said to be a homogeneous distribution 
of degree m € C if 
o,T =A"T 


for every A > 0. In other words, 


(0,T,9) =A"(T,), 
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or 
(7,9) =A" "(T,619), 

for @ € S. The space of all such distributions is denoted by H,,(R”). 

Lemma 21.6. -¥ : H,(R”) > H_m—n(R"). 

Proof. Let T € H,,(IR”). Then 


(oF, 9) =A-"(F, 01 9) = ANT, G1) = ATA" O8) 
= (T,0,6) = A-"(04T,) =A" (7) = A-"-"(F 9) 


for all@ €S. 


Definition 21.7. We set H;,(IR") := {T € H,,(R") : T © C”(R" \ {0})}. 
Exercise 21.3. Prove that 


(1) pape then D°T € H* Lip] and x°T € H* 
(2) F:H, > H*,, 


m+|ar|? 


Exercise 21.4. Let p(x) be a function from C*(R”) with |D%p(x)| < c(x)""!% for 
all « > 0 and m€ R. Prove that p(€) € C*(R” \ {0}) and (1— 9)p € S, where 
gy € Co (R”) and g = 1 in U(0). 


Example 21.8. (1) 6 € H*,,(IR”). Indeed, 
(01,8,9) =4-"(5,019) = 2-1 90) = A-"9(0) = 2-16.) 
But supp 6 = {0}. This means that 6 € C”(R” \ {0}). Alternatively, one could 
note that 


5 =(2n)72-1€ He(R") 


and use Exercise 21.3 to conclude that 


(2) Let us assume that @ € C*(S""!) and m > —n. Set Tn(x) = |x|"@ (4) for 
x €R"\ {0}. Then Tn(x) € L1.(R”) and Tn € H*(R"). Indeed, 


Ax 


(orm) =f ortatsdotsjar= [last (2%) oar = 2") 


Since |x|” and @ (a)a are from C”(R” \ {0}), we have T,, € H;, (R”). Moreover, 
D°Tn € HY _jq(R ") and x“T,, € H* m+ |or| R ") by Exercise 21.3. 
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(3) Let now m= —n in part (2) and in addition assume that fg,-1 @(@)d@ = 0. Note 
that T_,(x) ¢ Li, (R"). But we can define T_, as a distribution from S’ by 


(P-V- Ton, Q) = I, T_n(x)[P(x) — (0) w(|x])|dx, 


where @ € S(IR”) and y € S(R) with y(0) = 1. We assume that y is fixed. But 
it is clear that this definition does not depend on y, because fgn—1 @(0)d0 = 0. 


Exercise 21.5. Prove that 


(p.v.T_n,@) = lim T_n(x) @(x)dx, 


e30+ |x| >e 


where T_» = |x|" (4) , fin-1 0(8)d0 = 0. 


Let us prove the following: 


(1) p.v.T_, € H*,; 


(2) p.V. Ton € Hj (R"), and moreover, it is bounded. 
(3) p.v. F4* 7 L7(R") = 7 (R"), 


Proof, Part (1) is clear. Part (2) follows from 
\(p-¥. Ton, )| = Kp-v. Tans) = | [T0016 0) lo) 
<(2m)-$ f lo(E)la | f T-nGyler*) — y(n 
=(2m)-# | \o(é)lag | [,,,e(@)a0 [te — y(rjar 


Scllolliiey: 


Hence p.v.Ton € L™(R") by duality. 
Finally, if f € L7(R"), then 


F (p.v.T-n* f) = (20)2p.V.Ton fry 
which implies that 


I|p. V. Tn * fll z2(qny < (207)? |p. v. Ten 


ee liflle. 


This proves part (3). 
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Remark 21.9. In fact, it follows from Calderén—Zigmund theory that 
p.v.7_»* : L?(R") = L?(R"), 1L<p<e. 


Next we want to consider a more difficult case than the previous one. Define 
1 —n 
Pv. BO) = fb "(0(8) — @O(la) Ide (21.2) 


where 9 € S and w € S with y(0) = 1. But now we don’t have the condition 
Jgn—1 ©(@)d@ = 0 as above. Therefore, (21.2) must depend on the function y(|x|). 
We will try to choose an appropriate function y. Applying the operator 0), we get 


1 —— 
(0: (pv. 5) 0) = (ov. a 519) 


=A" TE yl "le(y) — 0) wy) Idy 
-a- f I" POWAY) — wy)]dy 
=(A "p.v. Ik pro) + Rest 
where 
Rest = —A"@(0) I, Il "[WAlyl) — wily) dy 
=-a-"(5,9) [MAI VO 4, | de 
0 1 gr-l 
=—a,A-1(5,9) [MAI = VO 4, 
0 r 
and @, = Te es is the area of the unit sphere S’~!. Let us denote the last integral by 


G(A),A > 0. Then 


w'(Ar)d y (t)dt = -——y(0)=—-—. 
=f r=zf A A 


We also have that G(1) = 0. We may therefore conclude that G(A) = —logA, which 
implies that 
Rest = @,A "loga (6,9), 
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and so 


2, (p. Vv. | a =A "p.v. =| ap +@,A7 "loga- d(x). 


Taking the Fourier transform, we get 


g (a: (>. a) =A-"G (>. a) + (2n)~Fa,4-"logh, 


) =A"F (>. a) + (2m) 2a," log A, 


g (>. =) (F) =F (vv. a) (£) + (2n)-o,loga. 


Let us put now A = |&|. Then 


GF (ov. =) (E)=—(On)-Foogle| ae (o.v. =) (5) . 


for such y is a radial homogeneous distribution, we must have that 


1 
Re — 
SF (>. Vv. I ) 


is also a radial homogeneous distribution. Therefore, (p.v. a) (&) depends 


or 


Since p.v. we 


only on la = 1. So this term is a constant that depends on the choice of y. We 


will choose our function y(|x|) so that this constant is zero. Then finally, 


F (ov. =) (E) = —(2m)~ 2 @, log |€ |. 


Now let us consider T_», = |x|~, 0 < m <n. It is clear that |x|~” € Li. (IR”). Thus 
the situation here is simpler. We have 


1a mY ?) “™@ 
(e*,9) = (eh, @) = fl 


Lemma 21.1 implies that 


(,|-m —|e|I-% r Ina (rl51) _ygj-ntm [ n_m d 
ee a ee 


rim 
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The last integral converges if “— ! <m <n. We may therefore write that 
ae n—-1 
[|= = CaslG me a <m<n. 


In fact, this is true even for m such that 0 < Re(m) <n, which follows by analytic 
continuation on m. In order to calculate the constant Cy, let us apply this distribu- 


. I? = 
tion to @=e 7. Since @ = @, we get 


(em eF) = (CamlE le). 
? “F —— Ch, m 5) 


The left-hand side is 


im, ¥P OY ity Ae 
[i rme Fae= a, frome Far 
R" 0 
n—m—2 *° n=m n-m—2 n—-m 
=2"@, [rs ‘ee o 2 or ( 5 )) 
0 


Using this, the right-hand side becomes 


= 


_ isl n—(n—m)—2 m 
Cer tet =68- 2 ae (5). 


Therefore, 


Cpt OT (F) ae ae (3*) 


which gives us 


Finally, we have 
a 


= ele (21.3) 


ee iy 
jm = 28-2 


r(3) 


Definition 21.10. The Hilbert transform Hf of f € S is defined by 
1 1 
Af:=— (ov.tes), 
1 x 


His] sim feat 


xER. 
TM e0+ J\x-1]>e X—t ? 
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Exercise 21.6. Prove that 


Q) AS llc = If lle: 

(2) Hilbert transform has an extension to functions from L7(R). 

(3) H* =-1, ie, H-' =—-H. 

(4) (Hf,Hf)2 = (fi. fa) for fi EL? and fy € L’’, where 5+ 4 =1,1<p<e. 
(5) H:L?(R) > L?(R), 1<p<-,ie., 


| f(t)dt 


1 


<6 
cies GF oe lf llze 


for ell € > 0, where c does not depend on €. 


The multidimensional analogue of the Hilbert transform is developed in the follow- 
ing definition. 


Definition 21.11. The functions 


are called the Riesz kernels. 


Remark 21.12. We can rewrite R ;(x) in the form R (x) = |x|~"@j(x), where @;(x) = 


W and conclude that 


(1) Jgn-1 @;(0)dO = 0; 
(2) Rj(Ax) =A"R,(x), A>O. 


These properties imply that we may define the Riesz transform by 
Rj*f=p.v.Rj*f, 

because in our previous notation, Rj(x) = T_» € H*,,(IR”) is a homogeneous distri- 

bution. Let us calculate the Fourier transform of the Riesz kernels. By homogeneity, 


it suffices to consider |€| = 1. We have 
pee _n ei(48) x. 
RE) =BV-RE) = 2m) 3 fan 


n —i(x,¢) + 
= lim (2ny-3 | = te 
e<|xl<u |x|" 


We split 


| ea | elas f ey I +E 
oar 7 ae 2S soe = +h. 
e<|xi<u |x|" e<|xj<1_ |x|"! I<|xl<u [a|"t 
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For J, we will use integration by parts: 


1 0 
Le i: ei(«.5) ie l—n dx 
ln Jec|x|<1 Ox; (Fl ) 


en ilsé) e-ilné) x, e-iné) 
= Cyi€; ———-dr+ f tdo | tdo 
8 faye xe sj=1 ||" sje |x|" 


en ilx,£) . 
= Cnié; ——dx+ e 5) x do —0, e— 0+. 
S| Ix/=1 ? 


|< |x|7—! 


But 


0 i. re) 
eS qg —j fi “i0S)qg —j | . 
xe do =i e do =i cos x1 )do 
Fics 4 O€; Jtxj=1 OE; JIx|=1 (I6]-41) 


7 “FI pg NE ee aCe. Cd, 


where we have used the fact that a rotation maps € to (|€|,0,...,0). Similarly, we 
may conclude that 


e-i(x8) 1 
i Bere j, cos(|E [xiii "de = C2, |B) = 1. 
xX}< 


xj<i |x|e-! 
If we collect all of these things, we obtain 
I, — Cyié;, ei=1 


as € — 0+. For /) we will use the following technique: 


e725) ral ei(x.§) 
dx=i | dx 
He art OE; Joi x 


_: ) —n—-1 
=igg fH cos(|E| -x1)dx 


ij x1 sin(|§|x1) 
= dx =—i€;-const, |€)=1, p> +o. 
S| Jina alt : 


Exercise 21.7. Prove the convergence of the last integral. 


Collecting these integrals, we obtain that 


—_————~ 


Pk Hie eG, 
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for |6| = 1. But we know from Exercise 21.3 that p.v.Rj € Hj (R"). We conclude 
that p.v.R,(€) = iC, e. Moreover, we have 


Rj * f = (2n)3R}- f =iC, a 
or ‘ 
«f =iC, ! (i) 
IS 
It is easy to see that 
c= = Vu 
" 2n/2T((n+1)/2)° 


Corollary 21.13. It is true that 


n —_— 
> Rj * Rj* =—-C,6*. 
j=l 


Proof. By the above results we have 


DFR ARAN) = dic ae iC, SA) =-(CP Fe). 


Taking the inverse Fourier transform, we obtain the claim. 


Remark 21.14. By Parseval’s equality we have 


ol. 


Rj*: L?(R") > L?(R"), 


<¢| 


Wes Fllis = lier 


a= ellflle: 


and it follows from Calder6n—Zigmund theory that 
Rj*: L?(R") > L?(R"), 1l<p<e. 
Let us now introduce the Riesz potential by 
—1 GZ! 1 = ue i 
[f= F gf) = (20)? F ‘UE af aly ey, 


where by (21.3), 
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Therefore, we have 
: f(y)dy 
f= | ee 
f(x) Cn Rn Jx—y|r-l : 


_ 1F((a—1)/2) 
Ch = 2 qth/2 2 


where 


It is straightforward to verify that ra | = c),R; and hence 


a. 


-1 
a f= eRe f. 


We would like to prove that 
7115 (R") + Wh(R") 


for some s and o. Since R;* is a bounded map from L7(IR”) to L?(IR”), we may 
conclude that 3 


af PO) re). (21.4) 
Ox; 


Now let us assume for simplicity that n > 3. Let us try to prove that 
r: 2 (R") — V(R"). (21.5) 


Indeed, for f € L?(R"), 
ai E L’(R") 


if and only if 
L is 
=f EL (R’). 
IS 
Let us assume now that o > 1. 

Lemma 20.17 implies that L2.(R") C L"(IR") for all 1 <r <2ando >n(4+—3). 
But for o > | we may find appropriate r such that r < on. We conclude that for 
a function f € L2.(IR”) with o > 1 it follows from the Hausdorff—Young inequality 
that f € L” IR") for some r’ > n or |f|? € L2(R”). This fact implies that for 
|E| < 1 we have 


EF) €Etce: 


Indeed, 


flere Pas < Cf metas) (fer? a8) Ca 
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J ‘A / Ee 

since 5 > =", and (5) < 4. For |€| > 1 the function |€|~'f(&) belongs to L?(R”). 
This fact follows from the inequality |E|~!|f(E)| < | f(€)| and from the positivity 
of o (see Lemma 20.17). This proves (21.5) foro > 1. 

If we combine (21.4) and (21.5), we obtain that 

Tr! :12(R") > Wi(R"), o>. 

Let us consider now L@(R”) for o > 1. If f € LE (R”), then | f(x)| < C(1+|x|)~° 

and thus 


1 ~od 
(1+ )y)-edy 


rv! <C 
Ifa s oe kel 


This means that 
I): L2(R") = L°(R”). 


Interpolating this with (21.5), we can obtain the following result: 
Tse (Rr R),, Beye, o>, 
If we recall the fact that R;* : L‘(IR”) > L*(R") for all 1 < s < ©, then we have 


TES (R") WR"), 2<s<0, o>. 


Chapter 22 
Fundamental Solution of the Helmholtz 
Operator 


Let us consider a linear partial differential operator of order m in the form 


D)= ¥ ag(x)D*, xeER", 


|oe|<m 


where & = (Q4,...,Q,) is a multi-index, D® = De 0D and Dp= i oe 
In this chapter, Q is a bounded domain in R”, or Q = R”. 


Definition 22.1. A fundamental solution for L in Q is a distribution E in x that 
satisfies 
LE(x|y) = 6(x—y) 


in J’ (Q) with parameter y € Q, ie., (L,E,~) = 9(y) for 9 € CP (Q). 


We understand that (LE, ¢) is defined in distributional form 


(LE, oD) = (E,L'9), 


where L’ is the formal adjoint operator of L given by 


Lf = ¥ (-1)!*!D*(aa(x) f(x). 


|a|<m 


Here, L’@ must be in Y(Q) for g from Y(Q). This will be the case, for example, 
for dg (x) € C”(Q). 

Two fundamental solutions for L with the same parameter y differ by a solution 
of the homogeneous equation Lu = 0. Unless boundary conditions are imposed, 
the homogeneous equation will have many solutions, and the fundamental solution 
will not be uniquely determined. In most problems there are grounds of symmetry 
or causality for selecting the particular fundamental solution for the appropriate 
physical behavior. 
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We also observe that if L has constant coefficients, we can find the fundamental 
solution in the form E(x|y) = E(x—y|0) := E(x—y). This fact follows from the 
properties of the Fourier transform: 


LE(x—y)= ¥ agE"EG—y) = Y anE%e HE E(x) 
|a|<m |ar|<m 


es 


=e 1E8(x) = 5-9), 


L,E(x—y) = 6(x—y). 


Exercise 22.1. Let L be a differential operator with constant coefficients. Prove that 
u=q*E =E xq solves the inhomogeneous equation 


Lu=q 
in D’. 


Remark 22.2. In many cases the fundamental solution is a function. We can there- 
fore write u as an integral 


u(x) = | E(—y)ao)ey 


Remark 22.3. In order for the convolution product E «gq (or g* E) to be well defined, 
we have to assume that, for example, g vanishes outside a finite sphere. 


Remark 22.4. If L does not have constant coefficients, we can no longer appeal to 
convolution products; instead, one can often show that 


u(x) = f Eleb)a(y)dy. 


Definition 22.5. We denote by ao(x,&) the main (or principal) symbol of L(x,D) 


a(x,6)= DY) aa(x)E*, EER". 


|o|=m 


Assume that the ay (x) are “smooth.” An operator L(x, D) is said to be elliptic in Q 
if for every x € Q and € € R"\{0} it follows that 


ao(x,6) £0. 


Exercise 22.2. Let a(x) be real for || = m. Prove that the previous definition is 
equivalent to 
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(1) mis even, 
(2) ao(x,€) > Cx|é|" (or —ao(x,€) > Cx ||"), Cx > 0, for every compact set K C 
Q and for all € € R" andx€ K. 


Let us consider the heat equation 


Oe Ae t>0,xE R’, 
ot 


u(x,0) = f(x), x€R" 


in S’(R"). Take the Fourier transform with respect to x to obtain 


S.AlE,1) =-E7AE,1), 1 >0, 


u(§,0) = f($). 


This initial value problem for an ordinary differential equation has the solution 


Aan 


fi(E,t) =e “ISI FG). 


Hence 


where 


This formula implies that 


a ge 
u(x,t) = : 
( (4nt) 2 cant bee )dy 


Definition 22.6. The function P(x,t) is the fundamental solution of the heat equa- 
tion and satisfies 


It is also called the Gaussian kernel or heat kernel. 


We can generalize this situation as follows. Let us consider an elliptic differential 
operator 
LD)\= S agp" 


|ox|<m 
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with constant coefficients. Assume that L(§) = D\qj<m@a§% > 0 forall € € R"\ {0}. 
If we consider P; (x,t) as a solution of 


(4 +1(0)) Pr(x,t)=0, 1t>0, 


Ss 
lim Py(x,t) = 
pace L(x, ) 5(x), 
then P;(x,t) is the fundamental solution of 2 + L(D) and can be calculated by 


P, (x,t) = (2n)-" | eH) gilt 8) ge, 


Lemma 22.7. Let Py (x,t) be as above. Then the function 


F(x,A): = im, , e™'P, (x,t) dt 


is a fundamental solution of the operator L(D)+AI, A > 0. 


Proof. By the definitions of F and P, we have 


(F(x,A),o) = lim ( i “ete (x,t)dt,0) = lim [| e-*(P,,q)dr. 
€-0+ Je €-0+ Je 


Therefore, 


(L(D)+A)F.9) = im fe ((L(D)+2)Pi, 9) 


lim foo )Pr,@ arta fe? "(PL,@) dt 
CSE 


e—0+ 


ai [rot Zr.ar+a(eg) 
TSE 


e—04 


I 


I 


lim |e (Pr, @) |e -a fre (Pr, @ pa +A(F,o) 
e 


e30+ 
lim e~“*(P,(-,€),0) = (6,9) 


é—0+ 


I 


forall@ ES. 


Exercise 22.3. Let us define a fundamental solution (x,t) of Z + L(D) asa solu- 


tion of 
Se LD (x,t) = 8(x)8(1), 
T(x,0) =0. 
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Prove that 7 
F(x,A) = [ eT (x,1)dr 
0 


is a fundamental solution of the operator L(D) + AI,A > 0. 


2 
Example 22.8. Let us consider L(D) = Y7_ 4) = —A. Then L(&) = |E/’, 
J 


and the fundamental solution F'(x,A) of the operator L(D) + A = —A +A has the 
form 


°° 2, co 2 
F(x,a) = [ ! i et .e- Fdt — ! . [ et & 4-2 dt 
0 (4zt)2 (47)2 Jo 


1 n se (VAlxl)? n 1 n_ nn | 
= ,A2 i e- aq T 2dt= ,A2 7 e * &t 2dt, 
(4n)2 0 m 9 


where r= VA |x|. From our previous considerations we know that 


F(x,A) =(2n)-"?.¥-! (ax) (x), 


where .¥~! is the inverse Fourier transform. The function 


Lyr\v f® 2 
Ky(r) = ; (5) [ eo? esr a 


is called the Macdonald function of order v. So we have 


1-§ 
F(x,A) = (2n)72 (=) Ky_(VAla\). 


It is known that 


where HY) is the Hankel function of first kind of order v. 
Next we want to obtain estimates for F(x,A) for x € R”, A > 0, andn > 1. Let 


2 n . ed 
us consider the integral [7° e~*~  t~2dt in two parts} +h = fi + fy’. 


(1) If0<r<1, then 


1 =e Pe n 1 — P n oe n 
= - e- yy 2dy < [ e vy 2dy= Care” 2 e*z22dz = to ame . 
0 0 r 


a 
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Since 
ri, n=1, 
Ii~clogt, n=2, 
1, n> 3, 
as r > 0+, we have 
1, n=1, 
1 
In| <cn4 logs, n=2, 
Pr", n>3. 


? — 


For J) we can simply argue that 


a _P n 2 oe 2 
b=] e° Dy 2dy<e a e-dy<e F<1, r-0+. 


(2) Ifr> 1, then 
1 2 = ee 
q < | o By fay =e f, oe ese! OAs. We laevast 
0 - = 


where 0< 6 < i The last inequality follows from the fact that z2-2 <c,e® for 
5 —2>Oandalle >0(z>1). 


co re 
1 


we perform the change of variable z := =y+e . Then z > r and z — +e. Thus 


CO r2 co 
/ eB dy = cf e% (1 Si Ta)! dz 
1 ; ae 


=¢ e- ‘dete fe 

i Tea 

= ce te(e*V2=A]’ +f oV2— Fas) 
ro dr 


—¢ ("+ / ef 2— Pac) <ce 
: 


Since 


for allO <6 <1. 
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If we collect all these estimates, we obtain the following: 


(1) If VA|x| < 1, then 


1, n=1, 
|F(x,A)|<cpA27! log aay n=2, 
(VA|x|)?", n>3, 

1, n=1, 

<ch Ade SvA log a n=2, 


(VA|x])?", n> 3. 
(2) If VA|x| > 1, then 
|F (x,A)| <cne M441, nD 1. 


We will rewrite these estimates in a more appropriate form for all A > 0 and x € 
R” as 


wre n=1, 

—b6VA\x 
|F (x,A)| < ce OV 4b L+|log Eo], n=2, 
lel? 4, n>3 


Remark 22.9. It is not too difficult to observe that F(x, /) is positive. 


Example 22.10. Recall from Chapter 21 that the solution of the equation 
(—1—A)u= f can be written in the form 


_ 1 
wo Kiefa F(a) os 


where , 
» P?Ju-2(p )dp 


Dy 4s 
Kalbe) = ole li fy pe bei 


In fact, K_; is a fundamental solution of the operator —1 — A. Let us consider the 
more general operator —A — A for A > 0 or even for A € C. The operator —A — A 
is called the Helmholtz operator. Its fundamental solution E,,(x,/) satisfies 


—AE, — AE, = 6(x). 
We define VA with nonnegative imaginary part, 1.e., VA =at iB, where B > 0 


and B = 0 if and only if A € [0,-++0°). We require that E,, is radially symmetric. Then 
for x 4 0, E, must solve the equation 
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(yy +Ar™ u=0. 


This equation can be reduced to one of Bessel type by making the substitution u = 
wrl-3.A straightforward calculation shows that 


(rw')! — (1 _ my rw = 0, 


/ 2] 
1 Ww ") - 
weta(a (1 , =) w=0, 


or 


or 


W"(rVh) 4 sae (1 (1 5) a) Ih. We): 


This is the Bessel equation of order 5— 1. Its two linearly independent solutions 
are the Bessel functions Jz _; and Yx_, of the first and second kinds, respectively. 
Therefore the general solution is of the form 


w(r) = coda (VAr) +c\¥a_\(VAr). 
For us it is convenient to write it in terms of Hankel functions of the first and second 
kinds as 

w(r) = cos! ) (Van) +oHy ) (Van), 


where 
HY (2) =I) +i, HY @) =A) -iX()- 


The corresponding general solution u is 
u(r) =r!~2 [coy (Var) toy? (Var) . 


eee 2 : 
If A ¢ [0, +c), then V/A has positive imaginary part, and the solution H ” i (VAr) is 


exponentially large at z = +-oo, whereas H 4 (VA r) is exponentially small. Hence 
we take 


E, (x, A) = cor!- tH ) (Var). 


Exercise 22.4. Prove that 


OEn 
li do(x) =1 
par ie or (x) 
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or 


limr™ !o,—" = 1 
r—0 , or : 


where @, = \s7-}| is the area (measure) of the unit sphere Set 


For small values of r, we have the asymptotic expansions [23] 


and 


Thus for n > 2 and A ¢ [0,+¢°) we obtain 


tf MAY 20) 
En(x,A) — 4 (34) A, (VAX). (22.1) 


A direct calculation shows that form = 1 we have 


E\(x,A) = we 


for all A # 0. The formula (22.1) is valid also for A € (0,+¢°). This fact follows 
from the definition: 


n—2 


% 7 ny ae 
En(2A) = lim Enl(x,A ie) = 3 lim G3 Hye (VA +ie|x|) 


4e+0+ \ 22|x| 
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Remark 22.11. We conclude that 


(@any-n2a-* ( le ( i) | He, o/Re), 


||? -A —i0 27|x| 


for A > 0. A direct calculation shows that 


ee n= 1, 

E,(x,0) = 3g 108 Hy n=2, 
|x|27" 

(n—2) pn? n> 3. 


Chapter 23 
Estimates for the Laplacian and Hamiltonian 


Let us recall Agmon’s (2, 2)-estimate for the Laplacian [2]: 


Ak c 
||(—A —? ~i0) ‘lee, < Wy (23.1) 


where (—A — k? —i0)~! is an integral operator with kernel E,(x,k) from the previ- 
ous chapter and 6 > 5. In fact, this estimate allows us to consider the Hamiltonian 
with Lx.-potentials only (if we want to preserve (2,2)-estimates). But we would 
like to consider the Hamiltonian with LY potentials. We therefore need to prove 
(p,q)-estimates. 


We proved in Example 18.26 that the limit lim : 
é€—-0+ 


zoe ‘= yap exists in the sense 


of tempered distributions and 


(oe lim_[ PP) a: cin). 


x—10 50+ J|x|>5 Xx 


In Example 18.8 we considered the simple layer 


(T,9) = i alE)@(E)doz, 


where o is a hypersurface of dimension n— 1 in R” and a(&) is a density. These 
examples can be extended as follows. If H : R” — R and |VA| 4 0 at every point 
where H(&) = 0, then we can define the distribution 


H(é)—-i0) 1 := lim — ——— 
(1S) —0) e—0+ H(€) —ie 
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in S’(IR), and we can also prove that 


Ss 1 . 
(H(E) —i0)~! =P Vigra es) =0), 


where 6(H(&) = 0) is defined as follows: 
(5H). 9)= ff 9 Mog. 9 ESI"). 


The equality H(€) = 0 defines an (n — 1)-dimensional hypersurface, and og is any 
(n—1)-form such that dog A wa = dé (in local coordinates). 


Exercise 23.1. Prove that i 
(aH) = rd (A) 


for every positive differentiable function a. 


Due to Exercise 23.1 we may conclude that 6(H) = wa) (Win) if |\VH| 40 
for H = 0. 

Let us consider now H(&) := —|€|?+k?,k > 0. Then H(€) =O or |E| =kisa 
sphere and VH(€) = —2& and |VH(&)| = 2k at every point on this sphere. If we 
change variables, we then obtain 


1 
5(H), = iea= k0)d0. 
(5(H),0)= [| oG)dos= 5 |, 0140) 
We know that (—A —k* —i0)~'f can be represented as 


(-4-# inf =f Gf (es) sO)ay, 


n—2 


where Gi (|x|) = i (#4) > H), (|k||x|). On the other hand, we can write 
"ae 


FE el) dé 
rr [E22 —k2 —i0 


I 
9 
| 
X 
_ 
GB 
| 
S 
cS) 
S 
I 
rs) 
=) 


(A—K 0) f 


_ _n 1 ety i(x,&) im(2m)~2 Eo? i(x é) 
=(2n)# [ pv. aa —pafle eas + SP fa fleyel ag 
_ —2 F (Eee it a ik(x,) 
= (2m)? p.v. ee EP aR 2k(2n)3 de, f(kO)e do 
F(E\ei(x6) i F 
nto t2 ered: ld fody | elk) a0. 


Rn \E | = k2 "= 2k(27)” Rr gn-l 
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Our aim is to prove the following result. 


Theorem 23.1. Pt ee Ga = ele nan 1S Bs Sept 


n=2, where 1 as 7 = 1. Then here exists a constant C independent of k and f such 
that 


n+1 


(-A = =i0)"" flay gary CRP) IL FIlencae. 


Remark 23.2. In what follows we will use the notation Gy instead of (—A — k? — 
id)! 

Proof. First we prove that if the claim holds for k = 1, then it holds for every k > 0. 
So let us assume that 


Gif izy' cary < Cll fllocrr- 


Set Ts f := f(6x),6 > 0. It is clear that ||T5f||zpqan) = 5? Il f\l een). It is not dif- 
ficult to show that G.= = k-?7,.G, rT. Indeed, since 


f(x—y)dGdy 
Gf = (27) ri ae ke —i0 ry 


a f (=~ )dé dy 
ipa a 
G| iy ™)~ fps ee ee 


we get 


It follows that 


‘ws f (x— 7)d§dy 
T,.GiT, f = (2 
kG if ™) he iets 


(om) —z)k"dzd 
= (2m) ey [- f Ean 
n n Li —1-i0 


—z)dzdn 
(2m)-"12 | i ee 
T) n n , fe — — i0 


Kk? Gif — ieten Tr f, 


This proves that 


which we use to get 


Gif lly = k"|TeGiT1 fly = k?k Gis fll 


9-8 


2-4 = 1\~? nf i-t)- 
a A (z) Isler =e C2) Fe, 
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It therefore suffices to prove this theorem for k = 1. 


The rest of the proof makes use of the following lemmas. 


Lemma 23.3. Let o(x) € S(R"), 0 <€ <1, and o¢@(€) =e-"@ (2). Let us set 


Pe(§) :=p.v. (a 040) (6). 


Then 


Proof. For P; we have the following representation: 


Oe OS — 
oe (/ +/ +f ) een =h+h+h. 
I-e<|n|<it+e J|nl<i-e J|nl>ite/ [ne -1 


The integrals J, and J; can be easily bounded by €~!|/@||,1, because |n| < 1—e€ 


implies that mea = ar < I and |n| > 1 +e implies that | 5 3-| = meat < i, 


By the definition of p. v. we have 


h= lim | eO(5 =) ay 
50+ J8<|1-|n||<e |[n|>—1 


1-6 I+e ry? 
= lim | + [ 0-0(¢ —ré dédr. 
sip, ( l-e 146 ) grt (5 ay 
Replacing r with 2 — r in the latter integral, we obtain 


1-6 F 
I = lim Fr 5) ay 
60+ /1-e rol 


= _ pyn-l 
r’ (2—r) | xo 


Finé)= [,,, [oats -10) = oval (2-90) 


If we observe that F(1,6) = 0, then we get by the mean value theorem (Lagrange 
formulas) that 


i F(rn$)—F(LS) 4. 
1 


<(e—6) su 
-e rl -€ r—1 S ( ae 


i ay = 
1 


nd) 


<€ sup aa 
r 


l-e<r<l 
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But 


| o.a(E—-reydo-" - [ 0-V(oea(é —r6))40 


gr-l r+1 Sr-l 
2— n-1\!/ 
-(5 ~! )/ -a@(E —(2—r)0)d0 
—PLr gn-1 
(2—rj"! 
ees se Lal V(oe@(€ —(2—r)@))dO =: 0, + 0. + 03 + O4. 


By the proof of Lemma 23.4 below we get |6;| < cje7! and |03| < c3e~!, where 


the constants c, and c3 depend on @. The second integral, 02, can be estimated as 
(see Lemma 23.4) 


avr! a ~2 
€ ree ae 0}0¢ 2 (6 —r0)d0 < cE". 
j=l j 


The same estimate holds for 04. Thus, Lemma 23.3 is proved. 


Lemma 23.4. Let us assume that f € L*(S"~!) and @ € S(R"). Then 


Proof. We can reduce the proof to compactly supported w, since oa ©. Let us con- 


«Ge, 
L>(R") 


[., ceoté -0)f(0)u0 


co 


sider a Cj’ partition of unity in R” such that 9 w;(§) = 1 or even YF Wj (4) = 


1, where wo is supported in |€| < 1 and y; = w(2-/&) for j = 1,2,3,... with yw 
supported in the annulus 1/2 < || < 2. We may therefore write 


i Geo(§ — 8) f(0)d0 = ae EW € ; =) o ( " *) f(0)d0. 


E 


For j = 1,2,3,..., the function y; (=) o (2) is supported in the annulus 


Qle< |-|< 2/+1. Since @ is rapidly decreasing, we have that in this annulus, 
@ o2 8) | 2.6" — 
€ ~ (14+2/)! 


= Jtleyn-1 
[ewe (25) s(0)00| <cy ST et Ge a. 


for all M € N. Hence 
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Taking M large enough, we see that the sum in j converges to Ce~!. To end the 
proof of Lemma 23.4, notice that the term for j = 0 satisfies this inequality trivially. 


Exercise 23.2. Prove that (—A)~' : L3(R?) > L? ;(R?) for 6 > 1. 


Let us return to the proof of Theorem 23.1. We can rewrite G, f in the form 


F(E)el dé 


Gf =Cp.v. 
if p a |E;2—1 


+hf, 


where 
ifs cf Floyela0. 
Sr- 
Let us take a partition of unity "9 w(x) = 1 such that supp yo C {|x| < 1} and 
supp yw; C {2/71 < |x| < 2/*1}, where y; = y(2-/x) with a fixed function y € S. 
We set P= y AGT and K;f := ‘Y;* f, where Gt is the kernel of the integral operator 
G\. Using the estimates of the Hankel function H (1) (|x|) for |x| < 2, we obtain 
2: 
[Pol <ChxP?", n>3 


3 


and 
|'Po| < C(|log|x||+1), n=2. 
: ‘ ‘ 1d 
Exercise 23.3 (Sobolev inequality). Let0 <a<n,1<p<q<o,and oa aa ae 
Prove that 


| if f(y)dy 
R" |x—y|"- L 


Hint: For K := |x|~"*“ use the representation K = K, + K2, where 


K ad 0, <u, 
ga l& B<e ag a J® bse 
K, |x|>u. 


<Cllfllz- 


From Sobolev’s inequality for @ = 2 we may conclude that the operator Ko is 
bounded from L?(R”) — L? (IR”) for the range 2 >1_—1>50 ifn> 3, and for 


—p pl 
the range | ; = 7 > 0 if n= 2. From Lemmas 23.3 and 23.4 with € = sf we can 
obtain that 
|| F (Fi) leo = [11 P — 1-10) * + will S C-2/. 


This inequality leads to 
Killp2—72 < Cc . 2H, 
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because 
WKifllz =F (%* Nie = CW fli < Willen Fllae $C 2M Flla2- 


On the other hand, due to the estimate of the fundamental solution at infinity we can 
: - n—l 
obtain that |Yj(x)|<C-2-/°2 and 


-n—l 
(Blugccor. 
We have used here two facts: 


1 
at) Z 
i a 


ae de 


and supp ¥,(x) C {x:2/~! < |x| < 2/+!}. Interpolating these estimates, we obtain 
the self-dual estimates 


L<c(2iyra) FG), 


I|Kj | LPL? 
For convergence of this series we need the condition 2(1 — ) - < —1) <0, or 
14 2 : wo 1 i 2 
Sa aa If we want to get the sharper inequality — — 4 2 apr We have to use 


Stein’s theorem on interpolation [37]. Thus, Theorem 23.1 is proved. 
It follows from Theorem 23.1 that if we consider the values of p from the interval 


But we would like to extend the estimates for Gy for a <p<2,n> 3, and 
1 < p<2,n=2. In order to do so, we use interpolation of Agmon’s estimate and 


the latter estimate for p = oe This process leads to the estimate 


Cc 


(4... =<—— = 
LL 5 yet @-D(p-4) 


where wile <pS2n>2,and 5>4-(n+1) (4-4). 
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Theorem 23.5. Assume that the potential q(x) belongs to L&(IR"), n > 2, with  < 
p<eand o =0 for § <p< "4 ando> 1 — 52 for 51 < p< +e. Then for 
all k £ 0, the limit 


ix ih 2_ +5)-1 
Gq i= im (Hk —ié) 


2p 2p 
exists in the uniform operator topology from L*"' (R") to L? ¢ (R") with the norm 
% $ 


estimate = 
Gofll 22 <S CIR TAI) 20 
pa! pti 


—o/2 0/2 


for large k with p and © as above and with y= 2—% for} <p< nyt and y= 
n-1 n+l 
_ for 7 pee. 
P 


Proof. Let us prove first that the integral operator K with kernel 
1 
K(x,y) = ql? @)GE (lx yl) 4109); 


where qi (y ) = lq )|2 sgnq(y) maps from L7(R") to L7(IR") with the same norm 
estimate as in Theorem 23.5. Indeed, if f € L?(R") and q € L2(R"), then |q|? € 
Ee Lg (R"), and therefore, f|q| 2€ ie (R"). Applying Theorem 23.1, we obtain 


a 1 
Gal? AM 22 SCSI a 
es Lsj2 


where 7 is as in Theorem 23.5. Then by Hélder’s inequality we have |q| 2 Gi(q ifje 


L?(R") as asserted. 
Let us consider now the operator G,. This operator satisfies the resolvent equa- 
tion a Ga ta ek 
Gy = G,- GxqGq, 
which follows easily from (H — k2)G q = 1. We denote by G and G the integral op- 


erators having kernels Gj (|x — y|)qi (y) and |q(x 2 G{(|x—y|), respectively. Then 
one can show that 


2p 


for large k. Since K: v= LV, Ga Lg — L?, and Gr Po L? az , Theorem 23.5 


is proved. 


The fundamental solution of the Helmholtz operator that was considered in the pre- 
vious chapter can be effectively used for the following scattering problem: find 
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Ue H?,.(IR"),n > 2 that satisfies 


—Au+qu=ku, x€R", k>0 (23.2) 
U=UptUsc, uo =ek9) gegr! 
0 
tim r"-Y/2 ( PES _ ky.) =0, r= |x. 
ree or 


The latter condition is called the Sommerfeld radiation condition at infinity. The 
problem (23.2) is called the scattering problem. 


Theorem 23.6. Assume that q € L'(IR") NL3(R"), n/2 < p<, 6 > max{0,1— 
(n+ 1)/(2p)}, is real-valued. Then there exists a unique solution u of (23.2) such 
that Use € L”(R"), and this solution u necessarily satisfies the Lippmann—Schwinger 
equation 


u=wo— [GE (\x—y)ao)u(y)dy. 23:3) 
Proof. Let us show first that there is a constant C > 0 such that 


lim |use(y)|">do(y) < C. (23.4) 
Roe Sly|=R 


Indeed, the Sommerfeld radiation condition at infinity and Green’s identity imply 
that 


2ik [_lase(s)[Pdo(y) = flee») kts») — tae) (ine y))] 409) 
bl=R bI=R 


a oi 
= fg PRO) Gp telY) — Hselv)e(y)]40(0) 


+o(1/RP) | (aay) + Hel) 400) 


= Use (Y)Ause(y) — Use()Atse(y) ]dy 
lyISR 


ot) (f._,lueoIeoo)) 


aie q(y) [Use (y)Uo(y) — Use(y) Moy) |dy 


+00) (f_,leeOIPdoo)) Re 


This equality leads to the inequality 
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2k [ jane) |’do(y) 


1/2 
< 2am eselinran +o(1) (field), Rom 


This inequality clearly implies (23.4). The next observation is that Gf clearly satis- 
fies the Sommerfeld radiation condition at infinity. Fixing now x € R” and R > 0 suf- 
ficiently large that x € Br = {y:|y| < R} and applying Green’s identity to usc(y) and 
G; (|x —y|), we obtain (using the fact that on the sphere |y| = r we have dy, = 5) 


J lts(0)5-GE be 9l)~ G3 (x91) 5 tnel)]4010) 


= [Use (y) (Ay +k?) GE (|x —y|) — GE(|x—y]) (A +#)utsc(y)] dy. 


ly|<R 


The usual procedure of allocation of the singularity of CG. allows us to obtain 
uct)=—f GE (x—yaulr)ey 
Iy|<R 


~ [._, (user (F -it) ees -G¢the-yh (2 ik) nc) doo. 


The integral over the sphere |y| = R can be estimated from above by 


(f._,ius(IFaot)) ° UU... (+ -it) Gf (\x—yl) ‘so0)) ° 
4. (7 IGE(ls—») Pao) ) " UU... (+ -it) Use(y) ‘soo _“ 


Since for fixed x and R — co we have |G} (|x—y|)| < C/R’-))/? and since G; and 
Usc both satisfy the radiation condition, we may estimate the latter sum from above 
using (23.4) as 


Co(1/R-P/2) ( / aot) “ 


y|=R 


+ ai (/_,200) (1 /Re—D/2) (200) 


But this sum tends to zero as R — oo. Thus we have 
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use(s) =— [Gi (be—yalo)ubo)ey 


So u from (23.2) necessarily satisfies the Lippmann—Schwinger equation (23.3). For 
k > 0 sufficiently large we can prove the unique solvability of (23.3) (and (23.2) as 
well) as follows. Theorem 23.5 allows us to rewrite equation (23.3) in the form 


v=v —Ky, (23.5) 


1/2 1/2 


where v = |q|!/2u, vo = |g|!/2uo, and K is as in Theorem 23.5. Since the conditions 
on q and u imply that v, vo € L?(R”) and 


Ik 
where Cp as in Theorem 23.5 and y = 2—n/2 for n/2 < p < (n+1)/2 and y= 


1—(n—1)/(2p) for (n+ 1)/2 < p < ©, we obtain for k > an that there is a 
unique solution v of (23.5), namely 


Co 


S ’ 
L2(R")L2(R") — RY 


v= ov Kivg. 
j=0 
Moreover, the estimate 
2Co 
Ilv—vollzzqery S Ty Ilvollz2qe"y 
holds uniformly in k > (2Co)!/7. This is equivalent to the estimate 


allt ean (23.6) 


1/2 
a Usc PR" = = “ 


For the values of k from the interval 0 < k < (Co) '/Y we proceed as follows. 


Exercise 23.4. Show that the integral operator G og for all k > O is a compact 
operator in L”(IR"), where q satisfies the conditions of Theorem 23.6. 


This exercise implies that the integral operators K and G, oq are also compact 
in L?(R") and L*(R"), respectively. Next, using Agmon’s estimate and Theorems 
23.1 and 23.5, we conclude that for all k > 0 the operator G, = (-A-—K+q-i0)“! 
exists in the appropriate operator topology (see Theorem 23.5), and therefore for the 
solution u of (23.2) (or equivalently, (23.3)) the representation 


—— 


u=(I—Gyoq)uo (23.7) 


holds. The Lippmann—Schwinger equation can be rewritten in the operator form 
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Use — Tuse = uo, (23.8) 


where tip = =(Gy6 q)uo € L®(R") and T is a compact operator in L*(R”). By Riesz 
theory (see Chapter 34) we shall obtain the unique solvability of (23.8) if we are able 
to show that J — T is injective. But injectivity follows immediately from (23.7). The 
theorem is therefore completely proved. 


Remark 23.7. For k > 0 large enough, the unique solvability in Theorem 23.6 holds 
for a complex-valued potential g. 


Corollary 23.8. Let v be the outgoing solution of the inhomogeneous Schrédinger 
equation 
(H = kK) — f, 
v=(H-k—-i0)'f, 
where f € S(IR"). Then the following representation holds: 
v(x) = Ge(f — Gq(f)) (x). 


Moreover, for |x| — °° and fixed positive k, 


ik|x| p54 1 
v(x,k) =C, eS 6')+0 ( ; 


Isl" i" 


where 0! = tl and the function A , called the scattering amplitude, is defined by 


Ap(k,6") = fe MO) F(y) — gly) Gq(N)ay. 
Proof. The first representation follows immediately from the definition of Gy. 
Indeed, since v = G,f, we must have G;f = v+ Gxqv, or v = Gf — Geqv = 
Gi(f —4qGaf). 

In order to prove the asymptotic behavior for v let us assume that g and f have 


compact support, say in the ball {x : |x| < R}. We will use the following asymptotic 
behavior of Gf (|x|): 


(ly kale ts 
@) Gila) ~CRP*, n>3, 


(b) Ge (|x|) ~Clog(k{x|), 1 =2. 
(2) k\x| > 1: 


n-3 


ke 
G; (lel) ~C a 


| = elke n>2. 
xX 2 
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Since k is fixed, |y| < R, and |x| — +e, we may assume that k|x—y| > 1 for x large 
enough. Therefore, as |x| — °°, we have 


ik|x| , 254 - 
roo eee eit I-bD (fF — gG, fay 


Ix|*e° Jipisr 


1 oe 
+f 0 1 tet (f —qGgf)dy =: +h. 
bse \r—yl22? 


It is clear that for J) the following is true: 


| n~ 1 
h=o (is fea = ao)@qh0)4s) =o (7 > ko, 


because f — qGy f is an integrable function. Next, let us note that 


2 2 2, 
—y|?- =2 
= gan yl? _ y= 2(2,y) _ (=. yjso(t ) 
Ix—yl +x] [xy] +a [x|’ |x| 


as |x| > +-co. We can therefore rewrite the integral appearing in J; as follows: 


Ves een») +o( i) f= qG,f)dy 
= hee ek 6’ y) (f= qGqf)dy+ O ( a jogo OPE gGiaf\dy 


=f kon aGafay+0 (=). be] se, 


bl<R- 


where 0! = i 1 € € S""!. Thus, Corollary 23.8 is proved when g and f have com- 
pact support. The proof in the general case is much more difficult and is therefore 
omitted. 


Remark 23.9. Hint for the general case: The integral over IR” might be divided into 
two parts: |y| < |x|® ©, where € > 0 is chosen appropriately. 


Lemma 23.10 (Optical lemma). For the function A f(k, 0’) the following equality 
holds: 


1 
= |A¢(k, 6’) |-d6’ = — aa |), IU fdr, 


where C is the constant from the asymptotic representation of v = (H —k*? —i0)~'f. 


Proof Let p be a smooth real-valued function on [0,-+>*) such that 0 < p < | and 
p(r) =1 for0<r< land p(r) = 0 for r > 2. We set pn(r) = p (4). Multiplying 
f by ¥p (|x|), integrating over R”, and taking the imaginary parts leads to 
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Im [) F(2)pm(lx\)P(x)dx=Im [ (—Av)pm([x\)PCx)dx 


As m tends to infinity, the left-hand side converges to Im fgn f(x)¥(x)dx. To get the 
desired limit for the right-hand side, we integrate by parts and obtain 


im [ —AV)Pm(|x|)0(x)dx = Im mf -Vvp in (|x1) P(x) dx 


=Im hie le oe + ikph(|x|)|»?] dx 


=m f (6'- Vo —ikvyv(x)ph(x)de+ & J pil lel) |v) Pde = h + 
R” R 


Since v = (H — k* —i0)~'f, using the asymptotic representation we may conclude 
that v satisfies the Sommerfeld radiation condition 


1 
itv =o (— r): r= |x, 
or rs: 


at infinity. Hence I; — 0 as m — ©. By Corollary 23.8, the second term J, is equal 
to 


kf, PallxdtayPax =k [pl C2 Kay (k 6") 
+k [ pm(libo (ir) 
2,n-2 N\\ 249! ae ! 
=" [ane ae! Pi(r)ar 
2m i 1 ; 
+k ae | PG | | Pal idr 
ga-l m rr 
2m 
=ce? f (Ay(k,0)/240" | pl, (r)dr+o(1) 
s:- , m 


= CK? | Ap(k, 8") P€6'[p(2) —p(1)] +011) 


~Ce? i ‘14y(k,6")Pd6" + 0(1), mo». 
Srn- 


Letting m — ©, we obtain 


Im | f(x)¥(x)dx = —C?K"? [ (Ap (k, 8") °d6". 
IR" i 


Thus, Lemma 23.10 is proved. 
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Exercise 23.5. Let n =2 orn=3. Assume that g € L?(R”)NL!(R") with 1 < p<co 
ifn =2 and 3 < p< if n =3. Prove that the generalized eigenfunctions u(x,k), 
that is, the solutions of the problem (23.2) with (k,k) = k’, are uniformly bounded 
with respect to x € R" and |k| sufficiently large. 


We will obtain very important corollaries from the optical lemma. Let A,(k) denote 
the linear mapping that takes the inhomogeneity f to the corresponding scattering 
amplitude 


Ag(k) : f(x) > Ag(k, 8’). 


Lemma 23.11. Let the potential q(x) satisfy the coueOns from Theorem 23.5. 


Then Ag is a well defined bounded operator from LF (R") to L?(S"~!) with the 


operator norm estimate 


Cc 
I|Agll 2p a a 
i 1? SUE aa 


where p, 0, and y are as in Theorem 23.5. 


Proof. By Lemma 23.10 and the definition of A, f we have that 


1 


2 _ 1\;2 —— foe Ss 
l|Agfl22¢get) =f. Ak OP dO = — yp? 


I. Im(f v)dx 
C2 |kl2 ||" 


vil 2 Fl 2p 
LPT (Re) Ley (R") 


Further, since v = G, f, we obtain from Theorem 23.5 that 


Cc 
Ag Sli cox) S$ Say AUF? ap 
om ~ a |r? LP (Rs) 


Thus, Lemma 23.11 is proved. 


Let us denote by Ao(k) the operator Ag(k) that corresponds to the potential g = 0, 
1.e., 


Aof(6") = fe MO F0y)dy, 


It is not difficult to see that 


Agf(6") =Ap(k.8") = [FOUR Way. 
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where u(-,k, 0’) is the solution of the Lippmann—Schwinger equation. Indeed, by 
Corollary 23.8 we have 


| f(y)ud,k, Ody, 
R" 


since Gy is a self-adjoint operator. 
Let us prove now that 


u(y,k, 6") := (I Gq(q))(e*”)(y) 
is the solution of the Lippmann—Schwinger equation. Indeed, 
(H—P)u= (H—R)(eO) — BG ,(q) - (XP) (9) 
=(-A — K)eik(0'y) + gei*(O'y) = geik('y) =0, 


since (—A — k2)ei*(9'y) — 0 and (H — k)Gy = I. This means that this u(y,k, 0’) is 
the solution of the equation (H — k*)u = 0. 


Remark 23.12. Let us consider the Lippmann—Schwinger equation 
u(x,k,6) =e — [GE (x—yla(y)ulyok, 8a 
R* 


Then for fixed k > 0 and |x| — ©, the solution u(x,k,@) admits the asymptotic 
representation 


ik|x| n—3 
Hebd) = 56, a0) +0 : i 


|x|" 


where 0! = py and the function A(k, 6’, 0) is called the scattering amplitude and has 


the form 
A(k, 8.0) = fe MO g(y)ulyk Ody 
IR” 


For k < 0 we set 
A(k,@’,@) =A(—k,0',0), u(x,k,@) = u(x,—k, @). 


Proof. Wf (H —k?)u=0 and u = e*(9) + usc (x,k,@), then use(x,k,@) satisfies the 
equation 
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(H—B use = ayer, 


We may therefore apply Corollary 23.8 with v := use and f := —geik(@x) to obtain 
elk ex ; 1 
Use(x,k, 8) = C, ——=—Af(k, 8’) +0 —ae1 «dS 
Ix] 2 Ix] 2 


where 


Ap(k,0") = fe HO) (—ge) + gGq(ge"®))(9))dy 


R? 


= -f e (9) g(y)(eik(89) _ G(ge*®)ay. 


But we have proved that eM(9.y) — Gy (qe*(9-))(y) is a solution of the equation (H — 
k?)u = 0. We conclude that 


Ag(k,0")=— fe M'g(y)u(y,k,@)dy = AU, 6", 8). 


n 


This proves the remark. 


Now let @y(k) and ®(k) be the operators defined for f € L?(S’~') as 


(So(b)A)(x) = [alo]? fe) f(@)a0 (23.9) 
and 


(PEA) = [ala)l? ff wle.k, 0) £(0)48. (23.10) 


Lemma 23.13. The operators ®o(k) and ®(k) are bounded from L?(S"~') to 
L?(R") with the norm estimates 


Cc 
IPo()I] IP) S ex, k >, 
kita 
where ¥ is as in Theorem 23.5. 
Proof. Let us prove that 
1 
(Do (KA) () = la)? (Af) (@) (23.11) 


and 


(®(K) A(x) = las) (AZA)(®), (23.12) 
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where Ag and Aj are the adjoint operators for Ag and Aj, respectively. Indeed, if 
f €L(S™!) and g € L?(R"), then 


f(9)(Aogy(@}a0 = [, f(0)a0 [eM >eEay 


=f, 80)4 _ “O) #(8)d0 


= fe (fet s on) 


Asf(y) = ff? £(8)40, 


gn-l 


This means that 


and (23.11) is immediate. Similarly one proves (23.12). Since (see Lemma 23.11) 


C 
IAoll, All 2p < TY m2” 
ener) ae 
we have that G 
Ap AS 2 < =. 
SD 


The proof is finished by 


i ok i * 
[Po(k) Flla2 cm = Hla? AoA) Izce S Malle cgay los ll 20, 
LPG /2(R") 


7 peels, pnllfllza(—1)s 


where we have made use of Holder’s inequality in the first estimate. It is clear that 
the same is true for B(k). 


Agmon’s estimate (23.1) can be applied to the magnetic Schrédinger operator. In 
fact, in the work [2], Agmon proved a more general estimate than (23.1). Namely, it 
was proved that for all g € H? ,(R") and |k| > 1, 


i lslla2, cam + lisllaet cen) + 1A Ilslle2 ce) SCA + © )s|l22 cary 


where 6 > 1/2 and H® ;(IR"), s = 0,1,2, denotes the weighted Sobolev space (see 
below for a precise definition). As a consequence of this estimate, for all f € ie (R"), 
6 > 1/2, one has the estimates 


23 Estimates for the Laplacian and Hamiltonian 235 


I|(-A 10) "FI, any S 5 IF llc2 cen) 


||(—A — = i0)"" Flan can) < B IIFllcz.ceny . 


(23.13) 


Here (—A — k? —i0)~! is the integral operator with kernel G7 (|x —y|), see (22.1), 
and the weighted Sobolev spaces W, ,(R") (or Hj(R") if p = 2) are understood so 
that f belongs to W,.c(R") if and only if f and Vf belong to the weighted Lebesgue 
space L5(IR") (see Example 18.17). 

Since the integral operator (—A — k? —i0)~! is of convolution type, using duality 
we can conclude that it maps A (R") to L? 3 (R") with the norm estimate 


||(—A — = i0)Fll2 3m < B Flay » Ik| 2 1, (23.14) 


where Ae (IR") denotes the dual space of the Sobolev space H! 3(R") and the con- 
stant B is the same as in (23.13). 

We will consider now the scattering problem for the magnetic Schrodinger oper- 
ator in R", n > 2, of the form 


Hm := —(V +iW(x))?-+V(x):, (23.15) 
where the coefficients W(x) and V(x) are assumed to be real and are from the spaces 


WeW,(R"), VELE(R"), n<p<~, o>n/p', 1/p+1/p'=1. 
(23.16) 

We are looking for the solutions to the equation Hyu = keu, k #0, with Hp from 
(23.15) in the form 
u(x) =uo(x) t+use(x),  uo(x) =e*™9),8 eS, eae 
lime" (4 — ikuse (x)) =0, r=|al. : 
Using the same procedure as for the Schrédinger operator (see Theorem 23.6), we 
conclude that the solution (23.17) necessarily satisfies the Lippmann—Schwinger 
integral equation 


u(x) =wo(s) + [GP (xy) 2V(W()u(y)) — au») dy, 


where g = iVW + \w |? +V. This equation can be rewritten as the following integral 
equation: 
Use(x) = tox) +Le(use)(X), (x) = Le(wo)(x), (23.18) 


with the integral operator L; defined as 
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Lafla) = |) GE(e-yIVHO)F0)) —ao)fO))¢y. (23.19) 


Lemma 23.14. Suppose that the conditions (23.16) are fulfilled. Then uo belongs 
to LD? (R"), and Ly from (23.19) maps L? 6 o(R") into itself with o as (23.16). 
Moreover, for |k| > 1 uniformly, 


oo al, wm) 


Ides, “mee(ll, + Cplagcas ) Fle? 


Wolle2 ce) <a(2 halk 
(23.20) 


where B is the same as in (23.13) and the constant C, is equal to 


_ {1 _T(p=n)/2)\"" 
= (aa To) 


Proof. Conditions (23.16) imply that 0/2 > 1/2 and 


LB(R") > 12. )(R"). 


It is therefore true that under these conditions the functions V, VW and |W belong 
to Li /(R") and W € LG(R"). Using the first Agmon’s estimate (23.13), one can 
easily obtain 


‘ B 
lll, 40 Sig wy Hales ce ) 


Hence the first inequality in (23.20) is proved. Next, applying now (23.14), we ob- 
tain that 


Wafll2 , m <a(2 vm. cant laf 0] 


<a (2 Wr 


<6 (2 |W 


To estimate the second term ||q¢/'|| 1 (Rn) We proceed using Holder’s inequality and 
0/2 


12 p(t) laf ‘cn 


+ ladle) ; 


Flhe2 5 nce 


= 
YS 


LS ( R") 


the Hausdorff—Young inequalities as follows: 
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san < 00, FG) 


Naf las 02) = [lla = | FI, 


< co(2n)-"P af 


L2P/(p—2) (R") 


nee. "> Wall encaey||F 


? 


L2p/(p+2) (R") L?( (R") 


where p > n, g(x) = (1+|x|?)°/2q(x), F(x) = (1 + |x|?) -°/4 f(x), and Co is equal to 


/P nN poo 1/p 
Co= (/. arta) = (= | ro2N(1 7)? ' 


Combining this constant Co with the latter inequality, we obtain C, from this Lemma 
and (23.20). 


We denote by a and y the following constants: 


wan + llallcgce) » + Mallee ,¢ 3(R") ° (23.21) 


Theorem 23.15. Assume that the conditions (23.16) are satisfied and assume that 
Ba <1 with B and a from (23.13) and (23.21), respectively. Then the integral 
equation (23.18) has a unique solution usc from the space L? 5 (R"), and uniformly 


lluselhe2 | ca") S iB (23.22) 


Proof. Lemma 23.14 says that Ly maps in L* 6 j2(R") and 


IEalle2 (RP , e (R") SS Bo <i. 

Since vig belongs to L? é 2(R") with the norm estimate By, the integral equation 
(23.18) has a unique solution uv. from L? o/2 (IR”) that can be obtained by the itera- 
tions 


1 
Uge = (I- Lx) ‘(ii) =) ue (ug). 


The estimate (23.22) follows now from Lemma 23.14 and from the latter represen- 
tation for Use. 


Corollary 23.16. If the constant o from (23.21) is small enough, then for fixed k, 
|k| > 1, usc(x,k, @) belongs to L*(IR") in x € R" and uniformly in @ € S’"!. 


Proof. For @ small enough, wo € L®(IR") and Ly; maps in L*(R”) with the norm 
estimate 
I| Lill e= (en) +7=(R") < c(k)a@. (23.23) 
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These two facts yield the proof. 


Lemma 23.17. Under the assumptions of Theorem 23.15, for fixed k > 1 and for 
f € L*(R") the following asymptotic representation holds: 


elklal p(n—3)/2 <p - 1 
—ik(O",y) ! 
rue pe (2k0 Wralfo+o( or) . 


(23.24) 


If (x) =C 


as |x| > °°, where 0’ = x/|x| and 


C= oa 
2 (27) (-1)/2 


Proof, In this proof we assume (for simplicity) that n > 3. Since f € L*(R") and W 
vanishes at infinity, integration by parts leads to 


Lefts) =—2i [| VsGf (sy WO)FO)dy— [GF (x—y)av)FOY4y. 


In view of this, one must study the behavior as |x| — oc of the functions 


- i k (n—2)/2 a) 
G, (jx—y|) = 4 (=) Ayr) 2(klx— YI) 


and 


Vy Gi (lx—yl) =k -—— : arr orn |) 
> Xx = x 
as 7 jx—y| 4 \2a|x—y| a ae 


where AY) denotes the Hankel function of the first kind of order v. The behavior 
of the latter integrals can be studied by dividing them into two cases: |y| < |x|“ and 
ly| > |x|", where a > 0 is a parameter that we can adjust to our liking. In the first 
case we have for a < 1/2 that 


lx—yl = bal — (6,9) + O( |x") 


and (as a consequence of it) k|x — y| — ce for |x| — ce. Thus, we use the behavior of 


Hf!) for large argument (see [23]) 
Cane eee ! 
Ayr) (22) = ae +O (sz) ; 


‘ (23.25) 
()7,)_ _: : 
H,,/2(%) = iG +0(sz) ; 
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as |z| — oe, where C, = 2c te, n> 2. Hence we obtain in this case that 


iC, eiklx—yI 1 
- ___ iG, n-3)/24 (1 _ 
G{ (|x—yl) A(2n)e-D/2 e—yje—nya* +0( ae) 


V Gt -—G_ yy, 2" _e-yr 4 9(_! 
y Amb 1) = Tomy omar jx — y|"-D/2 = Jx[@+D/2 . 


Since for |y| < |x|“ we have in addition that 


—(n— —(n— =(n— a— x—y x a— 
ea OP =p OMA + O(p ene, AY — = sour, 


and 


ee ae eee 1 
7 == © +O |x|!—2a : 


it follows that the first part (|y| < |x|“) of ZL; f(x) is equal to 


ill 


: ! = 1 
oe soe —ik(6",y) ! | 
Coane cage oO CROW) + a0)) F004 0 ( aa) 


where om = ae We have used here the fact that the conditions (23.16) 


guarantee that W and V belong to L'(IR”). This means that L;f is of the desired 
form as |x| — oe in this case. 

Turning now to L;f, where |y| > |x|“, we have two more possibilities: |x|% < |y| < 
|x|/2 and |y| > |x|/2. In the first case we have that |x —y| > |x|/2. Using again the 
asymptotic (23.25) we may estimate L; f from above by 


Cc ~ 1 
—— WwW 4 d oo (Rn) = yym_1)/0 ]? 
STE peyyallOVI+IMODDAIAliae =0 (eT) 


since W and V belong to L!(R”). For the case |y| > |x|/2 we have two subcases: 


k\x—y| < 1 and k|x—y| > 1. For the first subcase we use the behavior of H\ for 


small argument, see [23], 


H(z) =eyzV+0(z-’), z— 04, 


and obtain that 


Gf (lx yl) = el(k)|x—yP™ + 0(|x-yP™), 
VyGt (\x—yl) = c(k)|x—y|'" + 0(|x—y|'). 
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Hence, L;f (x) in this subcase can be estimated from above by 


al OPO 5c f IV OIF) dy 
klx—y|<L p> 4/2 K\x—y1<L Jp] > (24/2 


ay" jn—y|"-? 


< cl s-c ( [seam f : 
7 ee Lg(R") Jy|>[1/2 kyl" [yI® 


" dy 1/p! 
+ Wg (fon aye ep 


=> 


W 
an sels, Wists.) on f 
= L*(R") [xr Feonn © | yjn—2+0—n/p' |x|@-D/2 J’ 


since 6 > n/p',n < p<, and n> 3. We have used here the estimates for the 
convolution of the weak singularities (see, for example, Lemma 34.3). 

For the second subcase we can use (23.25) and estimate this part of L; f(x) from 
above by 


Clif, / (Wi +|V|)(1+ |p)? 
PR) Ieleyl>1Jyl>bal/2 e—yl@-YD/2(L + [y])? 


d 1/p' 
+I Ize) (/ 2 ) 
LR") 6 bl>bl/2 |x—y| DP’? |ylor 


_ 1 
—< |x|(»—1)/2 


as |x| — oe, using the estimates for convolution of weak singularities and conditions 
(23.16). 


> 


< lll (| 


Since usc(x,k,@) for fixed k > 1 is an L®-function in x, Lemma 23.17 yields the 
asymptotic representation for u as 


1 e ig (n+) eiklx| p(n—3)/2 , 1 
2 (2m)? |ye-D/2 A(k 8',0)+0( rs) 


as |x| — ce, where the function A(k, 0’, @) is called the scattering amplitude for the 
magnetic Schrédinger operator and it is defined as 


u(x,k,@) = eee) 


A(k, 6’, 0) = | eS) (20'W (y) + q(y) u(y, k, O)dy. (23.26) 
R” 


Substituting u = up + Use into (23.26) implies 
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A(k,0",0) = | e+) (2K6'W(y) + q(y))dy 


(Oy) 
) - 
+ [eMO'>) 2k6'W() +4) use(s, @) dy 
R” 
=: Ap(k, 0’,0) +R(k, 0’, 8). (23.27) 


The function Ap(k, @’,@) is called the direct Born approximation. It can be easily 
checked that 


Ap(k,',0) = 2k0'F (W)(k(0 — 6')) + F(q)(k(0 — 6’)) 
6 


= k(0+ 0’) F(W)(k(0 — 6')) +. F(|WI? +V)(kK(@—6')), (23.28) 
where ¥ denotes the usual n-dimensional Fourier transform. 
The direct Born approximation allows us to obtain the approximation up(x,k, 0) 
for the solution u(x,k, @) of the equation Hu = k*u as 
1 e ig (n+) eiklxl p(n—3)/2 
2 (2n)e-D2 |xj@-D?2 


up(x,k,@) = elk) + Ap(k, 0’, @) (23.29) 


and secondly, to prove the following very practical statement. 


Proposition 23.18. The Fourier transforms of \W|? +V and W can be evaluated as 


~ 1 
F (|W) +V)(E) = 5 (Anlk, 6,8) +An(k, 8, —6")) 
2 ~ 1 
Ak? — §°(61,.F(W))(5) = 5(Anlk, 6", 8) — An(k,—8,—8')), 
where € £0, €, is any unit vector that is orthogonal to €, and k,@',0 are defined 
by 


A gees 


2k 2k 


=54 SL Jae £29’ = 


so that E =k(@ — 6’) and k? < &?/4. 


Proof. The result follows straightforwardly from (23.28). 


All these results, in particular the direct Born approximation, are valid also for the 
Schrédinger operator (W = 0) as well as the approximation for the backscattering 
amplitude (see results below). 

One may have interest in the particular case 6’ = —@. This case leads to the 
so-called direct backscattering Born approximation, i.e., 


A(k,—0,0) = A&(k,—0,0) := F(\W/? +V)(2k0). (23.30) 
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But the approximation for the backscattering amplitude admits more terms than just 
the Born backscattering approximation. Namely, the following theorem holds. 


Theorem 23.19. Under the conditions of Theorem 23.15 the backscattering ampli- 
tude A(k, —0,@) admits the following representation: 


! i F (q)(kO—) | 


A(k,—0,0) = F(\W|? +V) (2k) ae a rp 
4k OF (W)(kO+n)nF(W)(kO —n) 
cae n2—k*—i0 dn + Nyest(kO), 
(23.31) 


where q denotes the complex conjugate of q = iVW + \w|? + V and where Nest 
belongs to L”(IR") and 


Bay 
1-—Ba’ 


Proof. The formulas (23.27) and (23.28) for the case 6’ = —@ show that we need 
to investigate only 


I|Arest|l := can) <3 


(23.32) 


= 


R(k, 0,0) = —2k0 je ®)(y)uUse(y,k, Ody + jo °))¢(y)use(y,k, @)dy. 
(23.33) 


But since use = LF L} (uo), we see that (23.33) can be rewritten as 


R(k,—0,0) = —2k0 pe ©) (y) Lauo(y,k, @)dy 


+ [, eq(y)Lauo(y,k @)dy 


Hod 0) YH yk, @)dy 


+ ras OEE Juo(y,k, @)dy =: Ry + Ro. 


The definition of L;,ug allows us to obtain 
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R= 4e | ee elK(99+2) G+ (ly — |) OW (y) OW (z)dydz 
+2Kf fee KOxtI GE (ly — 2/)OW(y)(G(z) — 4(z))dydz 


— ff MOG ly aaQ\aeee = +h +h. 


Using now the facts 
1 


FGM = a9 


and .F (pw) = (2a) "F(@) * F(w), we obtain that Jj, j = 1,2,3, can be written 


ia oe "aan (KO =n) 4 
ni | seuuerneennie—, 
= n+ oh [ Fm ere (KO =) a 
he a / Foie ni? iC Hao ™) an. 


Thus, the second terms in (23.31) are proved. It remains to estimate hres (or Ro). 
Indeed, the definition of R2 allows us to obtain (using integration by parts) that 


Ra(k,~0,0) =~ | elG(y) ¥. Luoly.k, dy 
nh j=2 


+2i f Or WH (y)-V (E Hwo 0) dy. 
R . 


Since 


Ll ("22 5 (R") < Ba, 


it follows using duality that R2(k,—0, 6) can be estimated as 


|Ro(k, —0,8)| 
S lla cer) > Luo Me (3 uve), 
j=2 Pg j(R") j=2 Ha 59(R") 
< las BaBy BoBy par 
= Le (R") 1 _ Ba {= Ba Hi »(R") iba 7 6e 
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Thus, Theorem 23.19 is completely proved. 


Remark 23.20. This theorem (as well as Theorem 23.15) is a generalization of the 
corresponding results for the Schrodinger operator. But the difference is that com- 
pared with the Schrédinger operator, the magnetic Schrédinger operator is not a 
“small” perturbation of the Laplacian. This is a reason for the smallness of norms in 
Theorem 23.15. For the Schrodinger operator we do not need this requirement. 


Remark 23.21 (One-dimensional case). There is one interesting remark that should 
be made here. The asymptotic representations (see Theorem 23.15 of formulas 
(23.24)) and (23.26) coincide with well known formulas in the one-dimensional 
case. Moreover, the definition (23.26) of the scattering amplitude defines the reflec- 
tion and transmission coefficients for the one-dimensional “magnetic” Schrédinger 
operator. 


Part III 
Operator Theory and Integral Equations 


Chapter 24 
Introduction 


Despite the fact that this part is devoted to Hilbert spaces, it is assumed that the fol- 
lowing concepts are known (they are necessary mainly for examples and exercises): 


(1) the Lebesgue integral in a bounded domain Q C R” and in R”; 

(2) functions of bounded variation BV|a,b] on an interval [a,b] (see Part I for 
details); 

(3) the Stieltjes integral of continuous functions on [a,b]; 

(4) a complete normed space C* (Q), k=0,1,2,..., on a closed bounded domain 
Q CR" defined by 


CQ) = {f: DC: Illag = max LY [9%f(x)| <=}, 


2 l\al<k 
where o is an n-dimensional multi-index, i.e., & = (Q1,...,Qn), & €E NU {0}, 
‘ * |ar| 
j=1,2,...,n with [oe] = 0 +O) +--+ +0 and 0% f = se 
xT. ax8 


(5) a complete normed space L*(Q) defined by 
L*(Q) = {f:Q2>C:|flli-(a) = esup 9) ae 
(6) acomplete normed space L'(Q) for an open set Q C R” defined by 
LQ) ={f:2C:Ilfllawa = f ler <=}: 


(7) the generalized (in the L? sense) derivatives 0% f(x), & = (0,..., Qn) (see Part 
II for details); 
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(8) 


(9 


~ 


(10) 
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Lebesgue’s dominated convergence theorem: let Q C R” be measurable and let 
{fi (x) }_, be a sequence of measurable functions converging to f(x) point- 
wise in Q; if there exists a function g(x) € L'(Q) such that | f¢(x)| < g(x), 
k=1,2,..., then f(x) € L'(Q) and 


jim [ filiax= [foyer 


Fubini’s theorem on interchanging the order of integration: if f(x,y) is inte- 
grable on X x Y, then 


[«([feonw) = [ay ( foss)ae) =f fleydardy: 


the uniform boundedness principle in Hilbert space (Banach—Steinhaus the- 
orem): let H be a Hilbert space; suppose that F is a collection of bounded 
(continuous) linear operators in H; if for all x € H, then one has 


sup ||Ax|| 7 <=, 
ACF 


whence 


sup |[Ax||7 = sup |All zon < ©, 
AEF, ||x||=1 ACF 


see Theorem 26.3. 


Chapter 25 
Inner Product Spaces and Hilbert Spaces 


A collection of elements H is called a complex (real) vector space (linear space) if 
the following axioms are satisfied: 


(1) To every pair x,y € H there corresponds a vector x+y, called the sum, with the 
following properties: 


(a) xt y=ytx; 

(b) x+(ytz) = (x+y) +z2=x4+y+z; 

(c) there exists a unique element 0 € H such that x+0 = x; 

(d) for every x € H there exists a unique element y; € H such that x+y; = 0. 
We set yj := —x. 


(2) For every x € H and every A, € C there corresponds a vector A -x such that 


(a) A(x) = (Ap)x = Aux; 
(b) (A+p)x=Ax+ ux; 
(c) A(x+y) =Ax+Ay; 
(d) 1-x=x. 


Definition 25.1. For a linear space H, a mapping (-,-) : H x H — C is called an 
inner product or a scalar product if for every x,y,z © H and A € C the following 
conditions are satisfied: 


(1) (x,x) > 0 and (x,x) = 0 if and only if x = 0; 
(2) (x,y+z) = (xy) + (%,2)3 
(3) (Ax,y) =A(x,y); 


(4) (x,y) = 0»). 


A linear space equipped with an inner product is called an inner product space. 
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An immediate consequence of this definition is that 


(x,z) +H(),2), 
(x,y), 


(Ax+wy,z) = 


A 
(x,Ay) =A 
for every x,y,z € H andaA,p eC. 


Example 25.2. In the complex Euclidean space H = C” the standard inner product 
is , 
y) = Dx, 
j=l 


where x = (x1,...,%n) € C” and y = (y1,.--,¥n) © C". 


Example 25.3. In the linear space C[a, b] of continuous complex-valued functions, 
the formula 4 
= | seyeteax 
a 


defines an inner product. 


Definition 25.4. Suppose H is an inner product space. Then 


(1) x € His orthogonal to y € H if (x,y) =0. 

1, a=B, 
2) A system {x C A is orthonormal if (xq@,xg) = = 
(2) y {Xa} oer (Xo B) 0,8 {0 aF+B, 


where J is some index set. 
(3) ||x|| := /(x,) is called the length of x € H. 


Exercise 25.1. Prove the Pythagorean theorem: If {x;}‘_,, k € N, is an orthonor- 


mal system in an inner product space H, then 


j=v 


k k 
xl? = » nas)? + = 2 X,xj)x 


for every x € H. 


Exercise 25.2. Prove Bessel’s inequality: if {x;}*_,, k <e, is an orthonormal sys- 


tem, then 


j= 
& 2 

>| (x,x,)|? < [lxll’, 
j=l 


for every x € H. 
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Exercise 25.3. Prove the Cauchy—Bunyakovsky—Schwarz inequality: 


I(%y)< [lb], 4.9 € A. 
Prove also that (-,-) is continuous as a map from H x H to C. 


If H is an inner product space, then 
Ilxll == V2) 


has the following properties: 


(1) ||x|| > 0 for every x € H and ||x|| = 0 if and only if x = 0. 
(2) ||Ax|| = |A|||x|| for every x € H anda €C. 
(3) |[x+-y]| < ||x|| + ||y]] for every x,y € H. This is the triangle inequality. 


The function ||-|| = \/(-,-) is thus a norm on H. It is called the norm induced by the 
inner product. 

Every inner product space H is a normed space under the induced norm. The 
neighborhood of x € H is the open ball B,(x) = {y € H: ||x—y|| <r}. This system 
of neighborhoods defines the norm topology on H such that the following conditions 
are satisfied: 


(1) Addition x+ y is a continuous map H x H — H. 
(2) Scalar multiplication A - x is a continuous map C x H — H. 
(3) The inner product (x,y) : H x H — C is continuous. 


Definition 25.5. (1) A sequence {xj}, C H is called a Cauchy sequence if for 


every € > 0 there exists ng € N such that |e —x;|| <eéfork,j > no. 
(2) A sequence {x;}%_, C H is said to be convergent if there exists x € H such that 


for every € > 0 there exists ng € N such that ||x— Xj | < € whenever j > no. 
(3) An inner product space H is a complete space if every Cauchy sequence in H 
converges. 


Corollary 25.6. (1) Every convergent sequence is a Cauchy sequence. 
(2) If {xj}F_, converges to x € H, then 


lim ||xj|| = [lal]. 
Jr 


Definition 25.7 (J. von Neumann, 1925). A Hilbert space is an inner product 
space that is complete (with respect to its norm topology). 


Exercise 25.4. Prove that in an inner product space the norm induced by this inner 
product satisfies the parallelogram law 


lIx+yll? + lle — yl? = 2 [a7 +2 Ly”. 
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Exercise 25.5. Prove that if in a normed space H the parallelogram law holds, then 
there is an inner product on H such that ||x||* = (x,.) and that this inner product is 
defined by the polarization identity 


1 2 Daas Ao ak ee iihD 
(x,y) = 5 (Ile ty? = llx—yl?’ +illx+ i? —ille—iyl?). 
Exercise 25.6. Prove that on C[a, b] the norm 


I = max iF) 


is not induced by an inner product. 
Exercise 25.7. Give an example of an inner product space that is not complete. 


Next we list some examples of Hilbert spaces. 


(1) The Euclidean spaces R” and C”. 
(2) The matrix space M,,(C) consisting of n x n matrices whose elements are com- 

plex numbers. For A,B € M,,(C) the inner product is given by 

n 
(A,B) = ¥ agjbej = Tr(AB*), 
kj=l 

where B* = B’. 

(3) The sequence space I*(C) defined by 


P(C):= {si eC: > bal = -| ; 
j= 
The estimates 
leet yAP 2 (les? + Iya’), Axi? = lA? bey? 
and 
ln <5 (lel? + byl) 
imply that /*(C) is a linear space. Let us define the inner product by 


Gey) = Sa; 
j=l 


and prove that /?(C) is complete. Suppose that {x‘)}"°_, € 1?(C) is a Cauchy 
sequence. Then for every € > 0 there exists ng € N such that 


25 


(4 


wm 
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> 
a — em) ||" Re =p <e 
j=l 
for k,m > no. This implies that 
ee ma ey FH heey 


or that ia? }e_, is a Cauchy sequence in C for every j = 1,2,.... Since C is a 


complete space, it follows that fe es converges for every fixed j = 1,2,..., 
i.e., there exists x; € C such that 


x; = lim x), 
k-t00 
This fact and 
d k) (m) 
y x’ —X; Pe. Teh, 
j=l 
imply that 


1 i 
‘ k m k 
fin Bh) oP = FAP Pee 
= 
for all k > ng and/ € N. Therefore, the sequence 
4k) 
=) |x; —xj*, k>no, 
j=l 


is a monotonically increasing sequence that is bounded from above by e?. 
Hence this sequence has a limit with the same upper bound, i.e., 


20 l 
(k) 21 (k) 2 2 
Xb —x;| = tim Ye) —xj\"<e", 
j=l j=l 

from which we conclude that 


lal sol + [2 xl] < fp? | +e 
and x € I7(C). 


The Lebesgue space L?(Q), where Q C R" is an open set. The space L7(Q) 
consists of all Lebesgue measurable functions f that are square integrable, i.e., 


[lf Par<e. 
Q 
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This space is a linear space with the inner product 
(f.8) =f) Fla)eteax 


and the Riesz—Fischer theorem reads as follows: L?(Q) is a Hilbert space. 

(5) The Sobolev spaces Ws(Q) consisting of functions f € L?(Q) whose weak 
or distributional derivatives 0% f also belong to L?(Q) up to order |a@| < k, 
k = 1,2,.... On the space WS(Q) the natural inner product is 


(fa)= ¥ [a%ra*elsax. 


|a|<k 


Definition 25.8. Let H be an inner product space. For a linear subspace M C H the 
orthogonal complement of M is defined as 


M! :={y €H: (y,x) =0,for allx € M}. 


Remark 25.9. It is clear that M+ is a linear subspace of H. Moreover, MM M+ = 
{0}, since we always have 0 € M. 


Definition 25.10. A closed subspace of a Hilbert space H is a linear subspace of H 


that is closed (i.e., M = M) with respect to the induced norm. 
Remark 25.11. The subspace M+ is closed if M is a subset of a Hilbert space. 


Theorem 25.12 (Projection theorem). Suppose M is a closed subspace of a 
Hilbert space H. Then every x € H has a unique representation as 


X=Uu+yV, 
where u € M and v € Mt, or equivalently, 
H=M6M-. 
Moreover, one has that 


I[vl| = el =:d(x,M). 


Proof. Let x € H. Then 


d= d(x,M) = inf |[x—yl| < |x 


for all u € M. The definition of infimum implies that there exists a sequence 
{uj}5_; C M such that 
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d= lim I|x — u,|| ; 
Jro 
The parallelogram law implies that 


Uj + UK 
2 


0 |= Nap 2) Ge? 0p al alee? a 


Since (uj+u,)/2 € M, it follows that 


||uj —uel|” <2 |Juej —x||? +2 [|x — well? — 4d? 2a? + 20? — 4a? =0 


as j,k — cc. Hence {u nee C M is a Cauchy sequence in the Hilbert space H. This 
means that there exists u € H such that 


u= lim uj. 


Jr 
But M = M implies that u € M. By construction one has that 
d= lim |[x— || = ||x—ul|. 


Let us set v := x —u and show that v € M“. For all y € M, y 4 0, we introduce the 


number 
(v,y) 


~My? 


Since u— ay € M, we have 


a? < ||x— (u—ary)||? = ||v+ aryl? = [lvl]? + (v, xy) + (ory, v) + ee? [byl 


_ p—_ O9) _ NOY) , Ix)F _ a _ IOI? 


lvl? lvl? vil? lly? 


This inequality implies that (y,v) = 0, which means that v € M+. In order to prove 
uniqueness, assume that x = uw; + vj = u2+ V2, where uj1,u2 € M and vj, v2 € M-. 
It follows that 

uj —u2=V2—-Vq €MnM-. 


But MN M+ = {0}, so that wy = uz and vy, = vp. 


Remark 25.13. In the framework of this theorem we have that 


lx? = lel? + Uv? Iv = Gv), ull? =u). 
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Corollary 25.14 (Riesz-Fréchet theorem). /f T is a linear continuous functional 
on the Hilbert space H, then there exists a unique h € H such that T(x) = (x,h) for 
all x € H. Moreover, ||T||q_,c = |All. 


Proof. If T = 0, then h = 0 will do. If T 4 0, then there exists vg € H such that 
T (vo) #0. Let 


M :={uE€H:T(u) =0}. 


Then vo € M+, vo £0, and T(vo) 4 0. Since T is linear and continuous, M is a 
closed subspace. It follows from Theorem 25.12 that 


H=M0M-, 


i.e., every x € H has a unique representation as x = w+ v. Therefore, for every x € H, 
we can define 


Then T(u) = 0, i.e., u € M. It follows that 


(2,0) = (ayy) + lol? = Il 
pips OU) gh (s Po) ») . 
iro iv 


which is of the desired form. The uniqueness of / can be seen as follows. If T(x) = 


(x,h) = (x,h), then (x,h—h) = 0 for all x € H. In particular, 


(1 2 
h—h hh, 


h—h) =0, ie., h = h. It remains to prove the statement about the norm ||7'| Ho-c= 
||T ||. Firstly, 
|| = sup |7(x)| = sup |(x,h)| < |lAI]- 


|x| <1 |[x|[<1 


On the other hand, T(h/ ||A||) = ||A|| implies that ||7|| > ||/]|. Thus ||7'|| = ||A||. This 
completes the proof. 


Corollary 25.15. [f M is a linear subspace of a Hilbert space H, then 
M+ = (m+) “<M. 


Proof. It is not difficult to check that MW ta (M ) ~. Therefore, 
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and Theorem 25.12 implies that 


H=Mo(M)*, H=(M)' om. 


The uniqueness of this representation guarantees that M'+ = M. 


Definition 25.16. Let A C H be a subset of an inner product space. The subset 


k 
spanA := > €H:x= py A jXj,Xj CAA; E c| 
j=l 
is called the linear span of A. 
Definition 25.17. Let H be a Hilbert space. 
(1) A subset B C H is called a basis of H if B is linearly independent in H and 


spanB = H, 


i.e., for every x € H and every € > 0 there exist k € N and {ej}4_, CC such 
that 


k 
x— ¥ ejx; 


j=l 


<€, x; EB. 


(2) His called separable if it has a countable or finite basis. 
(3) An orthonormal system B = {xq }qea in H that is a basis is called an orthonor- 
mal basis. 


By Gram-Schmidt orthonormalization we may conclude that every separable 
Hilbert space has an orthonormal basis. 


Theorem 25.18 (Characterization of an orthonormal basis). Let B = {x ipa 
be an orthonormal system in a separable Hilbert space H. Then the following state- 
ments are equivalent: 


(1) Bis maximal, i.e., it is not a proper subset of any other orthonormal system. 
(2) For every x € H the condition (x,x;) =0, j = 1,2,..., implies that x = 0. 
(3) Every x € H has the Fourier expansion 


= 2X X,Xj)Xj, 


L.é., 


k — ©, 


k 
*— Le Goas)ay 


This means that B is an orthonormal basis. 
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(4) Every pair x,y € H satisfies the completeness relation 


Ms 


(x,y) = (x,xj)(¥,x;)- 


r 


lI 
un 


(5) Every x € H satisfies Parseval’s equality 
7 
lx? =D l@xs)l?- 
j=l 
Proof. (1)=>(2) Suppose that there is z € H,z #0 such that (z,x;) =0 for all j = 


1,2,.... Then 
Bi := ss ie ol 
IIc 


is an orthonormal system in H. This fact implies that B is not maximal, which 
contradicts (1) and proves (2). 
(2)=(3) Given x € H, we introduce the sequence 


k 
x) = Sd Gxxp 


The Pythagorean theorem and Bessel’s inequality (Exercises 25.1 and 25.2) im- 
ply that 


al = ¥ lens)? < |[x||?. 
= 


It follows that 


j=l 
converges. Therefore, for m < k, 
k 2 : 2 
ex] = % aah o 
j=m+1 


as k,m — ee. Hence x) is a Cauchy sequence in H. Thus there exists y € H such 
that 


y=limx = S Gp 


ees 


Next, since the inner product is continuous, we deduce that 
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(y,x;) _ lim (x xj) = (x,x;) 
for all j = 1,2,.... Therefore, (y—x,x,;) =0 for all j = 1,2,.... Part (2) implies 


that y = x and part (3) follows. 
(3)=(4) Let x,y € H. We know from part (3) that 


= 2 x Xj) Xjs = ¥ ye)m 
j=l k=1 


The continuity of the inner product and the orthonormality of {x ae _, allow us 
to conclude that 


Ms 
Ms 
I 
Ms 
en | 
& 
mm 
a 
= 
= 


(x,y) = (x,j) (VsxK) (%j,Xk) 


lk 


II 
fan 
mw. 

Il 
nan 


J 


(4)=(5) Take y = x in part (4). 
(5)=(1) Suppose that B is not maximal. Then we can add a unit vector z € H to it 
that is orthogonal to B. Parseval’s equality gives then 


1= Il? =¥ Kx) Pr =0 
j=l 


This contradiction proves the result. 


Exercise 25.8. Let {x; ye be an orthonormal system in an inner product space H. 
Let x € H, {ej}i_y CC, and k € N. Prove that 


= 


k 
*— Lai) 


k 
x Da Cixi 
j=l 


Chapter 26 
Symmetric Operators in Hilbert Spaces 


Assume that H is a Hilbert space. A linear operator from H to H is a mapping 
A: D(A) CH—H, 
where D(A) is a linear subspace of H and A satisfies the condition 
A(Ax+ Uy) = AAx+ UAy 


for all A,u € C and x,y € D(A). The space D(A) is called the domain of A. The 
space 
N(A) := {x € D(A) : Ax = 0} 


is called the null space (or kernel) of A. The space 
R(A) := {y € H: y =Ax for some x € D(A)} 


is called the range of A. Both N(A) and R(A) are linear subspaces of H. We say that 
A is bounded if there exists M > 0 such that 


Axl] < Mx], x€ D(A). 
We say that A is densely defined if D(A) = H. In such a case, A can be extended 
to Aex, which will be defined on the whole H with the same norm estimate, and we 
may define 

|All eoar = inf{M : ||Ax|| < Mllx||,x € D(A)}, 


or equivalently, 


Allan = sup ||Ax|]. 
|-=1 
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Example 26.1 (Integral operator in i) Suppose that K(s,t) € L?(Q x Q),Q CR". 
Let us show that the integral operator K defined as 


Rf(s) = [ K(s.t) far, feEL(Q) 


is bounded. Indeed, 


2 2 
va) RFRA = f | f Kongo 
=f \ KG.) AvP ass f UK(.-Ies [Alize 


7 ( [ixoora f roar) ds = [IK\l22 aay lf ll22@); 


where we have made use of the Cauchy—Bunyakovsky—Schwarz inequality. We 
therefore have 


2 
ds 


[Rr 


lk 


a IK 1lz2(axa) « 


The norm 
le las = (Kll(axa) 


is called the Hilbert-Schmidt norm of K. 


Example 26.2 (Schur test). Assume that p and q are positive measurable functions 
on Q Cc R” and @ and B are positive numbers such that 


[\Kex)Ipo)ay <aq(x), ae. ino 


and 
[\Kex)la@)de< Bp), ae. in a. 


I 


Proof. For all f € L?(Q) we have 


Then K is bounded and 


< Jap. 


Pol 
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i, (/, |K(x,y)|- Yro)lav) as 


2 
=, ( [ vVikedivr0) sya ax 


P(y) 


< K(xy)|poday) ( [| K&L goyPay) ax 
Q \JaQ Q p(y) 


caf (f1Ks)la(aar) ZC ay < ap f ipoaPay 


by the Cauchy—Bunyakovsky—Schwarz inequality and Fubini’s theorem. 


Exercise 26.1. Assume that o and B are positive constants such that 


[iKenley < , a.e.inQ 
Q 


[\K(eo)ldrsB, ae.ina 
Q 


for some measurable function K(x,y) on Q x Q,Q C R". Show that the integral 
operator K with kernel K is bounded in L?(Q) for all 1 < p < c and 


le 


The following fundamental result can be used in the theory of bounded linear 
operators (see [29]). 


LP-+LP DP ?p 


Theorem 26.3 (Uniform boundedness principle). Suppose that a sequence Ap : 
H — H of bounded linear operators satisfies the property (pointwise boundedness) 


sup ||Anu||y < Cu- (26.1) 
n 


Then there is a constant C > 0 such that 


sup ||An|| 7.4 a0 
n 


Proof. Let us assume to the contrary that 


sup ||An|| 7.4 = +°°. (26.2) 
n 
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Then for each k > | there exist Ay, and u,; € H such that 
2, 
lull =4-*,  Angive|] = = |Ang| cll, |JAngete|] = 2-1 +k), (26.3) 


where Mo = | and M; = sup, ||[An(ui +--+ +-ux)||. Indeed, by (26.2) there exists Ap, 
with ||A,,, || > 24. The definition of the norm of a linear operator allows us to choose 
uw, such that |||] = 1 and ||A,,41|| > 5 \|An, ||. Setting uw; = 4, /4 shows that all 
conditions (26.3) are satisfied for k = 1 and with Mp = 1. 
Assuming that u1,u2,...,Ux—1,An,,Anj,---,An,_, have been defined, choose Ap, 
such that 
[An] 23-441 +8), 


which is possible by hypothesis (26.2). With this choice of A, there exists uj such 
that |||] = 1 and || Ang ix || > 3 [|Ang||- Setting uj, = mj /4*, we have again that ||| = 
4" and 


De Dir 
[Angee] = 3-47 * Any] = 483-48 (Mia +k) = 2M +4), 
To complete the proof we put u := Yi; uz, which is well defined in H. But then we 
have 


_; 1 
S|[Angl] dL [eal < Amel] 47 = 3 [Ane] leell- 
j=k+1 jak+1 


A 


Uj 


Nk 
jok+l 


By the triangle inequality and the definition of M, we have 


Any », uj 


j=k+1 


Angel] 2 [Angel] — 


k-1 
Ang >, uj 
j=l 


1 
> An, u4|| —M.-1- 5 ||An, ae 2k. 


This contradiction with (26.1) proves the theorem. 


Remark 26.4. The uniform boundedness principle holds not only in Hilbert spaces 
but also in Banach spaces (complete normed spaces). This fact follows straightfor- 
wardly from the proof. 


Corollary 26.5 (Banach-Steinhaus). Under the conditions of Theorem 26.3 it is 
true that for pointwise convergence Anu — Au, n— ©, for all u € H it is necessary 
and sufficient that sup, ||An||j7_,4 <C and that A,u — Au,n — © for all u € U, 
where U is some dense subset of H. 


Corollary 26.6 (Trigonometric Fourier series). There exists a continuous func- 
tion whose Fourier partial sums S,, f(x) do not remain uniformly bounded. For every 


26 Symmetric Operators in Hilbert Spaces 265 


x € [—1, 1] there exists a continuous function whose Fourier partial sums S,,f (x) are 
unbounded at x. 


Proof. Let us consider on the Banach space C|—7, 7] of continuous and periodic 
functions on the interval [—7z, 7] the linear operators 


f Snf (x) = ¥ ea(fle™, 


n<N 


where c,,(f) are the trigonometric Fourier coefficients of f. Since we have the sharp 
estimate 


1 
ISofllinne S5¢ f Pv @)Mdellf lenny 


where Dy(x) is the Dirichlet kernel (see Chapter 10), choosing the sequence 
fn(x) := On( fo) defined by Fejér means with fo(x) = sgn Dy(x), we obtain 


2mSn fn(0 =f" fn(x)Dn (x 
te 8logN 
= |" fle)Py(xjar= al IPu(x)|dx= RE + 0(1), N+, 
— —T 
as is stated in Exercise 10.3. Thus, the linear operators f ++ Sy f(x) are bounded (for 
each fixed N) with operator norms 


—— 
I| S|] = 


+O(1). 


Therefore, by the uniform boundedness principle, there exists a continuous function 
satisfying the present corollary. 


Exercise 26.2 (Hellinger—Toeplitz). Suppose that D(A) = H and 
(Ax,y) = (x, Ay), x,y EH. 
Prove that A is bounded. 


Exercise 26.3. Suppose that f € L'(—z,7) is periodic. Prove that if for some x 


there exists 
km Lot) + £9) 
y0 2 


9 


then Sy f(x) = o(logN) as N — oe, 
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Example 26.7 (Differential operator in L”). Consider the differential operator 


of order | in L7(0, 1) with domain 
D(A) = {f €C'[0, 1] : F(0) = f(1) =O}. 


First of all, we have that D(A) = L7(0,1); see, e.g., Lemma 17.2. Moreover, inte- 
gration by parts gives 


(ape) = [if (oa@har = pall [ isoe@ar= [sow War = 48) 
0 De d8 0 
for all f, g € D(A). Let us now consider the sequence 
up(t) = sin(nat), n=1,2,.... 


Clearly, wu, € D(A) and 


' 1 
Ilunllz2 =| | sin(nzt)|?dt = 5 


But 


1 
Au 2 =| 
I allz2 0 


Therefore, A is unbounded. This shows that D(A) = H is an essential assumption in 
Exercise 26.2. 


2 1 2 
dt = (nn)? i Neca (omt) ax =" — (ee)? ws 
0 


d 
i— sin(nat) 5 


dt 


Example 26.8 (Differential operator in L”). Consider the differential operator 
A Zs +i : au 
= po t+ipi— 
PO diz P1 di P2 


of order 2 in L7(0, 1) with domain 
D(A) = {f €C7[0,1] : £(0) = F(1) = 0} 


and with real nonzero constant coefficients po, pi, and p2. The fact D(A) = L? and 
integration by parts gives 
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1 4 . 1 ; 1 
(4f,8)=po ff -aartips [fade + or [faa 
1 1 
—j1 = i aa | —s 
= po sels [ fea +ip, eld - [ fea + pal fia) 
area 1 
=-p | f -gar—ip, [ f-g'dt +(f, p2g)12 
i ——— : 
—— [sels f f-g!dt| + (f,ipis’)2 + (Ff, p28) 2 
ee 
= po | f-gldt+(f,ipis’) 2+ Ff, P28) 2 = (f,A8) 2 


for all f,g € D(A). Moreover, for the sequence u,(t) = sin(n7t) we have (for suffi- 
ciently large nm) that 


||Aunllz2 = [ | |po(sin(nat))" + ipi(sin(nat))’ + pz sin(nmt) [dr 
_ [ [(po(nm)? — p2)* sin’ (nmr) + (nm)? pj cos*(nmt)] dt 


'T(nm)* 9 29 2 9:0 2 
>| 7 Posin (nat) + (ni) pj cos’ (nz) | dt 
0 


IV 


1 
(nn)?p} | (sin? (nat) +cos?(nmt)) dt 
0 
1 
= 2(nm)° Pi 5 = 2(nn) p' ||unallz2 - 


So A is unbounded, since 
Alli2_n2 > 2(nm) pj 


for n — 9. 


From now on we assume that D(A) = H, i.e., that A is densely defined in any case. 


Definition 26.9. The graph (A) of a linear operator A in a Hilbert space H is 
defined as 
T(A) :={(x;y) €H x H:x€ D(A) andy = Ax}. 


Remark 26.10. The graph ’(A) is a linear subspace of a Hilbert space H x H. The 
inner product in H x H can be defined as 


((x1sy1) , (%2592) ce = (11,42) + (1,92) 


for all (x1;91) , (x2;y2) € H x H. 
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Definition 26.11. The operator A is said to be closed if T(A) =I'(A). We denote 
this fact by A =A. 


By definition, the criterion for closedness is that 


x € D(A), 
y= Ax. 


Xn > X, 


Xn € D(A), 
a 
AXxn — y 


The reader is asked to verify that it is also possible to use a seemingly weaker, but 
equivalent, criterion: 


Xn € D(A), 
a, xe D(A), 
Xn — xX, => 

i y=Ax, 
AXn—y 


Ww . . . 
where x, — x indicates weak convergence in the sense that 


(Xn, ¥) _ (x,y) 
for all y € H. 


Remark 26.12. It is important from the point of view of applications (in particular, 
for numerical procedures) that the closedness of an operator guarantees the conver- 
gence of some process to the “correct” result. 


Definition 26.13. Let A and A, be two linear operators in a Hilbert space H. The 
operator A, is called an extension of A (or A is a restriction of A,) if D(A) C D(A;) 
and Ax = Ax for all x € D(A). We denote this fact by A C Ay and A = Aj|py,). 


Definition 26.14. An operator A is called closable if A has an extension A; and 
A, =A\. The closure of A, denoted by A, is the smallest closed extension of A if it 


exists, 1.€., 
A= [) Ai. 
ACA, 
A, =A, 


Here, by A; NAL we mean the operator whose domain is D(A NAj) = D(A1)N 
D(A,) and 

(Ay MA1)x r= Ajx=Alx, xE€ D(Ai MA), 
whenever A C Ay = Aj andA GA San 


If A is closable, then T (A) = (A). 
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Definition 26.15. Consider the subspace 
D* := {v € H: there existsh € H such that (Ax,v) = (x,h) for allx € D(A)}. 


The operator A* with domain D(A*) := D* and mapping A*v = his called the adjoint 
operator of A. 


Exercise 26.4. Prove that A* exists as a unique linear operator. 


Remark 26.16. The adjoint operator is maximal among all linear operators B (in the 
sense that B C A*) that satisfy 


(Ax,y) = (x,By) 
for all x € D(A) and y € D(B). 
Example 26.17. Consider the operator 
Af (x) :=x “f(x), a@>0 
in the Hilbert space H = L7(0, 1). Let us define 
D(A) :={f € 1? (0,1): f(x) = xn(x)g(x),g € LV’ for some n € N}, 
where 


0, O<x<I1/n, 
Xn(x) = 
1, I/n<x<l. 


It is clear that D(A) = L?(0, 1). For v € D(A*) we have 


1 — 1 
(fy) = fe %aa(xeav@)de = f(a) Ear = (f,4'v), 
We conclude that 
D(A*) = {vePix%veLV}. 
Let us show that A is not closed. To see this, we take the sequence 


x®, I/n<x<l, 
Ine) = fa O0<x<I1/n. 


Then f,, € D(A) and 


1, I/n<x<l, 
0, O<x<I1/n. 
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If we assume that A = A, then 


Jn € D(A), 
i a x® > {" ce 
n 3 

1 = Ax”, 
Af; 1 ‘3 


But x ¢ D(A). This contradiction shows that A is not closed. It is not bounded 
either, since a > 0. 


Theorem 26.18. Let A be a linear and densely defined operator. Then 


(1) A*=A®. 
(2) A is closable if and only if D(A*) = H. In this case A** := (A*)* =A. 
(3) IfA is closable, then (A) =A*. 


Proof. (1) Let us define in H x H the linear and bounded operator V as the mapping 
V : (uv) > (v3—u). 


It has the property V* = —J. The equality (Au,v) = (u,A*v) for u € D(A) and 
v € D(A*) can be rewritten as 


(V(u;Au), (V;A"V)) pce = 0. 


This implies that [ (A*) LVI'(A) and I (A*) LVI (A), which in turn means that 
ey I 
DT (A*) Cc (vr ()) . Let us check that the criterion for closedness holds, i.e., 


Vn € D(A*), 
‘ al vé€ D(A*), 
Vn — V, => 

y=A*v. 
A*vy > y 


Indeed, for all u € D(A) we have 
(Au, vp) —+ (Au ¥). 


On the other hand, 
(Au, Vn) = (u,A* Vn) —! (u,y). 


Hence (Au, v) = (u,y). Thus v € D(A*) and y = A*v. This proves (1). 
(2) Assume D(A*) = H. Then A™ exists and due to part (1) we may conclude that 


r'(A*) CVP(A) . 
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Then 
VI'(A) CI(A*)-. 


It follows that 
P(A) C(-Vr(A*))*, 


since V2 = —I. Here 
—VI (A*) = {(—A*u;u),u € D(A*)}. 
Thus 
(-VI'(A*))* = {(e13e2)}, 
so that 
(—A*u, e1)H + (u,e2)H = 0, 
or 


(A*u,e1)H = (u,e2)H- 


Therefore, e; € D(A**) and A**e; = e2. This shows that (e1;e2) € ['(A*™) and 
hence 
(-Vr(a*))~ Cr(A™). 


Therefore, 
T(A) cI(A**), 


which means that A C A**, and since A** is closed, A is closable and A C A**. 
Let us show that in this case, in fact, A = A**. Indeed, if u € D(A**), then 


(v,A"*u) = (A*y,u), ve D(A*), 


or 
(u,A*») = (Aur), ve D(A*), 


or 

(Au,v) = (A**u,v), ve D(A*). 
Since D(A*) = H, we obtain Au = A**u on D(A**). It follows that A** C A and 
furthermore A** C A. Hence A = A**. 
This proves (2) in one direction. Let us assume now that A is closable (i.e., A 
exists and is minimal among all closed extensions) but D(A*) # H. Then there 
exists ug # 0 such that wo D(A*). So uo LD(A*) also. Then 


(uo;0)L(v;A*v), ve D(A*). 
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It follows that 
(uo,v) = (0,A*v), 


(A*v,0) = (,u0). 


In part (1) it is shown that (A) _|(—VI'(A*)). Then 
F(A) L(-Vr(a*)) 


or 


r(A).L(-Vr(4")) 


since A exists. Since also (0;u9)1(—VI'(A*)) then (0;u9) € (A) ie. 0 = 
A(0) = uo 4 0. This contradiction proves (2). 
(3) Since A is closable, (1) and (2) imply 


This completes the proof. 


Example 26.19. Consider the Hilbert space H = L?(R) and the operator 


Au(x) = (u, fo)uo(x); 


where up # 0, uo € L*(R), is fixed and fy 4 0 is an arbitrary but fixed constant. We 
consider A on the domain 


D(A) = {u € L’(R) : [ \fou(x) lax < | = L?(R)NL'(R). 


It is known that L7(IR) NL!(R) = L?(R). Thus A is densely defined. Let v be an 
element of D(A*). Then 


(Au,v) = ((w,fo)uo,v) = (u, fo) (o,v) = (1, (wo, ¥) fo) = (a, (v,40) fo) 


It means that 
A*‘v = (y, uo) fo- 


But (v,u9).fy must belong to L7(IR). Since (v,ug) fo is a constant and fo 4 0, it fol- 
lows that (v,u9) must be equal to 0. Thus 


uLD(A*), 


which implies that 
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ugLD(A*). 


Since uo # 0, we have D(A*) # H. Thus A* exists but is not densely defined. So A 
is not closable. 


Exercise 26.5. Assume that A is closable. Prove that D(A) can be obtained as the 
closure of D(A) by the norm 


(\iAu/? +l?) 


Theorem 26.20 (Closed graph theorem). /fA : H — H is a linear operator whose 
graph T’(A) is closed in H x H, then A is bounded. 


Proof. As a closed subspace of the Hilbert space H x H, the graph I’ (A) is a Hilbert 
space (see Exercise 26.5). Let us define the projection mappings P; and P) as fol- 
lows: 


Since A is linear, both P; and P) are linear. Moreover, P; is injective and surjective 
and P; and P are continuous, since 


Pi (sv) Mee = [elle S Welle + lll 


I|Po(u, v) Ile = [lvl S lela + lvl 


Hence P, is a bijective continuous (bounded) linear map of (A) onto H and has a 
continuous (bounded) inverse, since it is open; see [5]. But at the same time, 


Au=P,(Pi)"'(u), “eH, 


and therefore as a superposition of two bounded linear operators, A is also 
bounded. 


Definition 26.21. An operator A : H — H with D(A) = H is called 
(1) symmetric if A C A*; 

(2) self-adjoint if A = A*; 

(3) essentially self-adjoint if (A)” =A. 


Remark 26.22. A symmetric operator is always closable, and its closure is also 
symmetric. Indeed, if A C A*, then D(A) C D(A*). Hence 


H = D(A) Cc D(A*) CH 
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implies that D(A*) = H. Therefore, A is closable. Since A is the smallest closed 
extension of A, we have 
ACACA*=(A)', 


ie., A is also symmetric. 


Some properties of a symmetric operator A are as follows: 


(1) ACA=A* CA*, 

(2) A=A=A*™ C A’ if A is closed, 

(3) A=A=A* =A’ if A is self-adjoint, 

(4) ACA=A* =A’ if A is essentially self-adjoint. 


Example 26.23. Consider the operator 


in the Hilbert space H = L?(0,1) with domain 


D(A) = {f €C"(0, 1] : (0) = f(1) = (0) = f'(1) = 0}. 


It is clear that D(A) = L7(0,1) and A is not closed. Moreover, integration by parts 
gives 
(Af,g)p2 = (f,Ag)2 


for every f € D(A) and g € W3(0, 1). That is, A is symmetric such that A C A* and 
D(A*) = W3(0,1). As we know, A* = A* always. Now we will show that A is the 


same differential operator of order 2 with D(A) = W3(0, 1), where W3(0, 1) denotes 
the closure of D(A) with respect to the norm of the Sobolev space W; (0, 1). Indeed, 
for every f € D(A) we have 


lf lliz + I lli2 < Ufllivg 


and 


1 
Ill = AF a2 + flea +f Usa 


— 3 2 3 
= Afi + Ufa — fl fP¥ex <5 WAS ba + 5 Ilia 


This means that 


JAF lia + Ulli = Illa 


Exercise 26.5 gives now that 
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D(A) = W3(0,1). 
So we have finally 
D(A) ¢ D(A) = W3(0, 1) = D(A“) ¢ W3(0, 1). 


The closure A is symmetric but not self-adjoint, since 


W3(0, 1) = D(A) 4 D(a’) = D(A*) = W3(0, 1). 


Theorem 26.24 (J. von Neumann). Assume that A C A*. 
(1) If D(A) =H, then A = A* and A is bounded. 

(2) If R(A) =H, then A = A* and A! exists and is bounded. 
(3) IfA~! exists, then A = A* if and only if A~! = (A7!)". 


Proof. (1) Since A Cc A*, we have H = D(A) C D(A*) C H and hence D(A) = 
D(A*) = H. Thus A = A*, and the Hellinger—Toeplitz theorem (Exercise 26.2) 
says that A is bounded. 


(2), (3) Let us assume that wo € D(A) and Aug = 0. Then for all v € D(A) we obtain 
that 
0 = (Aug, v) = (uo, AV). 


This means that uwo_LH and therefore uo = 0. It follows that A~! exists and 


D(A~!) = R(A) = H. Hence (A-!)" exists. Let us prove that (A*)~! exists 
too and (A*)~' = (A~!)”. Indeed, if w € D(A) and v € D((A~!)"), then 


* 


(u,v) = (A! Au,v) = (Au, (A~') v). 
This equality implies that 
(A-!)"v € D(A*) 


and 
A‘ (A7')"v=v. (26.4) 


Similarly, if uw € D(A~!) and v € D(A*), then 
(u,v) = (AA~!u,v) = (A7!u, A*v) 


and therefore 
AtveD((4-1)") 


and 
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(A7!)"A*v =v. (26.5) 


It follows from (26.4) and (26.5) that (A*)~! exists and (A*)~! = (Ay, 
The boundedness of A~! follows from part (1). 


Exercise 26.6. Let A and B be injective operators. Prove that if A C B, then A~! C 
Be, 


Since A C A*, we have by Exercise 26.6 that 

Av! c (Ay = (A-!)*, 
ie., A~! is also symmetric. But D(A~!) = H. We conclude that H = D(A7!) Cc 
D((A~')*) C H and hence D(A~!) = D((A~')*) = H. Thus A7! is self-adjoint 
and bounded (Hellinger—Toeplitz theorem; see Exercise 26.2). Finally, 

Av! = (A~')* = ( “0 


if and only if A = A*. 
This completes the proof. 


Theorem 26.25 (Basic criterion of self-adjointness). fA C A”, then the following 
statements are equivalent: 


(1) A=A*. 
(2) A=A and N(A* +il) = {0}. 
(3) R(A+il) =H. 


Proof. (1) = (2) Since A = A*, it follows that A is closed. Suppose that ug € 
N(A* —il), i.e., up € D(A*) = D(A) and Aup = iuo. Then 


i(uo,Uo) = (iuo, Uo) = (Auo, uo) = (uo, AU) = (uo, iuo) = —i(uo, uo). 


This implies that uo = 0, i.e., N(A* —il) = {0}. The proof of N(A* +iI) = {0} 
is left to the reader. 

(2) => (3) Since A =A and N(A* til) = {0}, it follows, for example, that 
the equation A*u = —iu has only the trivial solution u = 0. This implies that 
R(A—il) = H. For otherwise, there exists ug 4 0 such that uo_LR(A —il). This 
means that for all wu € D(A) we have 


((A—il)u, uo) = 0 


and therefore ug € D(A* + il) and (A* + il)up = 0, or A*up = —iug, Up # 0. This 
contradiction proves that R(A — il) = H. Next, since A is closed, I’(A) is also 
closed, and due to the fact that A is symmetric, we have 
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||(A —id)ul|? = (A — itu, (A —iDu) 
= |[Au||? —i(u,Au) + i(Au,u) + |u|? = |[Aul|? + |lal|? 


for u € D(A). It follows that if (A —iJ)u, — vo, then Au, and u, are conver- 
gent, i.e., Au, — Vp, Un — Up, and u, € D(A). The closedness of A implies that 
Uy € D(A) and vy = Aud, ie., (A —il)up — Au — ivy = vo. This means that 
R(A—il) is aclosed set, i.e., R(A — iJ) = R(A —il) = H. The proof of R(A+il) = 
FH is left to the reader. 

(3) = (1) Assume that R(A +i/) = H. Since A C A%*, it suffices to show that 
D(A*) C D(A). For every u € D(A*) we have (A* —il)u € H. Part (3) implies 
that there exists vp € D(A) such that 


(A —il)vo = (A* —il)u. 


It is clear that wu — vo € D(A*) (since A C A*) and 


Ano p= Oye Se 
= (A—il)vp — (Ail) vp = 0. 


Hence u— vo € N(A* —il). 


Exercise 26.7. Let A be a linear and densely defined operator in the Hilbert space 
H. Prove that 


H =N(A*) @R(A). 


By this exercise we know that 


H = N(A*—il) @R(A+il). 


But in our case R(A + iJ) = H. Hence N(A* — il) = {0} and therefore u = vo. Thus 
D(A) = D(A*). 
This concludes the proof. 


Example 26.26. Assume that an operator A is symmetric and closed in a Hilbert 
space H. Consider the operator A*A on the domain 


D(A*A) = {f € D(A): Af € D(A*)}. 


This operator is self-adjoint. Indeed, since (A*A)* = A*A** = A*A = A*A, we have 
that A*A is symmetric. At the same time, for all f € D(A), we have 


(A*Af, f) = (Af,A™f) = (ALAS) = lIAflly- 


This fact leads to R(A*A til) = H, since A*A +iJ is invertible in this case. Thus, 
Theorem 26.25 gives us that A*A is self-adjoint. The same is true for the operator 
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AA* on the domain 
D(AA*) = {f € D(A*) : A* f € D(A)}. 


It is clear that in general, 
AA* #A*A. 


If equality holds here, the operator A is said to be normal. 
d 
Exercise 26.8. Let H = L7(0,1) and A := ie 
(1) Prove that A is closed and symmetric on the domain 
D(A) = {f €L7(0,1): f’ € 17(0,1), f(0) = f(1) = 0} = W3(0, 1). 


(2) Prove that A is self-adjoint on the domain 


D,(A) = {fe 12(0,1): f €L2(0,1), f(0) = fe, ye R}. 


Chapter 27 
John von Neumann’s Spectral Theorem 


Definition 27.1. A bounded linear operator P on a Hilbert space H that is self- 
adjoint and idempotent, i.e., P? = P, is called an orthogonal projection operator or a 
projector. 

Proposition 27.2. Let P be a projector. Then 

(1) ||Pll = 1ifP 0. 

(2) P is a projector if and only if P* :=1—P is a projector. 

(3) H=R(P)®R(P+), Placp) =I, and Plapi) = 0. 

(4) There is a one-to-one correspondence between projectors on H and closed lin- 
ear subspaces of H. More precisely, if M C H is a closed linear subspace, then 
there exists a projector Py : H — M, and conversely, if P: H — H is a projector, 
then R(P) is a closed linear subspace. 

(5) If {ej}, ,N <. is an orthonormal system, then 


N 
Pyx = > (x, eej, xédH, 
j=l 
is a projector. 


Proof. (1) Since P = P* and P = P?, we have P = P*P, Hence ||P|| = ||P*P||. But 
| P*P|| = ||P. Indeed, 


I|P*PIl <IP*IPI SIRI? 


and 
||PII? = sup ||Px||” = sup (Px, Px) 
\|x||=1 |[x||=1 
= sup (P*Px,x) < sup ||P*Px|| = ||P*P||. 
|[x||=1 \[x||=1 
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Therefore, ||P|| = ||P||, or ||P] = 1, if PA 0. 
Since P is linear and bounded, the same is true about / — P. Moreover, 


(I—P)* =I—-P*=I1-P 


and 
(I— p)? = (I—P)(1—- P) =1-2P+ PF? =1-P. 


It follows immediately from J = P+ P+ that every x € H is of the form u+ v, 
where u € R(P) and v € R(P+). Let us prove that R(P) = (R(P+))~. First 
assume that w € (R(P“))~, i.e., (w, (1 — P)x) = 0 for all x € H. This is equiva- 
lent to 

(w,x) = (w, Px) = (Pw,x), x EH, 


or Pw = w. Hence w € R(P), and so we have proved that (R(P!))~ C R(P). 
For the opposite embedding we let w € R(P). Then there exists x, € H such 
that w = Pxy. If z€ R(P+), then z= P+x, = (I— P)x, for some x, € H. Thus 


(w,z) = (Pxy, I — P)xz) = (Pxy,xz) — (Px, Px) = 0, 


since P is a projector. Therefore, w € (R(P))~, and we may conclude that 
R(P)= (R(P))~. This fact allows us to conclude that R(P) = R(P) and H = 
R(P) @R(P+). Moreover, it is easy to check from the definition that P| Rp) =1 
and P|a(pi) =0. 

If M C H is aclosed subspace, then Theorem 25.12 implies that x = u+v eH, 
where u € M and v € Mt. In that case, let us define Py : H — M as 


Pyx = u. 


It is clear that Pix = Pyu = u= Pyx, ie., P2, = Py. Moreover, if y € H, then 
y=ujt+vy,u, €M,v € M+ and 


(Pux,y) = (u, uy +v1) = (u,u) = (u+v,u1) = (u+v, Puy) = (x, Puy), 
i.e., Py = Py. Hence Py is a projector. If P is a projector, then we know from 


part (3) that M := R(P) is a closed subspace of H. 
Let us assume that NV = o9. Define M as 


M:= [rewsn= een Eta? <a} 


j=l j=! 
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Then M is a closed subspace of H. If we define a linear operator Py as 
Pyx := ers xéH, 
j=l 
then by Bessel’s inequality we obtain that Pyx € M and 
I|Puxl| < [lal 


This means that Py is a bounded linear operator into M. But Pye; = e; and thus 
Pex = Pyx for all x € H. Next, for all x,y € H we have 


(Pyx,y) 10% X, ej i) = ds e;)(€;,y) = 2 (y,e;)e;) 


fee 
ll 
Ea 
T 


-(5 ove i) = (x, Puy), 


i.e., Py = Py. The case of finite N requires no convergence questions and is left 
to the reader. 
This completes the proof. 


Definition 27.3. A bounded linear operator A on a Hilbert space H is said to be 
smaller than or equal to a bounded operator B on H if 


(Ax,x) < (Bx,x), x EH. 


We denote this fact by A < B. The operator A is nonnegative if A > 0; A is positive, 
denoted by A > 0, if A > col for some co > 0. 


Remark 27.4. In the framework of this definition, (Ax,x) and (Bx,x) must be real 
for all x € H. 


Proposition 27.5. For two projectors P and Q the following statements are equiv- 
alent: 


(1) P<@. 

(2) ||Px|| < ||Qx|| for all x € H. 
(3) R(P) c R(Q). 

(4) P=PO=OP. 


Proof, (1) = (2) Follows directly from (Px,x) = (P?x,x) = (Px, Px) = ||Px!l?. 


(3) = (4) Assume R(P) C R(Q). Then QPx = Px or QP = P. Conversely, if QP = P, 
then clearly R(P) C R(Q). Finally, P= QP = P* = (QP)* = P*Q* = PQ. 
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(2) = (4) If (4) holds, then Px = PQx and ||Px|| = ||PQx|| < ||Qx|| for all x € H. 
Conversely, if ||Px|| < ||Qx||, then Px = QPx + Q+ Px implies that 


|Px |? = oPx|? + |]otes| < jars? 


Hence 
7 2 
|orPxl[ =o. 


ie., OQ Px = 0 for all x € H. Hence P= OP = PO. 


This completes the proof. 


Exercise 27.1. Let {Pi} Fy be a sequence of projectors with P; < Pj; for each 
j=1,2,.... Prove that lim;_,.. P; := P exists and that P is a projector. 


Definition 27.6. A linear map A : H — H with the property 
||Axl| = [xl], xe H, 


is called an isometry. 


Exercise 27.2. Prove that 


(1) A is an isometry if and only if A*A = J. 
(2) Every isometry A has an inverse A~! : R(A) + H and A~! = A*| aca): 
(3) If A is an isometry, then AA* is a projector on R(A). 


Definition 27.7. A surjective isometry U : H — H is called a unitary operator. 


Remark 27.8. It follows that U is unitary if and only if it is surjective and U*U = 
UU* =1, ie., (Ux,Uy) = (x,y) for all x,y € A. 


Definition 27.9. Let H be a Hilbert space. The family of operators {E,}9__.. is 
called a spectral family if the following conditions are satisfied: 


(1) E, isa projector for all A € R. 
(2) Ey < Ey, foralla <u. 
(3) {E,} is right continuous with respect to the strong operator topology, i.e., 


lim ||Esx— E;x|| =0 
sot+ 


for allx € H. 
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(4) {E,} is normalized as follows: 


lim ||E,x||=0, lim ||Z,x|| = |[a"| 
A> 00 A—+0 


for all x € H. The latter condition can also be formulated as 


lim ||E,x—<x|| =0. 
A—-+e0 
Remark 27.10. It follows from the previous definition and Proposition 27.5 that 


EF, Eu = Eminfau}- 


Proposition 27.11. For every fixed x,y € H, (E,x,y) is a function of bounded vari- 
ation with respect tod ER. 


Proof. Let us define 
E(a,B]:=Eg—Ea, a<fB. 


Then E (a, B] is a projector. Indeed, 
E(a, B)" = Eg — Eq = Eg — Ea = E(x, B}, 
i.e., E(a, B] is self-adjoint. It is also idempotent due to 
(E(a,B])” = (Eg — Eo) (Ep — Ea) = Eg — EaEg — EpEa+Eq 
= Ep — Ea — Ea + Eo = E(a,B]. 
Another property is that 


E(q@,Bi|xLE(a,Bly, x,yeH 


if By <a or B < ay. To see this for B, < a we calculate 
(E (a, Bi]x, E(@, Bly) = (Ep,x — Ea,x,Epy — Eay) 


= (Ep,x, Egy) ~~ (Ea,x,Epy) = (Eg,x,Eay) + (Eq, x, Eay) 
= (x, Eg,y) _ (x, Eo, y) _ (x, Ep, y) + (x, Eq, y) = 0. 


Let now 


No < Ay <i << Ay. 
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< ¥ EAj-1,4 i) JEQs-1,4))) 


n 27, 1/2 
( e3;-.2;°) (3 ecs-1a4] 
J J— 


> 20.4 
j=l 


= ||E(Ao, An]a| E(Ao, Anlyll < loll [ly 


IA 


l| 


Here we have made use of orthogonality, normalization, and _ the 
Cauchy—Bunyakovsky—Schwarz inequality. 


By Proposition 27.11 we can define a Stieltjes integral. Indeed, for every continuous 
function f(A) we may conclude the equality of limits 


jin, 3105) (14a) =o (BAEC As>), 
j=l j=l 


where A; € [Aj-1, Ag], (= Ay <A <--> < Ay = B, and A = maxy<jey |Aj-1—A,| 
exists, and by definition this limit is 


B 
[ f@ dex), syeH. 


It can be shown that this is equivalent to the existence of the limit in H 
n 
tim » FA)EA-1, Aj], 
j= 


which we denote by 


[ * f(A) dE 


Thus 
B B 
[ s@aeixy) = (fa aeiny), mye. 
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For the spectral representation of self-adjoint operators one needs integrals not only 
over finite intervals but also over the whole line, which is naturally defined as the 


limit 
7 B 
[f@)aexxy) = jim. f payateasy) = (fsa jaziay) 
a 


if it exists. Deriving first some basic properties of the integral just defined, one can 
check that 


° B 
[ fA) Ex») = iL ee 


Theorem 27.12. Let {E,}9__., be a spectral family on a Hilbert space H and let 
f be a real-valued continuous function on the line. Define 


Dix {xeH: fiir A)Pa(Eax.x) <b 


(or D:= {x€H: J@., f(A)dE,xexists}). Let us define on this domain an operator 
Aas 


(4x9) = | fA)d(E,x,y), xe D(A) = D,yeH 
(or Ax = [~, f(A)dE,x,x € D(A)). Then A is self-adjoint and satisfies 


E(a, BJA CAE(a,B], a<fB. 


Proof. It can be shown that the integral 
[ f@aex) 


exists for x € D and y € H. Thus (Ax, y) is well defined. Let v be an element of H and 
let € > 0. Then by normalization, there exist ~@ < —R and B > R with R sufficiently 
large such that 


Iv — E(oe, B}v|| = ||v —Egv+Eav|| < ||(¢-—Eg)v|| + ||Eavl| <e. 
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On the other hand, 


[| \@)Pae£(@, 6. E(@,B)) = ff) Pde £(@,B)») 
=f \fAyPaez py») — fv A)PaE, Ears») 


B a 
= f@)Pa(Enry)— fF A)PaEa»») 


—oo 


e 2 
= f Wf a)Paea»») < 


These two facts mean that E(a,B]v € D and D = H. Since f(A) = f(A), it follows 
that A is symmetric. Indeed, 


- B 
(4xy) =f f(A)eEax.») = i : M(A)AEDX;3) 


po 
B 
= [: jim | wots) = (x, Ay). 
Boo" ® 


In order to prove that A = A*, it remains to show that D(A*) C D(A). Let u € D(A*). 
Then 


B 
(E(ot, B]z,A°u) = (AE (a, B]z,u) =| f(A) d( Ej 2,4) 


for all z € H. This equality implies that 


(<,A"u) = lim, "50 (Ez) =f fA)a( E20) 


= cue = [FOE a,2) = (Au,z) = (z,Au), 


where the integral exists because (z,A*u) exists. Hence u € D(A) and A*u = Au. For 
the second claim we first calculate 
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E(a, B]Ax = (Eg — Eq) Ax = (Eg — Eq) ) f(A)dEyx 


i. : f(A)dE,Egx— I - f(A)dEy Ex 


l 


B a 
=|" fa)aex— fo fayaenx 

B eS 
- [ f(A)dEyx = / _f(A)AE, (Ep —Ea)* 
=A (Eg — Eq) x = AE(ax, B]x 


for all x € D(A). Since the left-hand side is defined on D(A) and the right-hand side 
on all of H, the latter is an extension of the former. 


Exercise 27.3. Let A be as in Theorem 27.12. Prove that 
aul? =f (fA) PACE u,u) 


if u € D(A). 


Exercise 27.4. Let H = L?(R) and Au(t) = tu(t), t € R. Define D(A) on which 
A = A* and evaluate the spectral family {Ey }9_ 


—oo” 


Theorem 27.13 (John von Neumann’s spectral theorem). Every self-adjoint 
operator A on a Hilbert space H has a unique spectral representation, i.e., there 
is a unique spectral family {Ej }9__., such that 


Ax= / AdE,x, x€D(A) 


(i.e, (Ax,y) = [™Ad(E,.x,y),x € D(A),y € H), where D(A) is defined as 


D(A) = {3 eH: if Vaeaxx) < | 


Proof. First we assume that this theorem holds when A is bounded, that is, that there 
is a unique spectral family {Fy };7-—.. such that 


—oo 


Au= | UdFyu, ucdH, 


since D(A) = H in this case. But F, = 0 for u < mand F, =/ for p > M, where 


m= inf (Ax,x), M= sup (Ax,x). 
\|x|=1 \lx||=1 
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The spectral representation therefore can be written in the form 
M 
Au = / UdFyu, ued. 
m 


Let us consider now an unbounded operator that is semibounded from below, i.e., 
(Au,u) > mo(u,u), ue D(A) 


with some constant mg. We assume without loss of generality that (Au,u) > (u,u). 
This condition implies that A7! exists, it is defined over all of H, and ||A7t | <i. 
Indeed, A~! exists and is bounded because Au = 0 if and only if u = 0. The norm 
estimate follows from 


(,A7!v) > JA“, ve D(AT). 


Since A~! is bounded, D(A~!) is a closed subspace in H. The self-adjointness of A 
means that A~! = (A-!)", Therefore, A~! is closed and D(A~!) = H, ie., A~! is 
densely defined. Therefore, D(A~!) = H and R(A) = H. Since 


0< (Alyy) < Il’, ved, 
we may conclude in this case that m > 0, M < 1, and 
; 1 
A v= f UdFyy, ved, 
0 


where {Fj } is the spectral family of A~!. Let us note that Fj = J and Fy = 0, which 
follows from the spectral theorem for bounded operators and from the fact that 
A-!v =Oif and only if v= 0. Next, let us define the operator Be, € > 0, as 


1] 
Beu:= | —dFyu, u€ D(A). 
e LU 


For every v € H we have 
ly ly 1 
BeAly= [ ~dFy(A-'y) = | ay ( adr”) 
e L € 0 


1] * ly a lq 
ea (/ (Fu ») i i (/ ») | ue BV 


1 
=, dFyv = Fiv— Fev =v— Fev. 
E 
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Since every spectral family is right continuous, it follows that 


lim B,A7!v=v 
e—0+ 


exists. For every u € D(A) we have similarly 


1 1 u 
A'Beu= | MaF,(Beu) = [ ud | Sara =u-—F,u, 
0 € é A 


and hence 
lim A7'Beu =u 
e—0+ 


exists. These two equalities mean that 


‘ _ -1 a 
lie= (0-1) 


exists and the spectral representation 
14 ba 
ou e504 Je u 


holds. If we define E, =I1— Fi, 1<A <9, then 
a 


ly co 
A=-| —dE, = | AdEy. 
ou # 1 


Exercise 27.5. Prove that this {E, } is a spectral family which is left-continuous. 


The domain D(A) can be characterized as 


D(A) = {u CH: [ae juu) < | = {u CH: - al Fat < ae 


This proves the theorem for self-adjoint operators that are semibounded from below. 
For bounded operators we will only sketch the proof. 


Step 1. IfA=A* and A is bounded, then we can define 
pn(A) :=aol +ajA+- --+ayA%, NEN, 


where a; € R for j = 0,1,...,N. Then py(A) is also self-adjoint and bounded 
with 


I[pw(A)|| < sup |py(o)]. 
ii sil4ll 
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Step 2. For every continuous real-valued function f on [m,M], where m and M are 
as above, we can define f(A) as an approximation by py(A), i-e., we can prove 
that for every € > 0 there exists py(A) such that 


I F(A) — pw(A)|| <€. 
Step 3. For every u,v € H let us define the functional L as 
L(f) = (f(A)uy). 


Then 
IL(F)| = |(F(A)u,v)| < LAA) Mell Iv, 


that is, L(f) is a bounded linear functional on C[m, M]. 
Step 4. (Riesz’s theorem) A continuous positive linear functional L on C[a, b] can 
be represented in the form 


Lin = [ feyavia, 


where v is a measure that satisfies the conditions 


(1) L(f) = 0 for f > 0; 
(2) |L(f)| < v(K) || fllz, where K C [a,b] is compact and 


Ilfllx = max |f(x)]- 


Step 5. It follows from Step 4 that 


M 
(Auv) = / Adv(A;u,v). 


1 


Step 6. It is possible to prove that v(A;u,v) is a self-adjoint sesquilinear form, 
from which we conclude that there exists a self-adjoint and bounded operator Ey 
such that 


V(A;u,Vv) = (E,u,V). 


This operator is idempotent, and we may define E, = 0 for A < mand E, =I 
for A > M. Thus {E,}5__., is the required spectral family, and the theorem is 
proved. See [4] for an alternative proof of this theorem. 


Let A: H — H be a self-adjoint operator in a Hilbert space H. Then by von 
Neumann’s spectral theorem we can write 


Au= | AdE,u, u€D(A). 
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For every continuous function f we can define 


Des {u cH: [. f(A) Pd(Eju,u) < =. 


This set is a linear subspace of H. For every u € Dy and v € H let us define the linear 
functional 


Lv) := / f(A)d(Eyu,v) = ( fl Fld )aE amv) 
This functional is continuous because it is bounded. Indeed, 


co 2 co 
BoP s | [- sayaeaal) w= [~ arPaceaaen bl? =e) I, 


By the Riesz—Fréchet theorem this functional can be expressed in the form of an 
inner product, i.e., there exists z € H such that 


| f@dEin,») = @), eH. 


We set 
zi= f(A)u, ue Dr, 


(f(A)u.») =f fA)d(Eau,»). 


Remark 27.14. Since in general f is not real-valued, f(A) is not a self-adjoint oper- 
ator in general. 


Example 27.15. Consider 


A-i 
PA) 9 ag AER, 


and a self-adjoint operator A with spectral family E,. Define 


-A-i 
Ug := f(A) = >—dE). 
A hil ) be A+i A 
The operator Uy, is called the Cayley transform of A. Since |f(A)| = 1, we have 
Dy = D(Ua) =H and 
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2 i 2 B 
|Waul|? =f f(A)/PaE aun) = tim f a(n) 
eg 00 J gy 
Bo 


= lim ((Epu,u) — (Eau,u)) = Jim (|[Egul|’ — Eau”) = |lul|? 


Boo Boo 


by normalization of {£,}. Hence U, is an isometry. There is a one-to-one corre- 
spondence between self-adjoint operators and their Cayley transforms. Indeed, 


U, = (A—-il)(A+il)“! 


is equivalent to 


I—U, =2i(A+il) 
I+U, =2A(A+il)“!, 


or 
A=i(I+U,4)(I-Ua)! 


Example 27.16. Consider 


f(A) = 7 ’ A R,z C,Imz 40. 


Define 
R,:= (A—z)~ 
- a =f A-z = 
The operator R, is called the resolvent of A. Since 


1 
|Im z| 


it 
< 
bo ~ 


for all A € R, we have that R, is bounded and defined on the whole of H. 


Example 27.17. Suppose that K(x,y) € L?(Q x Q). Define an integral operator on 


L?(Q) as 
= I K(x,y)f(y)dy 
x)= a K(y,x) f(y)dy 
AAS (x) =f (x [Ko Ko.a)dy) F(z)dz. 


Then 


and therefore 
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As we know from Example 26.26, A*A is self-adjoint on L?(Q). This fact can also 
be checked directly, since 


[,K0.2KO#a= | K0.9KOZe. 
Q Q 


Von Neumann’s spectral theorem gives us for this operator and for all s > 0 that 
Alfa, 
(A*A)® = | Po A sdB, 
0 


since A*A is positive and bounded by I|Al|Z2_, ee 


Exercise 27.6. Let A = A* with spectral family E,. Let u € D(f(A)) and v € 
D(g(A)). Prove that 


(F(Au,g(Ayv) =f FA)RA)AEru,»). 


Exercise 27.7. Let A = A* with spectral family E,. Let u € D(f(A)). Prove that 
f(A)u € D(g(A)) if and only if u € D((gf)(A)) and that 


(ef)(Aju= [ gA)f(A)dEnw. 
Remark 27.18. It follows from Exercise 27.7 that 


(sf)(A) = (F8)(A) 


on the domain D((fg)(A)) ND ((gf)(A)). 


Chapter 28 
Spectra of Self-Adjoint Operators 


Definition 28.1. Given a linear operator A on a Hilbert space H with domain D(A), 
D(A) = H, the set 


p(A) = {ze C: (A—z/) ‘exists as a bounded operator from H to D(A) } 
is called the resolvent set of A. Its complement 
o(A) =C\ p(A) 
is called the spectrum of A. 


Theorem 28.2. 


(1) If A=A then the resolvent set is open and the resolvent operator R, := 
(A —2zI)~! is an analytic function from p(A) to B(H;H), the set of all linear 
bounded operators in H. Furthermore, the resolvent identity 


R,—Re = (z—§)RRe, z,€ € p(A) 


holds and R!, = (R;)’. 
(2) IfA =A* then z € p(A) if and only if there exists C, > 0 such that 


I|(A— ull > Clu 
for allu € D(A). 


Proof. (1) Assume that zo € p (A). Then R,, is a bounded linear operator from H to 
D(A) and thus r := ||R., i > 0. Let us define for |z— zo| < r the operator 


Gy = (Z—2) Ry: 
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Then G,, is bounded with | Gx | < 1. Hence it defines the operator 


co 


= | j 
(I-Ga) = > (Geo)" 
j=0 
because this Neumann series converges. But for |z— zo| < r we have 


A—z = (A—2zol)(I—- Gy), 


or 
= =k 
(A—zl)~! = (I-Gy) Rey: 


Hence R; exists with D(R,) = H and is bounded. It remains to show that R(Rz) C 
D(A). For x € H we know that 


y:=(A—dz)'xeH. 


We claim that y € D(A). Indeed, 


y= (A=al) le = (I Gz) Rage = Y (2-20)! (Reg)! x 
j=0 


n : 
= lim ¥' (z—z0)! (Rey)! x. 
=) 


n—-eoo % 


It follows from this representation that R, = (A —z/)~! is an analytic function 
from p(A) to B(H;H). Next we define 


n 


SxS > (z—zo)/ (Rey) * x. 


j=0 
It is clear that s,x € D(A) and that lim,_...5,x = y. Moreover, 


lim (A — z/) Spx = x. 


n—-oo 


Writing y, := s,x we conclude from the criterion for closedness that 


y€ D(A), 


Yn y, 
<A may: 
(A—Zl)yn > Baal 


Yn € D(A), 
= 


Hence y = (A—z/)~!x € D(A), and therefore p(A) is open. The resolvent iden- 
tity is proved by a straightforward calculation: 


wa 
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R,— Re = R(A— €1)Rz — R,(A— zl) Re = R-[(A— El) — (A—z1)] Re 
= (z— g)RRe ; 


Finally, the limit 


exists, and hence R. — (R;)? exists, which proves this part. 
Assume that A = A*. If z € p(A), then by definition R, maps from H to D(A). 
Hence there exists M, > 0 such that 
|R-vl| < Mz |lv|], ve H. 
Since u = R,(A — z/)u for all u € D(A), we get 
Ilul| < Mz ||(A—zl)ul|, 4 € D(A). 


This is equivalent to 
1 
I|(A—zt)ull 2 > lull, # € D(A). 


Conversely, if there exists C, > 0 such that 


(A—z)u|| > Cz|lul|, «€ D(A), 


then (A —zI)~! is bounded. Since A is self-adjoint, (A — z/)~! is defined over all 
of H. Indeed, if R(A — z/) # H, then there exists vp 4 0 such that vo _LR(A — z/). 
This means that 

(vo, (A—z)u) =0, ue D(A), 


or 
(Au, vo) = (zu, vo), 


or 
(u,A*vo) = (u,Zv0). 


Thus vo € D(A*) and A*vp = Zvo. Since A = A*, it follows that vo € D(A) and 
Avo = Zvo, Or 

(A = Z) Vo = 0. 
It is easy to check that ||(A — Z/)ul|? = ||(A — z/)ul* for all w € D(A). Therefore, 


|| (A — 2) vol] = ||(A — 2!) voll = Cz |Ivoll 
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Hence vp = 0 and D((A —zI)~!) = R(A—2zI) = H. This means that z € p(A). 
Oo 


Corollary 28.3. [fA = A*, then o(A) #0,0(A) = 0(A) and o(A) CR. 
Proof. Ifz= a+iB € C with Imz= B £0, then 


||(A = zt) x)? = ||(A — xt) x — Bx)? = ||(A — act) x||° + [BP xl? > [BP Ill”. 


This implies (see part (2) of Theorem 28.2) that z € p(A), which means that 
o(A) CR. Since A = A* and is therefore closed, the spectrum o(A) is closed as 
the complement of an open set (see part (1) of Theorem 28.2). 

It remains to prove that o(A) 4 @. Assume to the contrary that o(A) = 0. Then 
the resolvent R, is an entire analytic function. Let us prove that ||R_|| is uniformly 
bounded with respect to z € C. We introduce the functional 


T,(y) = (Rzx,y), |x| = 1,y € A. 


Then 7;(y) is a linear functional on the Hilbert space H. Moreover, since R, is 
bounded for every (fixed) z € C, it follows that 


IZ(y) |< Rexll Ilyll S| 


R; 


yl =C.lDI- 


Therefore, 7,(y) is continuous, i.e., {7,,z € C} is a pointwise bounded family of 
continuous linear functionals. By the Banach-Steinhaus theorem (or the uniform 
boundedness principle) we conclude that 


sup ||7;|| = co < ©. 


zeC 
We therefore have 
IT-(y)| = |(Rex,y)| <collyll, lla] =1,z€C, 


which implies that ||R.x|| < co, i-e., ||R|| < co. By Liouville’s theorem we may 
conclude now that R, is constant with respect to z. But by von Neumann’s spectral 


theorem, 
| 
R,= ~—dE 
=f zee, 


where {E, } is the spectral family of A = A*. Due to the estimate 


1 
R,|| < —, 
Rel <a 


we may conclude that ||R,|| — 0 as |Imz| — oe. Hence R, = 0. This contradiction 
completes the proof. 
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Exercise 28.1. Consider A = 4 defined in L7(0, 1) with domain 
D(A) = {u € Wy (0,1) : u(1) = O}. 


Show that A # A* and 0(A) = 0. 


Exercise 28.2. [Weyl’s criterion] Let A = A*. Prove that 2 € o(A) if and only if 
there exists x, € D(A), ||xp|| = 1, such that 


lim ||(A—Al)xyl| = 0. 


Definition 28.4. Let us assume that A = A. The point spectrum Op(A) of A is the 
set of eigenvalues of A, i.e., 


6>(A) = {4 € (A): N(A—AD) 4 {OF}. 


This means that (A —AJ)~! does not exist, i.e., there exists a nontrivial wu € D(A) 
such that Au = Au. The complement o(A) \ op(A) is called the continuous spectrum 
0-(A). The discrete spectrum is the set 


04(A) = {A € 0,(A) : dimN(A — AJ) < and A is isolated ino(A)}. 
The set Oess (A) := 0(A) \ Oa(A) is called the essential spectrum of A. 


In the framework of this definition, the complex plane can be divided into regions 
according to 
C=p(A) UofA), 


and 
0 (A) = 0a(A) U Oess (A), 


with all the unions disjoint. 


Remark 28.5. If A= A*, then 


(1) A € 0,(A) means that (A—J)~! exists but is not bounded. 
(2) 


ess (A) = c(A) 
U {eigenvalues of infinite multiplicity and their accumulation points} 


U {accumulation points of og(A) }. 


Exercise 28.3. Let A = A* and A;,A2 € o)(A). Prove that if A; 4 A2, then 
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N(A— AyD) LN(A— Ag). 


Exercise 28.4. Let {e;}%_, be an orthonormal basis in H and let {sj}, C C be 
some sequence. Introduce the set 
D=sxEH: ¥ |s;\"|(x,e/) 7? <0? 
j=l 
Define 
Ax= )' sj(x,ej)ej, x€D. 
j=l 


Prove that A = A and that o(A) = {s;: j = 1,2,...}. Prove also that 


for all z € p(A) and x € D. 


Exercise 28.5. Prove that the spectrum o(U) of a unitary operator U lies on the 
unit circle in C. 


Theorem 28.6. Let A = A* and let {Ej}, cp be its spectral family. Then 


(1) w € o(A) ifand only if Ey+e — Ey—e # 0 for every € > 0. 
(2) UW € 0)(A) if and only if Ey — Ey-o # 0. Here Ey—o := lime .04 Ey—e in the 
sense of the strong operator topology. 


Proof. (1) Suppose that u € o(A) but there exists € > 0 such that Ey 4~¢—Ey—¢ =0. 
Then by the spectral theorem we obtain for every x € D(A) that 


W(A-wal?= [Any aEx,x) > Dppea HP aE) 


ie peo 
> e | d(E,x,x) =e? | + | d(Eyx, x) 
|A—p|>e oo L+e 


= e*|(Ey-ex,x) + [lll — (Eu tex,x)] =e? lle? 


This inequality means (see part (2) of Theorem 28.2) that u ¢ o(A) but p € 
p(A). This contradiction proves (1) in one direction. Conversely, if 


PrisE,,1—-E, 170 


for all n € N, then there is a sequence {x,}” , such that x, € R(P,), ie., 
Xn = PiXp, 1.€., X, € D(A) and ||x,|| = 1. For this sequence it is true that 
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I|(A— pI) xl? = i (A= MY (Ep Pn, Pon) 
= A=) d(EyXn,Xn 
eae LH) d(E, Xn, Xn) 


1 ee 1 1 
<5 f AEpra) = 5 lrnll? = 0 


as n — co. Hence, this sequence satisfies Weyl’s criterion (see Exercise 28.2) 
and therefore  € o(A). 

(2) Suppose p € R is an eigenvalue of A. Then there exists x9 € D(A), x9 4 0, such 
that 


0=||(A—pDxol?= f(A —H)Pa(E,20,20). 
In particular, for all n € N large enough and € > 0 we have that 


n 


n 
o= [' (A= B)*A(E,x0,x0) > €? |” d(E,x0,x0) = €((En— Eye)x0,%0) 
L+e +e 
2 2 
=? ||(En—Eyte)xo||’ - 
Thus we may conclude that 
0 = Enxo — Eq+eXo- 
Similarly we can get that 
0 = E_nx0 — Ey—eXo. 
Letting n — co and € — 0, we obtain 
Xo =Eyxo, O= Ey—oxo. 


Hence 
x= (Ey —Ey-o)X0 


and therefore 
Ey —Ey-o #9. 


Conversely, define the projector 
P:=Ey—Ey-o. 


If P # 0, then there exists y € H, y #0, such that y = Py (e.g., any y € R(P) 4 
{0} will do). For A > y it follows that 
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Ey y = E) Py = E) Evy — Ej, Ey-oy = Py =y. 
For A < pt we have that 
Eyy = E, Evy — E, Ey-oy = Egy — Exy = 0. 
Hence 


(Anil? = fA —m)a(eay.s) = [a —nyPaa(o.9) =0. 


Therefore, Ay = Uy and y € D(A), y £0, ie., wf is an eigenvalue of A, or 
LL € 0) (A). 


Remark 28.7. The statements of Theorem 28.6 can be reformulated as follows: 


(1) uw € o,(A) if and only if Ey, — Ey-o 4 0. 
(2) uw € o,(A) if and only if E, — Ey = 0. 


Definition 28.8. Let H and H, be two Hilbert spaces. A bounded linear operator 
K:H — H, is called compact or completely continuous if it maps bounded sets in 
H into precompact sets in Hj, i.e., for every bounded sequence {x,}"_, C H the 
sequence {Kx,}"_, C Hj contains a convergent subsequence. 


If K : H — H, is compact, then the following statements hold. 


(1) K maps every weakly convergent sequence in H into a norm convergent 
sequence in Hj. This condition is also sufficient. 

(2) If H = HM, is separable, then every compact operator is a norm limit of a 
sequence of operators of finite rank (i.e., operators with finite-dimensional 
ranges). 

(3) The norm limit of a sequence of compact operators is compact. 


Let us prove (2). Let K be a compact operator. Since H is separable, it has an 
orthonormal basis {e per Consider for n = 1,2,... the projector 


Then P, < P,+1 and ||(1— P,)x|| > 0 as n > o. Define 


dy i= a ||K(1— P,)x|| = ||KU— P,) || - 


Since R(I — P,) D RU — Pi+1) (see Proposition 27.5), it follows that {d,}”_, is a 
monotonically decreasing sequence of positive numbers. Hence the limit 
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lim d, :=d > 0 


n-o 


exists. Let us choose y, € R(I— Pi), 


yn|| = 1, such that 


|K(—Pa)yall = [|Kyall > .. 


Then 


|(¥n+x)| = (= Pa)¥ns*)| = [Ons = Pa) x)| S Ilynll I Pa)xl] > 0 


as n — © for all x € H. This means that y, “> 0. The compactness of K implies that 
Ky, — 0. Thus d = 0. Therefore, 


dy, = ||K — KP,|| — 0. 
Since P, is of finite rank, so is KP,, i.e., K is a norm limit of finite-rank operators. 


Lemma 28.9. Suppose A = A* is compact. Then at least one of the two numbers 
+||A|| is an eigenvalue of A. 


Proof. Since 
||A|| = sup |(Ax,x)], 
\|||=1 


there exists a sequence x, with ||x,|] = 1 such that 


|Al| = lim |(Axn,0)] 


In fact, we can assume that limy—,..(Axn,Xn) exists and equals, say, a. Otherwise, we 
would take a subsequence of {x,}. Since A = A*, it follows that a is real and ||A|| = 
|a|. Due to the fact that every bounded set of a Hilbert space is weakly relatively 
compact (the unit ball in our case), we can choose a subsequence of {x,}, say {x,, }, 
that converges weakly, 1.e., x,,, —. x. The compactness of A implies that AXk, — y- 
Next we observe that 


Axe, — a%4, II? = Axe, I? —24(Ax, ¥4,) +a? < |All? — 2a(ArG, .4,) +7 


= 2a” — 2a(Axz, ,x4,) > 2a” —2a* =0 


n? 


as n — co, Hence 


AXxy,, — aXx,, — 0, 
Xk, > X, 
Ax; = Y, => 
a Ax = ax. 
Xk, 3X 
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Since ||x;, |] = 1, we have ||x|] = 1 also. Hence x ¥ 0, and a is an eigenvalue of A. 


Remark 28.10. It is not difficult to show that the statement of Lemma 28.9 remains 
true if A is just bounded and self-adjoint. 


Theorem 28.11 (Riesz—Schauder). Suppose A = A* is compact. Then 


(1) A has a sequence of real eigenvalues 4; # 0 that can be enumerated in such a 
way that 
|Ai| > |Ag| > e+ > [AJ Se. 


(2 


YS 


If there are infinitely many eigenvalues, then limj—..A; = 0 and 0 is the only 
accumulation point of {Aj}. 

(3) The multiplicity of A; is finite. 

(4) Ife; is the normalized eigenvector for Aj, then {e ;}_, is an orthonormal system 
and 


co 


Ans ¥ Agixye;e5= 


j=l J 


Ms 


(Ax,ejjej, x EH. 


ll 
_ 


This means that {e;}°_, is an orthonormal basis of R(A). 
(5) o(A) = {0,A1,A2,...,A;,-.-}, while 0 is not necessarily an eigenvalue of A. 


Proof. Lemma 28.9 gives the existence of an eigenvalue A; € R with |A;| = ||A|| 
and a normalized eigenvector e;. Introduce H; = ae Then H is a closed subspace 
of H, and A maps H into itself. Indeed, 


(Ax, e1) = (x,Ae) = (x, Aje1) = Ay (x,e1) = 0 


for every x € Hj. The restriction of the inner product of H to H; makes H, a Hilbert 
space (since Hj is closed), and the restriction of A to Hj, denoted by A; = Aly, , is 
again a self-adjoint compact operator that maps in H. Clearly, its norm is bounded 
by the norm of A, i.e., ||A;|| < ||Al|. Applying Lemma 28.9 to A; on Aj, we get 
an eigenvalue Az with |Az| = ||A;|| and a normalized eigenvector e) with e2 Le). It 
is clear that |Aj| < |A,|. Next introduce the closed subspace Hy = (span{e1,e2})~. 
Again, A leaves H invariant, and thus Az := Aj| a= A| np 18 a self-adjoint compact 
operator in Hz. Applying Lemma 28.9 to Az on A, we obtain A3 with |A3| = ||Ao|| 
and a normalized eigenvector e3 with e3Le2 and e3e;. This process in an infinite- 
dimensional Hilbert space leads us to the sequence {A ;}%"_, such that |Aj+1| < |A| 
and corresponding normalized eigenvectors. Since |A;| > 0 and the sequence is 
monotonically decreasing, there is a limit 


lim |A,| =r. 
jroo 


Clearly r > 0. Let us prove that r = 0. If r > 0, then |A;| >r> 0 foreach j = 1,2,..., 
or 
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Hence the sequence of vectors 


is bounded, and therefore there is a weakly convergent subsequence y;, + y. The 
compactness of A implies the strong convergence of Ay;, = e;,. But for k 4m we 


= /2. This contradiction proves (1) and (2). 


have llein — jn 


Exercise 28.6. Prove that if H is an infinite-dimensional Hilbert space, then the 
identity operator J is not compact, and the inverse of a compact operator (if it exists) 
is unbounded. 


Exercise 28.7. Prove part (3) of Theorem 28.11. 


Consider now the projector 


Then J — P, is a projector onto (span{e},..., en})~ = H,, and hence 
AU — Pa)xl] < Allg, [|Z — Pa) S [Ani] [ll] + 0 


as n — oo. Since 


ee (x,e;)Aej = Dat x,ej)e 
j=l 


and 


7 


||AZ— Py )x|| = ||Ax—AFpx|| > 0, 1 0 


we have 


Ax = y Aj (x, e;)e;, 
j=l 
and part (4) follows. Finally, Exercise 28.4 gives immediately that 


o(A) = {0,A1,A2,...,A;,-.-}- 


This completes the proof. 


Corollary 28.12 (Hilbert-Schmidt theorem). An orthonormal system of eigen- 
vectors {efi of a compact self-adjoint operator A in a Hilbert space H is an 
orthonormal basis if and only if N(A) = {0}. 
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Proof. Recall from Exercise 26.7 that 


H = N(A*) @R(A) = N(A) @R(A). 


If N(A) = {0}, then H = R(A). This means that for every x € H and € > 0 there 


exists ye € R(A) such that 
Ix — yell < €/2. 


But by the Riesz—Schauder theorem, 
Ve = AXe = bs Vj (Xe, ej)e;- 
j=l 


Hence 


Ilx— yell = 2E/2. 


x bY Vj (xe, € je; 
j=l 


Making use of the Pythagorean theorem, Bessel’s inequality, and Exercise 25.8 
yields 


x— > (x, e;/)e; < x— VAj(He, e;)e; 
j=l j=l 
= x— D Aj(Xe,ej)ej+ ~ Vj (Xe,e; ej 
j=l j=n+1 
<e/2+ > Vj(xe,e;)e; 
j=nt+l 
” 1/2 
cer DS aflioeedP 
j=n+l 


: 1/2 
<e/2+ Pel ( p3 (soe) 


j=n+l1 


< €/2+|Ansi||lxell <€ 


for n sufficiently large. This means that {e ae is a basis of H, and moreover, it is 
an orthonormal basis. 

Conversely, if {e ipa is complete in H, then R(A) = H (Riesz—Schauder) and 
therefore N(A) = {0}. 
Remark 28.13. The condition N(A) = {0} means that A~! exists and H must be 
separable in this case. 


Proposition 28.14 (Riesz). /f A is a compact operator on H and wu € C, then the 
null space of I— pA is a finite-dimensional subspace. 
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Proof. The null space N(J— LA) is a closed subspace of H, since J— 1A is bounded. 
Indeed, for each sequence f, — f and f, — UAf, = 0 we have that f— UA = 0, 
since A is continuous. 

The operator A is compact on H and therefore also compact from N(I— yA) onto 
N(I— A), since N(I — LWA) is closed. Hence, for every f € N(I — A) we have 


If = (1—-pA)f+pAf = pf, 


and J is compact on N(J — LA). Thus N(J — WA) is finite-dimensional. 


Theorem 28.15 (Riesz’s lemma). /f A is a compact operator on H and pt € C, then 
R(I— UA) is closed in H. 


Proof. If u = 0, then RU — WA) = H. If u 4 0, then we assume without loss of 
generality that up = 1. Let f © R(J—A), f #0. Then there exists a sequence {g,,} C 
H such that 
f= lim(1—A)gn. 
We will prove that f © R(J—A), ie., there exists g € H such that f = (J—A)g. 
Since f # 0, we can assume by the decomposition H = N(I— A) @N(I—A)+ that 
&n © N(I—A)* and gn £0 for alln EN. 
Suppose that g,, is bounded. Then there is a subsequence {g;,,} such that 


Ww 
Sk, — &- 
The compactness of A implies that 
Agr, ~ h=Ag. 


Next, 
8k, = I-A) gn, +Agn, 2 fh. 


Hence g = f+Ag, ie., f = (I—A)g. 
Suppose that g, is not bounded. Then we can assume without loss of generality 
that ||2,|| — °°. Let us introduce a new sequence 


8n 
Un = ——. 
Il8nll 
Since ||u,|| = 1, there exists a subsequence uj, “> u. The compactness of A gives 


Auy,, — Au. Since (I —A)g, — f, we have 


(I—A) ug, => (I A) 8k, +0. 


IIsknll 


This means again that 
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Ug, = (I-A) ug, + Aug, > Au 

and u = Au, ie., u € N(I—A). But g, € N(I—A)+. Hence u,, € N(I—A)+ and 

further u € N(I—A)+, because N(I — A)+ is closed. Since ||u;,|| = 1, we have 

||u|| = 1. Therefore, u 4 0, while 


u€ N(I—A)NN(I—A)*. 


This contradiction shows that unbounded g,, cannot occur. 
We are now ready to derive the following fundamental result of Riesz theory. 


Theorem 28.16 (Riesz). Let A: H — H be a compact linear operator on a Hilbert 
space H. Then for every t € C the operator I — WA is injective (i.e., (I— wA)~! 
exists) if and only if it is surjective (i.e., R(I — LA) = H). Moreover, in this case the 
inverse operator (I— 4A)~! : H — H is bounded. 


Proof. If (I—A)~! exists, then (— 1A*)~! exists too and therefore N(J —[1A*) = 
0. Then Riesz’s lemma (Theorem 28.15) and Exercise 26.7 imply H = R(I— 1A), 
i.e., J— WA is surjective. 

Conversely, if J— 1A is surjective, then N(J — H1A*) = 0, i.e., — [A* is injective 
and so is ]— WA. 

It remains to show that (J— A)! is bounded on H if J— A is injective. Assume 
that ([— A)~! is not bounded. Then there exists a sequence f;, € H with || f,|| = 1 
such that 


||(7— WA)" fal] =n. 


Define 
i= Sn On ‘= (I= MA)" fn 
I|(1— WA)" fall’ I|(7— wA)~ fall 
Then g, — 0 as n > ~ and ||@,|| = 1. Since A is compact, we can select a subse- 


quence @, such that Aq;,, — @ as k, — o. But 


On — HAQn = Sn, 


and we observe that @;,, + ug and g € N(I— UA). Hence @ = 0, and this contradicts 
II@n|| = 1. 


Theorem 28.17 (Fredholm alternative). Suppose A = A* is compact. For given 
g € H either the equation 
(I-A) f = g 


has the unique solution (u~' ¢ o(A)), in which case f =(I—pA)~'g, or else u~! € 
o(A), and this equation has a solution if and only if g € R(I— WA), i.e, gL NU 
LA). In this case, the general solution of the equation is of the form f = fo +u, 
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where fo is a particular solution and u € N(I— UA) (u is the general solution of 
the corresponding homogeneous equation), and the set of all solutions is a finite- 
dimensional affine subspace of H. 


Proof. Riesz’s lemma (Theorem 28.15) gives 
R(I— A) = N(I—TA)*. 
If u~! ¢ o(A), then (f)~! ¢ o(A) also. Thus 
R(f—pA) = N(1-DA)t = {0} =H. 
Since A = A*, this means that (!— A)~! exists, and the unique solution is f = 
(1— pA)". 
If u~! € o(A), then R(I — LA) is a proper subspace of H, and the equation (J — 


LA) f = g has a solution if and only if g € R(J — WA). Since the equation is linear, 
every solution is of the form 


f=fotu, ueN(I-HA), 


and the dimension of N(J — WA) is finite. 


Exercise 28.8. Let A = A* be compact and injective. Prove that o)(A) = o4(A) = 
o(A) \ {0} and 0 € ps5 (A). 


Exercise 28.9. Consider the Hilbert space H = 17(C) and 


x2 Xx, 
A(x1,X2,---,Xny-+-) = (0,21, Fae yee) 


for (x1,X2,--.,n,-.-) € P(C). Show that A is compact and has no eigenvalues 
(moreover, o(A) = {0}) and is not self-adjoint. 
Exercise 28.10. Consider the Hilbert space H = L(IR) and 


(Af)(t) =tf(t). 


Show that the equation Af = f has no nontrivial solutions and that (J — A)~! does 
not exist. This means that the Fredholm alternative does not hold for a noncompact 
but self-adjoint operator. 


Exercise 28.11. Let H = L7(R") and let 
Af(s) = Koss) fO)d, 


where K(x,y) € L7(IR” x R") is such that K(x,y) = K(y,x). Prove that A = A* and 
that A is compact. 
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Theorem 28.18 (Weyl). Jf A = A*, then A © Oss (A) if and only if there exists an 
orthonormal system {Xp }"_, such that 


||(A—ADxn|| + 0 
as n — oe, 


Proof. We will provide only a partial proof. See [5] for a full proof. Suppose that 
A © Oess (A). If A is an eigenvalue of infinite multiplicity, then there is an infinite 


orthonormal system of eigenvectors {x,}*°_,, because dim(E, —E,_o)H =~ in this 


case. Since (A — AJ)x, = 0, it is clear that 
(A—AI)x, — 0. 
Next, suppose that A is an accumulation point of o(A). This means that A € o(A) 
and 
i= him dn 
where A, 4 Am, n #m, and A, € o(A). Hence for each n = 1,2,... we have that 
Ej, +¢ =f) =¢ “ 0 

for all € > 0. Therefore, there exists a sequence r, — 0 such that 

Ey ny, ~ Liyr, #0. 
We can therefore find a normalized vector x, € R(Ej,4,, —E,—r,)- Since An A Am 


for n ¢ m, we can find {x, }°_, as an orthonormal system. By the spectral theorem 
we have 


(A-Adaal? = [A - wd Eyam) 


= [A= B)8En Eager, — Ehyrn nr%e) 


kee ¥ 
— =} pt) d(Eyxn, xn) 
An-Tn 
‘ co 
< max (A—p) : d(EqxnsXn) 
An—tn<U<Antrn —oo 
= max (A-—p)y?-0, now. 
Ann SMSAn tI n 


This completes the proof. 


Theorem 28.19 (Weyl). Let A and B be two self-adjoint operators in a Hilbert 
space. If there is z€ p(A)M p(B) such that 
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T :=(A—d)"!-(B-a)"! 


is a compact operator, then Oess (A) = Oess (B). 


Proof. We show first that es; (A) C Oess (B). Take any A © Oess (A). Then there is 
an orthonormal system {x,}*°_, such that 


(A—ADan|| +0, ne. 
Define the sequence y,, as 
Yn = (A— a )Xp = (A-AD Xn + (A — Zz) Xn. 


Due to Bessel’s inequality, every orthonormal system in the Hilbert space converges 
weakly to 0. Hence y, —> 0. We also have 


A-z 
Iynll > [A zl [lal — | (A —AD)xall = [A 2] [4 -ADxal| > ZEAL D >0 


for all n > no > 1. Next we take the identity 


[(B—2l)~! —(A=—z)7'] yn = —Tyn — (A — 2) (A-AD an. 
Since T is compact and y, aii 0, we deduce that 


[(B—2)~'—(A—z)"']yn 3 0. 


Introduce 
Zn = (B—zI)~1yp. 
Then 
Zn —(A—2) yn > 0, 
or 


Yn +(z—-A)Zy — 0. 


|A=z| 


This fact and ||y,,|| > “== imply that ||z,|| > i 


Fil for all n > np > 1. But 
(BAD zy = (B-D)zn + (Z—-A)Zn = Yn + (Z—-A)Zn — O. 


Due to ||Zn|| > ee > 0, the sequence {z,}_, can be chosen as an orthonormal 
system. Thus A © Ogss (B). This proves that Oess (A) C Oess (B). Finally, since —T 
is compact too, we can interchange the roles of A and B and obtain the opposite 
embedding. 


Chapter 29 
Quadratic Forms. Friedrichs Extension. 


Definition 29.1. Let D be a linear subspace of a Hilbert space H. A function Q : 
Dx D— Cis called a quadratic form if 


(1) Q(aix1 + O2x2,y) = 0 O(x1,y) +.020(x2,y), 
(2) Q(x, Biy1 + Boy2) = BiQ(x,y1) + BrQ(x,y2), 


for all 0, 02, Bi, B2 € C and x1,x2,x,y1,y2,y € D. The space D(Q) := D is called 
the domain of Q. Then Q is 


(1) densely defined if D(Q) = H. 

(2) symmetric if Q(x,y) = Q(y,x). 

(3) semibounded from below if there exists A € R such that Q(x,x) > —A ||x||° for 
all x € D(Q). 

closed (and semibounded) if D(Q) is complete with respect to the norm 


(4 


wm 


IIxllo = VOle,x) +(A+1) Ill? 


(5 


wm 


bounded (continuous) if there exists M > 0 such that 


|Q(x,y)| <M ||x|| [Ill 
for all x,y € D(Q). 
Exercise 29.1. Prove that ||-||¢ is a norm and that 
(x, y)o = Oy) +A +1) 


is an inner product. 
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Theorem 29.2. Let Q be a densely defined, closed, semibounded, and symmetric 
quadratic form in a Hilbert space H such that 


O(x,x) 2 —A [Ix\I, XE D(Q). 


Then there exists a unique self-adjoint operator A defined by the quadratic form Q 
as 
Q(x,y) = (Ax,y), x € D(A),y € D(Q) 


that is semibounded from below, i.e., 
(Ax,x) >—Allx|’, x € D(A), 
and D(A) c D(Q). 


Proof. Let us introduce an inner product on D(Q) by 


(x,y) = Q(x, y) + (A+ 1) (x,y), XVE D(Q) 


(see Exercise 29.1). Since Q is closed, D(Q) = D(Q) is a closed subspace of H with 
respect to the norm ||-||9. This means that D(Q) with this inner product defines a 
new Hilbert space Ho. It is clear also that 


IIxllo = lla 
for all x € Hg. Thus, for fixed x € H, 
L(y) = (y,x), ye Ho 
defines a continuous (bounded) linear functional on the Hilbert space Hg. Applying 


the Riesz—Fréchet theorem to Hg, we obtain an element x* € Hg (x* € D(Q)) such 
that 


(y,x) =L(y) = (y,x")o- 


It is clear that the map 
H>xvHx* €Ho 


defines a linear operator J such that 
J:H—Hg, Jx=x". 


Hence 
(y,x) =(yJx)o, x€H, ye Ho. 
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Next we prove that J is self-adjoint and that it has an inverse operator J~!. For all 
x,y € H we have 


(Jy, x) = (Jy, Jx)o _ (Jx,Jy)o — (Jx,y) = (y,Jx). 


Hence J = J*. It is bounded by the Hellinger—Toeplitz theorem (Exercise 26.2). 
Suppose that Jx = 0. Then 


(y,x) = (y,Jx)o =0 


for every y € D(Q). Since D(Q) = H, the last equality implies that x = 0, and there- 
fore N(J) = {0} and J~! exists. Moreover, 


H =N(J) @RU*) = RV) 


and R(J) C Ho. Now we can define a linear operator A on the domain D(A) = R(J) 
as 
Ax:=J'x-(A+1)x, AER. 


It is clear that A is densely defined and A = A* (J~! is self-adjoint, since J is). If 
now x € D(A) and y € D(Q) = Ho, then 


O(x,y) = (%y)g— (A +1) @,y) = (I 'x,y) — (A+ 1)(a,y) = (4x9). 


The semiboundedness of A from below follows from that of Q. It remains to prove 
that this representation for A is unique. Assume that we have two such representa- 
tions, Ay and Az. Then for every x € D(A,) MD(A2) and y € D(Q) we have that 


O(x,y) = (Aix,y) = (Aox,y). 


It follows that 
((Ai —A2)x,y) = 0. 


Since D(Q) = H, we must have A,x = Ax. This completes the proof. 


Corollary 29.3. Under the same assumptions as in Theorem 29.2, there exists 


VA+ AI that is self-adjoint on D(A +A) = D(Q) = Ho. Moreover, 


O(x,y) +A(x,y) =(VA+AIx, VA+AD) 


for all x,y € D(Q). 


Proof. Since A+ AJ is self-adjoint and nonnegative, there exists a spectral family 
{Ey }ji—o Such that 


Atar= | dE, 
0 
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We can therefore define the operator 


VA+A = | VHaEy, 


which is also self-adjoint and nonnegative. Then 


Oley) +A(a,y) = (AFADx,y) = (VAAL, (VA+AT) y) 


for all x € D(A) and y € D(Q). This fact means that x € D(VA+A/) and y € 
D((VA +Al)). But V/A +A/ is self-adjoint, and therefore, 


D(VA+A1) =D((VA+AI) ") = D(Q) = Ho. 


This completes the proof. 


Theorem 29.4 (Friedrichs extension). Let A be a nonnegative symmetric linear 
operator in a Hilbert space H. Then there exists a self-adjoint extension Ag of A 
that is the smallest among all nonnegative self-adjoint extensions of A in the sense 
that its corresponding quadratic form has the smallest domain. This extension Ag is 
called the Friedrichs extension of A. 


Proof Let A be a nonnegative symmetric operator with D(A) = H. Its associated 
quadratic form 
O(x,y) = (Ax,y), x,y € D(Q) = D(A), 


is densely defined, nonnegative, and symmetric. Let us define a new inner product 


(x,y)o = O(x,y) + (x,y), XVE D(Q). 


Then D(Q) becomes an inner product space. This inner product space has a com- 
pletion Hg with respect to the norm 


leg = V Q@x) + lal. 


Moreover, the quadratic form Q(x,y) has an extension Qj (x,y) to this Hilbert space 
Ho defined by 


Q1(x,y) = jim Q(%n, Yn) 


whenever x Ho limp soo Xn, Y Ho lim) +0 Yn;Xn,Yn € D(Q) and these limits exist. The 
quadratic form Q) is densely defined, closed, nonnegative, and symmetric. There- 
fore, Theorem 29.2, applied to Q1, gives a unique nonnegative self-adjoint operator 
Arg such that 
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Qi(x,y) = (Apx,y), x € D(Ar) C Ho,y € D(Q1) = Ho. 


Since for x,y € D(A) one has 


(Ax,y) = Q(x, y) = Qi (x,y) = (Arx,y), 


it follows that Af is a self-adjoint extension of A. 

It remains to prove that Ap is the smallest nonnegative self-adjoint extension of 
A. Suppose that B > 0, B = B*, is such that A C B. The associated quadratic form 
Qp(x,y) := (Bx, y) is an extension of Q = Q,. Hence 


Oy > 0=(i. 


This completes the proof. 


Chapter 30 
Elliptic Differential Operators 


Let Q be a domain in R”, i.e., an open and connected set. We introduce the following 
notation: 


qd) X= (X1,...,%n) €.Q; 
Q) [al = fat tat: 
(3) & = (Q4,...,Q,) is a multi-index, i.e., a; € No = NU {0}: 
(a) || =O) +-:-+ On, 
(b) a> B if a; > B; for all j = 1,2,...,n, 
(c) a+ B = (01+ Bi,...,On+ Bn), 
(d) a—B=(a%—Bi,...,0n—Bn) ie > p, 
(e) x = xf) ..-x% with 0° = 1, 
(f) a! = a)!---a,! with O! = 1; 


(4) 0; = % and 0% = gf... 9, 
Definition 30.1. An elliptic partial differential operator A(x,0) of order m on Q is 


an operator of the form 
A(x,d) = > dq(x)a®, 


|a|<m 


where dg,(x) € C”(Q), whose principal symbol 


a(x,§)= Y aa(x)§*, § eR" 


|o|=m 


is invertible for all x € Q and & € R” \ {O}, that is, a(x,€) #0 for all x € Q and 
E ER"\ {0}. 


Assumption 30.2. We assume that aq(x) are real for |or| = m. 
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Under Assumption 30.2 either a(x,6) > 0 or a(x,€) <0 for all x € Q and € € 
R" \ {0}. Without loss of generality we assume that a(x,€) > 0. Assumption 30.2 
implies also that m is even and that for every compact set K C Q there exists Cx > 0 
such that 

a(x,6) >Cx|é|", xE€Q,E ER". 


Assumption 30.3. We assume that A(x, 0) is formally self-adjoint, i.e., 


A(x,0) =A'(x,0):= Y (-1!*a%(aq(x):). 


|or|<m 
Exercise 30.1. Prove that A(x,0) = A’(x,d) if and only if 
da(x) = >, (-1)Plcza8-¢ag(n), 
a<B 
|B|<m 


where 


o. #! 
3 Gat 


Hint: Make use of the generalized Leibniz formula 


d* (fe) = >, Char fab. 


Bsa 


Assumption 30.4. We assume that A(x, 0) has a divergence form 


A(x,0)= YY (-1)'*!0%(agg(x)0*), 
|a=(B]<m/2 


where agg = pq, and this value is real for all o and 8. We assume also the gener- 
alized ellipticity condition 


[LX capnarsarfax>v if Y ja%sPax, sece(@), 
2 |o|=|B|=m/2 2 \q\=m/2 


where v > 0 is called the constant of ellipticity. 


Remark 30.5. If the coefficients agg of A(x,d) are constants, then this generalized 
ellipticity condition reads 


Gigge@? Sy »y Ee, 
|o|=|B|=m/2 \or|=m/2 
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Exercise 30.2. Prove that 


> ete ler, 


| o.|=m/2 


cle"< > e* <ce)”, 


|o.|=m/2 


where c and C are some constants. 


Example 30.6. Let us consider 


—-SY a =-A, xEQCR" 


in H = L?(Q) and prove that A C A* with 


D(A) = Co (Q) = {f € C°(Q) : suppf = {x: f(x) 4 O}is compact ina}. 


Let u,v € Cp (Q). Then 


(Au, v) =- [, a4 
are (Jv) ax 


- =i (vVu,n,)dx+ (Vu, Vv);2 = (Vu, Vv) 72, 


where 0Q is the boundary of Q and n, is the unit outward normal vector at x € dQ. 
Here we have made use of the divergence theorem. In a similar fashion we obtain 


n 
(Vu, Vv);2 = “2 - ud; dx = (u, —Av);2 = (u,Av);2 
Hence A C A* and A is closable. 
Example 30.7. Recall from Example 30.6 that 
(—Au,v);2 = (Vu,Vv);2, u,v e Co (Q). 


Hence 
2 (CO 
(—Au,u),2 = |[Vull32 < |lully2l|Aull2, © €C9(Q). 
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Therefore, 
2 2 2 2 
lel = Uellze + (Vallz2 + [Aull 
2 2 
S |lellce + Welle [Aullz2 + Auli 
32.4 3 2 3) 12 
<5 lle + 5 lull2a = 5 lela, 
where ||-||, is a norm that corresponds to the operator A = —A as follows: 


2 2 2 
lull *= llullz2 + ]-Aullz - 


It is also clear that ||u||, < lull y2- Combining these inequalities gives 


[2 lg < |lul|, < Ilullw2 


for all wu € Cj (Q). A completion of Cj’(Q) with respect to these norms leads us to 
the statement 


ie} 


D(A) = W3(Q). 


Thus A = —A on D(A) = W3(Q). Let us determine D(A*) in this case. By the 
definition of D(A*) we have 


D((-A)*) = {ve L? (Q) : there exists v* € L?(Q) such that 
(—Au,v) = (u,v") for allu € Cp (Q)}. 


If we assume that v € Ww; (Q), then this is equivalent to 
(u,(—A)"v) = u,v"), 
i.e., (—A)*v = v* and D((—A)*) = W3(Q). Finally, for Q C R” with Q 4 R" we 
obtain that 
ACACA* =(A)* 


and A #A and A # (A)*, that is, the closure of A does not lead us to a self-adjoint 
operator. 


Remark 30.8. If Q =R", then W2 (IR") = W3(R”) and therefore 
A=A* =(A)*. 


Hence the closure of A is self-adjoint in that case, i.e., A is essentially self-adjoint. 
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Example 30.9. Consider again A = —A on D(A) = Cj (Q) with Q # R". Since 
(—Au,u),2 = |Vull32 > 0, 
it follows that —A is nonnegative with lower bound A = 0. Therefore, 
Q(u,v) := (Vu, Vv);2 


is a densely defined nonnegative quadratic form with D(Q) = D(A) = Cj (Q). A 
new inner product is defined as 


(u,v)Q := (Vu, Vv) 72 + (u,v)72 


and 


lel, = alle cay 


If we apply now the procedure from Theorem 29.4, then we obtain the existence of 
Q) = Q with respect to the norm ||-||9, which will also be nonnegative and closed 


with D(Q;) =W34(Q). The next step is to obtain the Friedrichs extension Af as 
Ap=J-'-1 


with D(Ap) = R(J) C W4(Q). A more careful examination of Theorem 29.2 leads 
us to the fact 


D(Ar) = W3(2) D(A") = W1(Q) NW3(Q). 
Remark 30.10. In general, for a symmetric operator we have 
D(Af) = {u€ Hg: Aue H}, 
which is equivalent to 
D(Ag) = {u€ Hg: ue D(A*)}. 


Exercise 30.3. Let H = L?(Q) and A(x,D) = —A +.q(x), where g(x) = q(x) and 
q(x) € L*(Q). Define A, A*, and Ap. 


Exercise 30.4. Let H = L?(Q) and 
A(x,0) = —(V +IW(x))? +.q(x), 


where W is an n-dimensional real-valued vector from W.1(Q) and q is a real-valued 
function from L”(Q). Define A, A*, and Ar. 


324 Part III: Operator Theory and Integral Equations 
Consider now a bounded domain Q C R” and an elliptic operator A(x,d) in Q of 
the form 
A(x,d)= YY (-1)!*10* (agg (x)0"), 
||=|B|<m/2 


where agg (x) = 4g q(x) are real. Assume that there exists Co > 0 such that 


m 
dap (x)|SCo, |e|,|B] <>, 


for all x € Q. Assume also that A(x, ) is elliptic, that is, 


Ih 


Theorem 30.11 (Garding’s inequality). Suppose that A(x,0) is as above. Then 
for every € > 0 there is Ce > 0 such that 


dyp(x)0% f° fax > vf YY ja%Pdx, v>o. 


| o|=|B|=m/2 2 \a\=m/2 


(AF. fara) 2 (Ve) IMA mg) — Cell liacay 


for all f € Cy (Q). 
Proof. Let f € Cj (Q). Then integration by parts yields 
Afra = LY 1! | a%(agp(a)ah p)Fax 
|a|=|B|<m/2 . 


= bx dup (x)d% FOP fdx 
ian 


+ XY Jaap) 70% fax 
|or|=|B|<m/2" 2 
sv yf atsrar-a@ ¥  f jars slar 
|a|=m/27 2 |a|=|B|<m/2" 2 
sv yf latsPar-(@+v) yf ja%fPar 
|a|<m/27 2 |a|<m/27 2 


= VIF ag) ~ (Co+ ¥) Nim -tpey 


Next we make use of the following lemma. 


Lemma 30.12. For all € > 0 and0 < 6 < m/2 there is Cz(6) > 0 such that 
(1+ |Ey"/?-? <e(1+|6)?)"/? +Ce(8) 


forall € €R". 
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Proof. Let € > Oand 0 < 6 < m/2. If (1+|&|?)® > 3, then 
(1+|6?)* <e. 


Hence 
(1+ |E "2"? < e(1 4 |E)?)"?, 


i.e., the claim holds for every positive constant C,(5). For (1+|€|*)® < + we can 


obtain 
m/2-—6 
1 


(1+ |EPy?-? < (z) =€,(8). 


This proves the claim. 


Applying this lemma with 6 = | to the norm of the Sobolev spaces ws , we conclude 
that 


2 2 2 
PM an?" ca) SEI Fl yen! cay + Ce, IIfllz2¢a) 
for all €; > 0. Hence 


2 2 
(AF Aa2¢a) 2 VINA ign gy — (CO) IF llymi2-1e 


> VU Fll mage) ~ (Cot VIE IF lh mag 


)—(Co+V)Ce IFlliz@) 


=(¥=€) flim gy ~ Ce lfli2(a)- 


This proves the theorem. 
Corollary 30.13. There exists a self-adjoint Friedrichs extension Ag of A with do- 
main D(Ar) = W’!?(Q) VW2"(Q). 


Proof. It follows from Garding’s inequality that 


(Af, f(a) 2 —-Cellflliqq), f € D(A). 


This means that A, := A+ I is positive for U > Cz, and therefore Theorem 29.4 
gives us the existence of 


(Au) p = (Ary = Ar tH! 


with domain 
o m/2 


D(Ag) = D((Au)) = W3""(Q) NDA"), 


where wr! *(Q) is the domain of the corresponding closed quadratic form (see The- 
orem 29.4). If Q is bounded with smooth boundary dQ, then it can be proved that 
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D(A*) = w2"(Q). 


This concludes the proof. 


Garding’s inequality has two more consequences. Firstly, 


I|(APuf ll, >Collflle, Co>9, 


so that 
(Ap), 2 L7(Q) + L’(Q). 
Secondly, 
AP) uS|hyo™2¢0) 2 C Flymo) ? C ei 0, 
so that 


(4p),! :12(Q) — W"? (Q). 


Corollary 30.14. The spectrum o(Ap) = {Aj}5_1 is the sequence of eigenvalues 
of finite multiplicity with only one accumulation point at +¢°. In short, 0(Af) = 
O4(Ar). The corresponding orthonormal system {Wj};_, of eigenfunctions forms 
an orthonormal basis and 


Apf © SA wy; 
j=l 


for all f € D(Ap). 
Proof. We begin with a lemma. 


Lemma 30.15. The embedding 
W3?(Q) > PQ) 


is compact. 


Proof. It is enough to show that for every {@}f_, C wr! *(Q) with IIell m2 <1 
2: 

there exists {@;, };_, that is a Cauchy sequence in L?(Q). Since Q is bounded, we 

have 


|G(E)| S [ell 2 |Al”?, 


i.e., the Fourier transform @(&) (see Chapter 16) is uniformly bounded. Thus there 
exists Qi, (&) that converges pointwise in R”. Next, using Parseval’s equality and the 
definition of the Sobolev spaces H*(R”) (see Chapter 20), we have 
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loin — Pinllaa = [, }OnlS) — Bal EDIPaE 


Pi) — Bin (E)/°4E + | Gie(E) — Bin (S )I°46 


~ Sigler 


g|>r 
oO, aa 2 
< [._ PilE)— FalE)lPas 
1 age _ 
* Ory | LF IE PY" 10; (E) — On (6) Padé 


Q;. 0. —m 2 
: |, |PilE) ~Fnl)P as +147) ? Wei — Pinlhyen? 
=+h. 


The first term 7; tends to 0 as k,m — © by the Lebesgue dominated convergence 
theorem for every fixed r > 0. The second term converges to 0 as r — oo because 


| Pix _ Dim 


<2. 
wel? aS 2 


Lemma 30.15 gives us that 
-1 
(Au)p :L°(Q) > 1°(Q) 


is acompact operator. Applying the Riesz—Schauder and Hilbert-Schmidt theorems, 
we get the following statements: 
-1 : : 
(1) o((Au)p ) = {0, ui, b2,...} with uj > Wj+1 > 0 and Uj > 0as j >. 
(2) wu; is of finite multiplicity. 
(3) (4 Yj = Uj Wj, where {yj}; is an orthonormal system. 
(4) {wj};_) forms an orthonormal basis in 17(Q), 


Since Ary; =A; y; with A; = 77 — LL, we conclude that 
J 
o(Ar) = {Aj}, APS Aj Aj. 


Moreover, A; has finite multiplicity and the y; are the corresponding eigenfunctions. 
We have also the following representation: 


(4n)e f= Dw f wavs feL(Q). 
4 


Exercise 30.5. Prove that 


Arf = DA WY; 
j=l 
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for all f € D(Ar). 


The corollary is proved. 
In some applications it is quite useful to deal with semigroups of operators. We 
consider these semigroups in Hilbert spaces. This approach allows us to characterize 
the domains of operators (when they are not bounded); see, e.g., [3]. 
Let A be a nonnegative self-adjoint operator in a Hilbert space H. By the spectral 
theorem we can characterize D(A) as follows: f € D(A) if and only if 


[ 0+ dat <@ 
and we define a new norm 


II flaca) *= Uf + IAS la - 


Definition 30.16. Let {G(t)},s0 be a family of bounded linear operators from H to 
H. This family is called an equi-bounded strongly continuous semigroup if 


(1) G(t+s)f = G(t)(G(s)f) for s,t > Oand f € H, 


(2) ||G@flly <M ||f\lq fort > 0 and f € H with M > 0 that does not depend on t 
of 


(3) lim, 04 |G) f — filly = 0 for f € H. 
Remark 30.17. We can complete this definition by G(0) := /. 


Definition 30.18. The infinitesimal generator A of the semigroup {G(t) }:s0 is de- 


fined by the formula 


tim | = — aj] =0 


t—0 


with domain D(A) consisting of all f € H such that 


exists in H. 
Remark 30.19. In the sense of the previous definition we write G’(0) = A. 


Example 30.20. Let H = L*(IR"). Let w(&) be an infinitely differentiable positive 
function on R” \ {0} that is positively homogeneous of order m > 0, ie., @(¢§) = 
|t|""@(€). Let us define the family {G(rt)}:+0 by the formula 


G(t)f:= F'(eMOFF), feL(R"). 


It is clear that G(r) : L?(IR”) — L?(IR"). Moreover, 
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() 


(2) 


IG@) fll = || Fe O-FP) 


= JeoOrye 


. Sl F file =Iflles 


(3) 


—0 


=| - Fr 


i i 


as t — 0 by the Lebesgue dominated convergence theorem. Also by this theorem 
we have that 


= —1o() _ 
tim COFHF _ jim g-! (Pots) =—-—F|(w@(E)F f) = Af. 


t—0 t t—0 
The domain of A is 
D(A) ={feEL’:|o(6)F fllp <@}. 


For example, if @(€) = ||", then A = —(—A)""”? and D(A) = W3"(R"). 
Example 30.21. Let A= A* > 0. Define 


G(t) := el =[ Md. 
0 


Then 
() 


G(t j= cltts)tag, = f elt ebt an, 
0 0 
“Ita “Is 
=/ ede | eS“ dE, = G(t)G(s); 
[ A F a (t) (s) 


(2) 


2, 


lows? = fle Patent.) = It 


(3) 
loor—sP= [eM —-1Paer0, 10, 
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and 
t)f— 60 Ita _ o0 
Gt) f ff : ae, f 1 / AdE,f=IAf, t—0, 
t 0 t 0 
and G 1 
li GQO)=T _tag =0. 
t-0 t H 


These examples reveal a one-to-one correspondence between the infinitesimal gen- 
erators of semigroups and self-adjoint operators in Hilbert space. 


Chapter 31 
Spectral Functions 


Let us consider a bounded domain 2 C R” and an elliptic differential operator 
A(x, 0) in Q of the form 


A(x,)= Y  (-1)'*!0%(aag(x)0*), 
|ol=(Bq<m/2 


where agg = dgq are real, in C*(Q), and bounded for all a and B. We assume that 


I, y aap (x)0% fa" Fax > v | y ja%fPax, v>0. 


|ax|=|6|=m/2 \ex|—m/2 


As was proved above, there exists at least one self-adjoint extension of A with 
D(A) = Cp (Q), namely, the Friedrichs extension Af with 


D(Ag) = W?(Q) nW2"(Q). 


Let us consider an arbitrary self-adjoint extension A of A. Without loss of generality 
we assume that A > 0. Therefore, A has the spectral representation 


a= | AdE, 
0 


with domain 


p(A) = {reHa) Sf aE A) <o}. 


In general, we have no formula for D (4) like that for the Friedrichs extension Arp. 
But we can say that 
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fe} n~ 
W2(Q) CD (4) . 

Indeed, since agg € C”(Q) and agg is bounded, A(x,d) can be rewritten in the 


usual form 
A(x,d) = > ay(x)d” 


ly\<m 


with bounded coefficients. Hence 


Aflac) S¢ Y M2’F liza) = €llfllwea)- 


lyl<m 


This proves the embedding. 

But even in this general case, one can obtain more significant results than just 
the previous embedding into the domain of the operator. The basis for these results 
is the following classical theorem of L. Garding, which is given here without proof 
(see, e.g., [14, 15]). In this theorem it is assumed that A is an arbitrary (semibounded 
from below) self-adjoint extension of an elliptic differential operator A(x,D) with 
smooth and bounded coefficients. 


Theorem 31.1 (Garding). /f A = A, then E), is an integral operator in L?(Q) 
such that 


E,S) = | (y.A)S0)a 


where 0(x,y,A) is called the spectral function and has the properties 


(I) 0(x,y,A) = 00,44), 
(2) 
a(x9,4) = i 0(x,2,4)O(z,y,A)dz 


and 


@(x.x,4) = | 0(x,2,4) [Pde >0, 


(3) 
sup 19 (x, A) Ilr2(@) < cA*, 
xEQy 


where Q) = Q) C Q,k EN withk > me, and cy = c(Q)). 
Remark 31.2. It was proved by L. Hérmander that in fact, 


O(x,x,A) <c)a"/™, 
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Corollary 31.3. Let z€ p (4). Then (As zl)~! is an integral operator whose ker- 


nel G(x,y,z) is called the Green’s function corresponding to A and that has the 
properties 


(1) 
° dy O(x,y,A) 


G(x, y, 2) =[ a a 


(2) G(x,y,z) = G(y,x,2Z). 


Proof. Since z € p (4) , von Neumann’s spectral theorem gives us 


G-ay't= [ (a—2- amy. 
Next, by Theorem 31.1 we get 
@-ay'p= [A-a'a (f oearr009) 
=f. ([@-ate9eex4)) rorar= f ctsx2l rover 


where G(x, y,z) is as in (1). Since 


(2) is also proved. 


Exercise 31.1. Prove that 9(x,x,4) is a monotonically increasing function with 
respect to A and 


(1) |O(x,y,A)|? < O(x,x,A)O(y,y,A), 
(2) |Eaf(x)| < 0(x,x,4)"? |Ifllizcay- 


Exercise 31.2. Prove that 
Ex f(x) — Bu f(2)| < ||Eaf — Eufll2qq) 100%, 4) — (x56) [17 


for all A > 0 and p > 0. 


Exercise 31.3. Let us assume that n < m. Prove that 


*° O(x,y,A)dA 


and that G(-,y,z) € L?(Q). 
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In the case of the Friedrichs extension for a bounded domain, the spectral func- 
tion 0(x,y,A) and the Green’s function have a special form. We know from Corol- 


lary 7.14 that the spectrum (Ap) is the sequence {A;}%_, of eigenvalues with only 
one accumulation point at +c, and the corresponding orthonormal system {yj}? j=l 


forms an orthonormal basis in L?(Q) such that 
Arf = YA(f wy inl. 
j=l 
This fact implies that 


Ef= Ltwwi= D | FOwdIarwile) 
Aj<a es i 


=f, yy we x)wi(v) fody= fi Oley A)s y)dy, 


Aj<a 


i.e., the spectral function 0(x,y,/) has the following form: 


O(x,y,A) = DY wile) wil). 


If we assume now that n < m, then we obtain that the Green’s function G(x, y,z) 
is uniformly bounded in (x,y) € Q x Q. Let us assume for simplicity that z = iz 
and Ap > I. Then applying Hérmander’s estimate (see Remark 31.2) for the spectral 
function, we obtain 


IG(x,9,2)| < 5 vil : lwi@)I1Wi0)| 
it (+2 k=02k <A; <2k+1 (+a 
1 1 
oo 2 a 
<Yorae( = wor) {| x mor 
= 2 <Aj<2Kt1 2A j<2ktl 
had k+1)\n/m 
“Loran 


Since n < m, this series converges for all zz. 


Chapter 32 
The Schrodinger Operator 


There are certain physical problems that are connected with the reconstruction of 
the quantum-mechanical potential in the Schrédinger operator H = —A + q(x). This 
operator is defined in R”. Here and throughout we assume that q is real-valued. 

First of all we have to define H as a self-adjoint operator in L7(IR”). Our basic 
assumption is that the potential g(x) belongs to L’(IR") for 3 < p < ~ and has the 
following special behavior at infinity: 


la(x)| Sell", |x] >, 


with some U > 0 and R > 0 sufficiently large. The parameter pu will be specified 
later, depending on the situation. We would like to construct the self-adjoint ex- 
tension of this operator by Friedrichs’s method, because formally our operator is 
defined now only for smooth functions, say for functions from Cj (R"). In order to 
construct such an extension let us consider the Hilbert space H defined as follows: 


Hy = {fe 2(R") :Vf(a) €2(R") and f |a(a)IIP@)[Pdx <>}. 


The inner product in H is defined by 


(F.8d = (VfVe)ia+ fats) flee de+ Hol f.8)e2 


with Lo > O sufficiently large and fixed. 


Lemma 32.1. Assume that f € W3(IR") and q € L?(R") for 3 < p <,n > 2. Then 
for every 0 <€ <1 there exists cg > 0 such that 


Caf foal Sell flleaqeny + cell Flz2¢30)- 
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Proof. If p=, then 
2 
af fal sf laI@) Pde < lallem cae lf lz2c2 
2 2 
<E IVF Ilz2 pn) + Ilall c= cn) IF Ilz2 apn) : 


If 5 < p<», then we estimate 


laf als f. ,l@@lverrars f laaileedPas 


Ig(x)|<A 


2 2 
= Vig la) FC) dx+A IF Ihc cen) < 


Let us consider the integral appearing in the last estimate. For n > 3 it follows from 
Holder’s inequality that 


| qlatllr@oPars ( — ja(s) far) ( Doyen /)**ar) = 


2 
Pdx n 2 
(fn iaelPae) "ells c3n 


2p 
n 


_ 2p a 2 
<cjAl an Ilall ci cany IIfllws (R")* 


i) 


< A(3-?) 


1 


To obtain the last inequality we used the fact that 5 < p <o and a well known 
[1, 3] embedding: Wj (R") Cc Li (R”), n > 3, with the norm estimate 

WA 2 ny VET Ag ca: 
Collecting these estimates, we obtain 


2p 


2p 
(Caf. fal <c1A'~* [lalla Illa + lL F220 


1-2 2 1%) 2 2 
=cjA 2 Ilall co cn) IV Fl z2qqny + A+cjA > lal ci cen) IF llc cRny - 


The claim follows now from the last inequality, since a can be chosen suffi- 
ciently small for 5 < p<. 


Exercise 32.1. Prove Lemma 32.1 for n = 2. 


Exercise 32.2. Let us assume that g(x) satisfies the conditions 


(1) |g| <eilx|-”, |x| < 1, and 
(2) |q| < co|x|~®, |x| > 1. 


Find the conditions on y; and 7 that ensure the statement of Lemma 32.1. 
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Remark 32.2. Lemma 32.1 holds for every potential g € L?(R") + L°(R”) for 
pane 2, 


Using Lemma 32.1, we obtain 
I fllze, = WV Fllz2 90) + Ho LF loan) + (OF Aue 


> IV Fllz2 can) + Ho ll fllz2qan) — € IVF ze) — €e ll Fllz2qan 
= (1 = E) |Vf| 72(R") + (Lo a Ce) IF llZ2qe . 


We choose here 0 < € < 1 and Up > cg. On the other hand, 


I Flli, SA +e) IV FllZ2qqu + (Ho + ce) [IF lizz can): 


These two inequalities mean that the new Hilbert space H; is equivalent to the space 
Ww} (IR”) up to equivalent norms. Thus we may conclude that for every f € H) our 
operator is well defined by 


2 
(f,(A + Ho) Ff) 12 @") = IF lz, - 
Moreover, since H + Lo is positive, we must have 


WR, = |e mo)? elf 


12 (R") : 


and the following statements hold: 

(1) the domain of (H + Lo)? is W}(R"); 
(2) D(H + Mo) = D(H) CW (R"); 

(3) D(A) ={f €W)(R") :Hf Ee L(R")}. 


1 


Remark 32.3. (H+ Uo) f = (H+ Uo)? (H+ bo)2f is equivalent to 
1 
D(H) ={fe Wy (R”): g:= (H+)? f € W3 (R")}. 


Remark 32.4. Let us consider this extension procedure from another point of view. 
The inequality 


(f,(H + Mo) f) 2 = 1 —€) IV iz2qen) + (Ho — ce) IF llz2em 


allows us to conclude that 
() (f, (A+ Ho) f)i2 = ¢ If liz2qany and 
(2) (F(A + Mo) fz =e" Ulf llivaceny 


for every f € C>(R”). This means that there exists (H + Uo)~! that is also defined 
for g € Cp (IR") and satisfies the inequality 
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(1) || + Ho) *8|| 2 ¢@n) = 7 llgllzzqery or even 
(2) [| + Ho) "8 lavs any <i II8llw="cany> where W, '(IR”) is the dual space of 
Ww3(R"), 


==. 7 —___— w, 
Since (H + [lo)~! is a bounded operator and C5 (R”) z L?(R”) and Ce(R") = 


W, | (IR”), we can extend (H + Uo)! as a bounded operator onto L?(IR”) in the first 
case and onto w,! (R”) in the second. The extension for the differential operator is 
H+ Uo = ((H+uo)~!)~! and D(H + Uo) = R((H + Uo)~!) in both cases. It is also 
clear that H + Lo and (H + Uo)! are self-adjoint operators. 


Lemma 32.5. Let us assume that q € L?(IR") for 2 < p< ifn=2,3 andqé 
L?(R") for 5 < p< ifn>= 4. Then 
W?(R") C D(A). 


Proof. Since H = —A +q and D(H) = {f € W}(R"): Hf € L?(R")}, it is enough 
to show for the required embedding that for f € W?(IR”) it follows that qf € L?(R”). 
If p =, then 


[lat Pax < lalli= el lleagany <= 


for every f € W3(R"), n> 2. 
For finite p let us consider first the case n = 2,3. Since W?(IR") C C(R")N 
L®(R”) (Sobolev embedding), we must have 


[lafPex=f lapPax+ | afar 
R" Iql<A |q|>A 
<a? fl |fPar+ilflltmam flalPlal-Pax 
|q|<A \q\>A 
<A? I fllz2qae + CLF lla cam A? ? lallfogany <=> 


We will apply the following embeddings: 
fe Wz(R*) CL(R*), p<. 
2n 
f © W3(R") C L-4(R"), ifn>5. 


Therefore, on applying Holder’s inequality we obtain 


[larPar= fi lasPart fl lasPax 
n qd q 


4 
<A? |[f"|? n+ (f albax)’ ([ flax) " 
Islay + (fll li 
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n_ 4 n 
<A Flan) +CAE-P (f lalPa)" Ilia) <= 
|al>A . 


ifn >5 and 


TI 
aS) 


i laf Pde < (. ae) 


ifn = 4 for 2 < p< and p! < ©. 


(42x) ee 


Exercise 32.3. Prove this lemma for g € L?(IR")+L”(R"), 5 < p<, ifn >4 and 
for g € L7(R")+L”(R") if n= 2,3. 


Remark 32.6. For n >5 we may consider g € L?(R"). 
Lemma 32.7. Let us assume that q € L"(R"), n> 3. Then 
D(H) = W3?(R"). 
Proof, The embedding W}(IR") C D(H) was proved in Lemma 32.5. Let us now 


assume that f € D(H), ie., f € Wi(R”) and Hf € L?(R"). Note that for 
g:=Hf © L? we have the following representation: 


f =(—A+1) @-1f A+] "¢ 
=(-A+1)'@f)-(-A+1)"'g—(- 


Aviyf. 


It is therefore enough to show that gf € L7(IR"). We use the same arguments as 
in Lemmas 32.1 and 32.5. So it suffices to show that gf € L?(IR") for every f € 
W; (IR"). From the embedding W; (IR”) C Lim? (R") for n > 3 we have by Hélder’s 
inequality 


I, la(x)P Lf (@) Pax = la(x) PLP (@) Pde + la(x) PIF (@) Pax 


Iq|<A \ql>A 


2 n=2 
n 2n n 
<A I fle + (fj latas)’ (far) ” <o. 


Thus the lemma is proved. 


Exercise 32.4. Describe the domain of H for the case 5 <p<n,n>= 3. Hint: Prove 
that D(H) C W?(R") + W2(R") with some s = s(p). 

Let us consider now the Laplacian Hp = —A in R", n > 1. Since (—Af, f);2 = 
Vf Ii2cany > 0 for every f € W}(R"), it follows that Ho is a nonnegative opera- 


tor. Moreover, Hyp = Hj with domain D(Ho) = W}(IR”), and this operator has the 
spectral representation 
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Hof = [ Adknf. 


It follows that o(Ho) C [0,+¢°), but in fact, o(Ho) = [0,+¢¢) and even o(Ho) = 
Oc(Ho) = Gess (Ho) = [0,+¢°). In order to understand this fact it is enough to ob- 
serve that for every A € [0,-+0°) the homogeneous equation (Hy — A )u = 0 has a 
solution of the form u(x,k) = ei"), where (kk) = A and k € R". These solutions 
u(x,k) are called generalized eigenfunctions, but u(x,k) ¢ L?(IR"). These solutions 
are bounded and correspond to the continuous spectrum of Hp. Consequently, u(x, k) 
are not eigenfunctions, but generalized eigenfunctions. If we consider the solutions 
of the equation (Hp — A)u = 0 for A < 0, then these solutions will be exponentially 
increasing at the infinity. This implies that A < 0 does not belong to o(Hp). 
For the spectral representation of Hp we have two forms: 


(1) the Neumann spectral representation 
-af= [Ades fe WHR"): 
0 


(2) the scattering theory representation 


-Af=F-UEPA) = (am) fg PeEag fi eH) sepa. 


Exercise 32.5. Determine the connection between these two representations. 


There are some important remarks to be made about the resolvent (—A — z)~! 
for z ¢ [0,-+°). A consequence of the spectral theorem is that 


(dag ta [ a-a'ae, z€C\ (0,46), 


and for such z the operator (—A — z)~! is a bounded operator in L7(IR”). Moreover, 


with respect to z ¢ [0, +00), the operator (—A — z)~! as an operator-valued function 
is a holomorphic function. This fact follows immediately from 


(-a- aN = [a2 ae, =(- 2) 


The last integral converges as well as the previous one (even better). Now we are in 
a position to formulate a theorem about the spectrum of H = —A+q. 


Theorem 32.8. Assume that q € L?(IR"), 5 < p<, n= 2, and q(x) > 0 as 
|x| + +e, Then 


(1) 6-(H) > (0,+e); 
(2) Op(H) C [—co,0] is of finite multiplicity with its only accumulation point at {0} 
with co such that -A+q > —co. 
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In order to prove this theorem we will prove two lemmas. 
Lemma 32.9. Assume that the potential q(x) satisfies the assumptions of Theorem 
32.8. Assume in addition that q(x) € L?(IR") for n = 2,3. Then 
(—A —z) tog: L*(R") > L(R’) 
is a compact operator for z ¢ [0,+¢°). 


Proof. Due to our assumptions on the potential q(x), it can be represented as the 
sum q(x) = qi(x) + go(x), where qi € L?(\x| < R) with the same p and go > 0 
as |x| — cc. We may assume (without loss of generality) that go is supported in 
{x € R”: |x| > R} and that it is a continuous function. Let us consider first the cases 
n= 2,3. If f € L?(R"), then gif € L'(\x| < R) and (—A —z)~!(qif) € W?(R") 
(by the Fourier transform). By the embedding theorem for Sobolev spaces (see, e.g., 
[1, 3]) we have that 


(-A -2)(qif) € W2(R") CW, 7(R"), 2 =2,3, 
with the norm estimate 


||(—A -2)(aP)llece < ||(—A —z) '(af)| wed 


<el\(-A—2 ah), 


we SCllavflles ce) 
Sellar llz(xj<ry WF llzqx<ry> 


or 
\|(-A —z) log 


(ulcer) =22(R") SC llaille2 » 


where c may depend only on z. 
In the case n > 4 and g € L?(|x| < R), p > 5, we may obtain by Hélder’s inequal- 
ity that 
2n 
n+4’ 


af EL (|x]}<R), s> 


for f € L?(R"), and therefore, (—A —z)~!(qif) € W2 (IR"). Again by the embedding 
theorem for Sobolev spaces we have 


1 


5) (R”) 


de 
Ss 


(-A—2)""gif) ewe" 


2n 


for some s > aaa with the norm estimate 


\|(—A —z)7! Od) 22 ¢x}<R) 120”) < cllaillzeqx|<r) : 
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In order to prove that (—A — z)~! oq, is a compact operator we approximate it as 
follows: 


A:=(-A-z)!oq, Aj:=9;(x)A, 
where @;(x) € Cp (R”), |@;(x)| < C and 
A-Aillz.2 7% jr. 


The reason is that (—A — z)~!0 q is actually an integral operator with kernel 
K-(x— y) that tends to 0 as |x| — co uniformly with respect to |y| < R (note that 
qi is supported in |y| < R). We therefore can approximate this kernel K, by the 
functions @; € Cj’(R"). But A; is a compact operator for each j = 1,2,..., because 
the embedding 

WS (|x| < R) C L?(|x| < R) 


is compact for positive &. This implies that A is also a compact operator. 
Next we consider qo. Since for f(x) € L?(IR”) we know that (-A —z)"!f € 
W; ([R"), we conclude that g2(—A — z)~!f € L?(|x| > R). In fact, 


qo: : W3 (R") > L?(|x| > R) 


is a compact embedding. In order to establish this fact let us consider eee 0j(x) € 


CF (R”), |@;(x)| < c and @j — qz2 as j — o. We can state this because Ce = C. That 
is why we required such behavior of g(x) at infinity (¢ > 0 as |x| — +e). If we set 
A := q2(—A —z)7! and A; := 9;(—A —z)7!, then we obtain 


|A-Ayll 22 S sup lo; — al (4-2) "lee 
x (32.1) 
< csup |; — q2| > 0, j > +. 
x 


But we know that Ww; Sop. = iis is a compact embedding. This implies (together 
with (32.1)) that A is a compact operator. Since 


(—A —z)"!0gx = (q2(-A-2)"')*, 


the Lemma is proved. 


Lemma 32.10. Let Q be an open and connected set in C. Let A(z) be a compact, 
operator-valued, and holomorphic function in Q and in L?(R"). If (I+A(zo))7! 
exists for some z € Q, then (I+A(z))~! exists in all of Q except for finitely many 
points from Q with the only possible accumulation points on 0Q. 


Proof. We will prove this lemma only for our concrete operator A(z) := (—A — 
z) !q(x) (see [22] for a full proof). Lemma 32.9 shows us that A(z) is a compact 
operator for z ¢ [0, +0°). The remarks about R, = (—A —z)~! show us that A(z) is a 


32 The Schrédinger Operator 343 


L\—1 


holomorphic function in C \ [0,+°). Also we can prove that (J+ (—A — z)~‘q) 
exists for all z€ C \ R and for real z < —co, where —A + gq > —co. Indeed, if z € C 
with Imz # 0, then (I+ (—A — z)~!q)u = 0, or (—A —z)u = —qu, or (Au,u) + 
z(u,u) = (qu,u). This implies for z, Imz ¥ 0, that (u,u) = 0 if and only if u = 0. In 
the real case z < —co, the equality (J++ (—A —z)~!q)u = 0 implies 


((—A + q)u,u) —2(u,u) =0. 


It follows that 
(—co— 2) |lulli2 <0 


and thus u = 0. These remarks show us that in C \ [0,+¢°) our operator J + (—A — 
z)_!q may be noninvertible only on [—co,0). 

Let us consider an open and connected set Q in C \ [0,-+s9) such that [—co,0) C 
Q; see Figure 32.1. 

It is easily seen that there exists zo € Q such that (J+ (—A — z)~!q)7! exists 
also. It is not difficult to show that there exists 6 > 0 such that (J+ (—A—z)~'g)~! 
exists in Us (zo). Indeed, let us choose 6 > 0 such that 


1 
I|(+A(z0)) “nar 


A(z) —A(zo)ln2.22 < (32.2) 


for all z such that |z—zo| < 6. Then 
(1+A(z))~! =(1+A(z0))'(+B) 71, 
where B := (A(z) —A(zo))(Z+A(zo))~!. But ||B|| < 1 due to (32.2), and then 
([+B)-! =1—B+B?+..-+(-1)"B"+.-- 
exists in the strong topology from L” to L*. We may therefore conclude that / +A(z) 
may be noninvertible only for finitely many points in Q. This fact follows from 
the holomorphicity of A(z) with respect to z by analogy with the theorem about 


the zeros of a holomorphic function in complex analysis. Moreover, since A(z) is a 
compact operator, it follows by Fredholm’s alternative that Ker(J + A(z)) has finite 


Imz 


Rez 


Fig. 32.1 The set Q. 
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dimension. We conclude that (J + (—A —z)~'q)~! does not exist at only a finite 
numbers of points (at most) on [—co, —€] for all € > 0, and these points are of finite 
multiplicity. This completes the proof. 


Let us return to the proof of Theorem 32.8. 


Proof (Proof of Theorem. 32.8). Let 1 be a positive number and fl + co > 0 (H = 
—col). Let us consider for such pu the second resolvent equation 


(H+u)' = (Hot) '—(A +p) !ogo(Hot+u) |, 


where Hp = —A and H = —A + q(x). It follows from Lemma 32.9 that go (Ho + 
u)~! is a compact operator in L*(IR”). This means that (H + 1)~! is a compact 
perturbation of (Ho + )~!. Hence, by Theorem 28.18 above we have 


Oess ((H + M)~') — Gess ((Ho + L)~'). 


But Gess ((Ho + W)~!) = [0, 4] = o¢((Ho + 1) ~!), from which we conclude that 


Oess(H + LL) _ [U, +09]. 


Outside of this set we have only points of the discrete spectrum with one possible 
accumulation point at ~. This statement is a simple corollary of Lemma 32.10. 
Moreover, these points of the discrete spectrum are located on [ld — co, 1) and are of 
finite multiplicity. Hence the discrete spectrum 0q(H) of H belongs to [—co,0) with 
only one possible accumulation point at {0}. And (0,+ce) is the continuous part of 
o(H). There is only one problem. Weyl’s theorem states that the operators H and 
Ho do not have the same spectrum but the same essential spectrum. Thus on (0, +2) 
there can be eigenvalues of infinite multiplicity (see the definition of Oess ). In order 
to eliminate such a possibility and to prove that 0 € o.(H) and o4(H) is finite, let 
us assume additionally that our potential g(x) has a special behavior at infinity: 


la(x)| Selx/", |x| > +22, 


where Lt > 2. In that case we can prove that on the interval [—co,0) the operator H 
has at most finitely many points of the discrete spectrum. And we prove also that 
0€0.(H). 

Assume to the contrary that H contains infinitely many points of the discrete 
spectrum or that one of them has infinite multiplicity. This means that in D(H) there 
exists an infinite-dimensional space of functions {wu} that satisfy the equation 


(-A+q)u=Au, —co <A <0. 


It follows that 


[MeuP+a* lueoPaes [a (lu) Pas, 
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where gt and g~ are the positive and negative parts of the potential q(x), 
respectively. Let us consider an infinite sequence of functions {u(x)} that are 


orthogonal with respect to the inner product fg.q (x)u(x)v(x)dx. This sequence 
is uniformly bounded in the metric pn (|Vu|? + |q||u|7)dx, and hence in the metric 
fran (|Vul? + |u|?)dx. But for every eigenfunction u(x) of the operator H with eigen- 
value A € [—co,0] the following inequality holds (see [9]): 


imc celal [mdi 


where c does not depend on x. It follows from this inequality that 


(1) A = Ois not an eigenvalue; 
(2) this orthogonal sequence is uniformly bounded in every fixed ball. 


Lemma 32.11. Denote by U the set of functions u(x) € D(H) that are uniformly 
bounded in every fixed ball in R". Then U is a precompact set in the metric 


J, lalluPax 
R” 


if it is a bounded set in the metric 
[ (\Vul? + |u|?) dx. 
R" 


Proof. Let {uj(x)}@_, C U be an arbitrary sequence that is bounded in the second 
metric. Then for u(x) := u(x) — Un(x) we have for r sufficiently large that 


ata)? 
[laeoliuctarse | et fy lM) liue) Pa 


xf>r_ [lH 
+ lg(x)|lu(x) Pde =: +h +h. 
Ix/<rlq(x)|>A 
For n > 3 (for n = 2 the proof needs some changes) and tt > 2 we get 


Ip <cr-# | |x|~2|u(x)|2dx < cr2-# [ \Vu(x)|2dx, wv € WE(R”). 
|x|>r R" 


Due to the uniform boundedness of U in every ball, we conclude that 


hse la(x)|dx > 0 
|x|<r,|q(x)|>A 


as A — +co uniformly on U with fixed r. Since the embedding wi C L’ for every 
ball is compact, the boundedness of the sequence in the second metric implies the 
precompactness in L? for every ball. We therefore have 
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nsaf la (x)|?dx +0, m,k— 0 
ae 


with r and A fixed. On passing to the limit, these inequalities for Jo, /;, and I, show 
that 


J. lala) lluts[Pae 0, mk 2 
R” 


Thus the lemma is proved. 


Let us return to the proof of (1). By Lemma 32.11 we obtain that our sequence 
(which is orthogonal with respect to the inner product fn q~ (x)u(x)v(x)dx) is a 
Cauchy sequence in the first metric. But this fact contradicts its orthogonality. Thus 
(1) is proved. 

(2) Let us discuss (briefly) the situation with a positive eigenvalue on the contin- 
uous spectrum. If we consider the homogeneous equation 


[I+(-A—k-i0)"'qf=0, k>0, 


in the space Cc (IR”), then by Green’s formula one can show (se [20] or [21]) that the 
solution f(x) of this equation behaves at infinity as o(|x|~ =), We thus conclude 
[21] that f(x) = 0 outside some ball in R”. By the unique continuation principle for 
the Schrédinger operator it follows that f = 0 in the whole of R”. 


Let us consider now the spectral representation of the Schrddinger operator H = 
—A+q(x), with g(x) as in Theorem 32.8 with the behavior O(|x|""), u > 2, at 
infinity (compare with the spectral representation that follows from von Neumann’s 
spectral theorem, Theorem 27.13, for the self-adjoint operator —A + q in L?(R")). 
For all f € D(H), we have 


= (2n)- yn feu («kak [f(a u(y,k wot BAS ran 


where u(x,k) are the solutions of the equation Hu = ku, u j(x) are the orthonormal 
eigenfunctions corresponding to the negative eigenvalues A, taking into account the 


multiplicity of A; and fj = (f,uj);2(@n). The functions u(x, k) are called generalized 
eigenfunctions. When q = 0, the generalized eigenfunctions have the form u(x,k) a 
ell‘) This follows by means of the Fourier transform. Indeed, 


(-A-—K)u=0 


if and only if 
(JE? -e)@=0, 
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or 7 
@= Ycod (§ -k), 
a 
since 
IEP? =” 
if and only if 7 
&€-k=0 
Hence 


= eer (E —k))(x) 
= Leal F <n = dear" i(x,R) y 


But u(x,k) must be bounded, and so u(x,k) = cheile®), We choose ch = 1. If we have 
the Schrédinger operator H = —A +q with q # 0, then it is natural to look for the 


scattering solutions of Hu = k2u of the form u(x,k) =e!) + use(x,k). Due to this 
representation, we have 


(—A — 2) (eile 4 bse) =-—gu, 


or 
(—A —K*) use = —qu. 


In order to find usc, let us recall that from Chapter 22 we know the fundamental 
solution of the operator —A — k?. Therefore, 


u(xk) =e) — Gz (le y)aly)utv)a 


where 


Gi (la) = ene (lela) 


2m|x| 


is the fundamental solution for the operator —A — k?. This equation is called the 
Lippmann—Schwinger integral equation. 


Chapter 33 
The Magnetic Schrodinger Operator 


As a continuation (and, in some sense, an extension) of the previous chapter, where 
the Schrédinger operator was considered, in this chapter we consider the magnetic 
Schrédinger operator 


Hu := —(V+iW(x))*ut+V(x)u, x€QCR"n>2, (33.1) 


where 2 is an open set (not necessarily bounded) in R”, n > 2, with smooth bound- 
ary. It is assumed that the electric potential V(x) and the magnetic potential W(x) 
are real-valued and belong to the following spaces: 


VeEL?(Q) withsome 1 < p<-forn=2andn/2 < p<forn>3, 


7 ; (33.2) 

WeEL*(Q) withsome2 <s<forn=2andn<s<forn> 3. 
The operator H, of the form (33.1) is symmetric in the Hilbert space L?(Q) on the 
domain Cj (Q). We want to construct the Friedrichs self-adjoint extension of this 
operator and to describe the domain of this extension. 


Lemma 33.1. Assume that the conditions (33.2) are satisfied for the coefficients of 
Hm. Then for all f € CS (Q) the following double inequality holds: 


NIV Fllz2~@) — C1 Wfllz@@y < (Ams A 2(@) S LIV A llz2~@) + ll fllzc@ 
(33.3) 
whereN<y<1<Y andC,,Cz > 0. 


Proof. For all f € Cj (Q) we have by integration by parts that 


(Hof liye) =f \(V+iW)fPax+ | VooifPax 
= ees [iweiePar+ [ vioifPar—2 f ime. V Flax 
Q Q Q Q 
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Therefore, for € > 0 sufficiently small we obtain the following double inequality: 


2 


(1 =e) IVR) — 1/e- 1) [7A acoy — [IHU [ ce) $ Ein Darcey 


L-(Q 
2 


< (142) IVS) + W/e+ 0 [I aay + [MEF 2(@)' 


Due to the conditions (33.2) the functions W and \vi/ > are from equivalent 
spaces (with respect to norm estimates). We shall therefore estimate only the norm 


2 
V 1/2 
live i 
us consider first n > 3 and some p satisfying n/2 < p < ©. Then for R > 0, using 
the Holder’s inequality we obtain 


can be estimated in the same manner. Let 


ee and the norm | ws 


iver 


2 
< VII f|/?dx+ | Vil fi2dx 
- Preopsa! WfPaet fi Ive 


(n—2)/n 


2/n 
< | V "ax) (/, mas) LR 2 
( VeaioR | \V(x)|>R ul I Plla(a) 


_ 2p/r 
SCR PY |e nceivcoioey Ulla (ay +R lf lz2¢@y- 


In obtaining the latter inequality we have used the fact that n > 3, n/2 < p<, and 
the well known embedding [1, 3] Wj (Q) — L?"/("-?) (Q) with the norm estimate 


IIF ll p20/m-2)(@) < V Cy Il fllws(@) : 


Collecting all these estimates, we get 


7 — n 2p/n 2 2 
MEA aco) SO IM Pear evento ling cay + RIA E2¢0 


< 6(R) Ifllvsca) + Rll flaca): 


where 6(R) > 0 can be chosen as small as we want if R is sufficiently large. The 
same is true (with some evident changes) for p = o° and for n = 2. Hence, we have 
for arbitrarily small € > 0 and for arbitrarily small 6(R) > 0 that 
(1-2 —8(R) — (1/e 1) 8(R)I IV l22¢@ 
~[R+8(R) + (1/e-1)(R+5(R))I IIfll22@) S (Hof Dima) 
< [1 +e+8(R) + (1/e—1)8(R)] [IV ll2acay + [2+ 1/e)(R + 8(R))I Ifll2acay 


Choosing € > 0 arbitrarily small and R > 0 such that 5(R) = €7, we obtain the 
required estimate (33.3). 
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Exercise 33.1. Prove the previous lemma in the cases p = s = c for n > 2 and 
p,s <° forn= 2. 


This lemma implies that there exists [9 > 0 such that Hn + Uol is positive and 
2 
(Hm + Hol) fF) 12(@) * Ilfllvgcay: 


This fact implies that there is a Friedrichs self-adjoint extension of the positive op- 
erator Hm + Uol, denoted by (Hm + Hol)r (see, for example [5]), with the domain 


D((Hm+Hol)e) = {f € WH(Q) : (Hm + Mol) f €L2(Q)}, 33.4) 


where W}(Q) is the closure of C5 (Q) with respect to the norm of the Sobolev space 
W3 (Q). Hence, the Friedrichs extension (Hm) of Hy» can be defined as (Hin)F := 
(Hm + Uol)e — Lolp with the same domain (33.4). 


Exercise 33.2. Show that if W ¢ L*(Q) and V-W,V €L?(Q) with somen < p< 
for n > 3 and with some 2 < p < for n = 2, then 


D((Hm)r) = W3(2)NW3(Q). 
In particular, for 2 = R” we obtain in this case that 
D((Hm)r) = Wz (R"). 
Hint. Represent first Hp in the form 
Hu = —A —2iW(x)Vu+ [|W +V —iV- Wu 


and then use the same technique and the same embedding theorems for Sobolev 
spaces as in the proof of Lemma 33.1. 


Remark 33.2. The Friedrichs self-adjoint extension of the magnetic Schrddinger 
operator H,, exists under much “broader” assumptions for the coefficients V and Ww 
than in Lemma 33.1. Namely, if we just assume that W € L?(Q) and V € L!(Q) but 
V > 0, then since for all f € Cp’(Q) we have 


(mf Aca) =|(0 +i) ot VE-Dira) 20 


we may conclude that for all Up > 0, Hm + Uol is positive, and thus the Friedrichs 
self-adjoint extension exists (see, for example, [5]). But in this so-called “general” 
case we cannot characterize the domain of (H)p constructively. We can say only 
that 
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D((Am)F) = {f € D(V +iW) : V7 f € 7(Q) and Hmf € L?(Q)}. 


But even in this “general” case we may prove the diamagnetic inequality (see [35]). 
For all t > 0 we may consider (using von Neumann’s spectral theorem, see The- 
orem 27.13) the self-adjoint operators 


e1(Am)F F(x) = in e dE; f(x), 
0 


. (33.5) 
otale g(a) = [eae F(a), 
0 


where E, and E oO) are the spectral families corresponding to the self-adjoint opera- 
tors (Hm)p and (—A)r, respectively. 


Theorem 33.3. Assume that W € L?(Q), V € L'(Q), V > 0, and that these poten- 
tials are real-valued. Then for all f € L?(Q), t > 0, and U > 0 we have that 


Jetta F(a)| < eA HHL F(a) (33.6) 


holds for almost every x € Q. 


Proof. For brevity we denote V + iW by Dj. We have the following two lemmas 
(which are also of independent interest). 


Lemma 33.4. For all f € C3 (Q) we have 
Dy fx)| = VIF (33.7) 


almost everywhere. 


Proof. Indeed, 
Vif)? = V(F@) L(x) = FVE+SVE = f Dy f + (Def =2Re(FDyf)- 


This is equivalent to 


2\fIVIf| = 2Re(fDyf). 
The latter equality implies that 


Dw flLf = LAVAL 


Thus, the lemma is proved. 


Lemma 33.5. For all f € Cj (Q) and @ > 0 sufficiently smooth we have that 


almost everywhere. 


33 The Magnetic Schrédinger Operator 353 


Proof. Without loss of generality we may assume that f 4 0; otherwise, we consider 
= \/|f|? +e and then take the limit e — 0+. We have 


Pa )- (4 0) i | res f 
Dz, | — =V Ww V V Ww 
v (Re ty A? A ne 
=|" Fe an ° 
This equality implies that 
f 0) Dy fDwf FV\fls, fy 
Dz = Dz 
0 (Fi Pat= 0) TA Tpe Pat] + VO Pat 
SO 
i IDyf2 Visi Re(7D5f) 
Re| Dy, ( —o)Dzf | = Re eae ial EAs 
«(Ds (;Fe) 1) PA fe Rt — ye 


Calculating Re(fDy, f) for f = fi +if2, we obtain 


Re(fDy f) =Re[(fi-if)(VAt+iVi+iVi-Wh)| =fiVAt+hVi=lflVIFl- 


Thus, 


if ie if 
_ Dy fPF-|VIFIP 
me Al 


eo i 4 (Y - 


+VeV\|f| = Vovif| 


by Lemma 33.4 and the fact that p > 0. 


To end the proof of Theorem 33.3 we consider 1 > 0. Using these two lemmas 
we obtain 


ft 5 
[voviflac+u [ elflax<Re [Dy (Fo) og ractu f olrlas 


f 
% Px (Fo) pg rar+n f olslas ; 


since Rez+a < |z+al for real a. Using now integration by parts in both integrals 
we have that 
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ah dx bot 7 °) 
[9 EF <|f(- —Ds wipe tHT a? 


(A +W)I De <|f, Fo(-D} +1) ray 


< | ol(—Dy +m) fldx = (\(-Djy +)f1, 02.0 


Since (—Di, +l)! exists, by introducing f := (—Di, + ul)~!u we can rewrite 
the latter inequality as 


((-A+H)IF 1, @)22(@) = (FI (—4 + 2) 9) 2,9) = (I(—Dg, + HD "ul, W) 2210) 
< (|u|, P)22(a) = (lul,(-A +11) W)p(9) = ((-4 +)" |u|, W) 2(@) 


where we have used the self-adjointness of all operators and the notation y = (—A + 
LI) @. Hence, for arbitrary y > 0 sufficiently smooth we obtain the inequality 


(\(—Dy + HD) "ul, W)p2(9) S$ ((-A +B), W)22(0) 


Since y is an arbitrary function of such type, we may conclude from here that for 
every u € L?(Q) we have that 


|(—Diy + HL) Tu(x)| < (-A + wt)" |u| (2) 
almost everywhere. Iterating the latter inequality, we obtain for all m € N that 
|(—Dy + HD) u(x)| < (—A + Bul (x). 


Hence, for every u € L?(Q) we have 


jo PWT) u(x)| < lim 


m—co 
< tim (7 A *)) “ues 

moo \ f t 

: m m —m tf 
= Jim (F(-A +4 +7)) “ |a(x)| = eA) |a(x)| 


almost everywhere. Thus (33.6) is proved in the case V = 0. In order to add V > 0 
to —D2, + ul we repeat the above procedure and easily obtain that for all uw € L*(Q) 
and y => 0 sufficiently smooth, we have 


33 The Magnetic Schrédinger Operator 355 
((—Dy +H +V) Tul, W)r2(ay < (ul, (-A +H +V)"W) 22/0) 
< (lal, (-A +H)" W)p2(@) = (A +B) “lel W) 2a) 


since 
(-A+put+V)'w<(-A+pn) ly 


almost everywhere. This completes the proof of Theorem 33.3. 


There are many applications of the diamagnetic inequality. We will consider 
some of them. If A is a nonnegative self-adjoint operator acting in L7(Q), its heat 
kernel P(x, y,t) (if it exists) is defined to be a function such that for every t > 0 the 
self-adjoint operator e~ is an integral operator with this kernel (see for comparison 
Definition 22.6 and Chapter 45), i.e., for all f € 710), 


ef x)= fr P(x,9,#) f(y)dy. (33.9) 


Using this definition, we may conclude that if a heat kernel exists, then for every 
Lt > 0 the inverse operator (A + u/)~! (which exists) is an integral operator with 
kernel 


G(x,y,H) = [ “eo! P(x, y,1) f(y)dt. (33.10) 


Indeed, by von Neumann’s theorem for A (see Chapter 27), we have that for every 
fel (Q), 
etpa= | oManys, 
0 


where {E, } is the spectral family corresponding to A. 
Since (A+pJ)~! exists for every LU > 0 and it is self-adjoint, it follows that for 
every f € L?(Q) we have 


(A-+pry* @) = [ae re) = faz fle ) fre A+H) ag 
= . edt - e dE, f(x) = if e'! P(x, y,t)dt. 


There is (at least) one quite general situation in which the heat kernel exists and 
has “good” estimates. Let us assume that 2 C R” is a bounded domain with smooth 
boundary (the smoothness is required for the Sobolev embedding theorem). We con- 
sider the magnetic Schrédinger operator Hm in Q with electric potential V > 0 and 
with magnetic potential W satisfying all assumptions of Lemma 33.1. In this case 
Hy and Hp = —A have Friedrichs self-adjoint extensions, which are denoted by the 
same symbols H,, and Ho, respectively. We have the following theorem. 


Theorem 33.6. Under the conditions of Lemma 33.1 for Lt > 0, the resolvent (Hm+ 
ul)~! is an integral operator with kernel G(x,y,), called the Green’s function 


356 Part III: Operator Theory and Integral Equations 


corresponding to the Friedrichs extension of Hy. Moreover, the following estimates 
are valid: 
lx—yMe-vEPl, n> 3, 


(33.11) 
1+|log(yHlx—yl)|, 2 =2. 


IG(x,y,H)| <e{ 


Proof. Using Lemma 33.1, we conclude that for u > 0 sufficiently large and for all 
f € W3(Q) we have 


(Hm +HD)Ff)12(@) 2 Vf lhyay) > 0 


Since the pmbecdine wh(Q) <+ L?(Q) is compact (see Lemma 30.15), we have 
that (Hin + u!)~! is compact. Using now the Riesz—Schauder and Hilbert-Schmidt 
theorems (see Theorem 28.10), we conclude that the spectrum o(Hm) = {A;}7~ 

is discrete and of finite multiplicity with only one accumulation point at infirmity, 
The corresponding normalized eigenfunctions {@ iF form an orthonormal basis 


in L?(Q) such that the spectral family for H,, is defined as 


Eq f(x = 2, Lie) ) =(f,9)) 21a Q): 


eMingta) = fe Maks) =e 1 £;04(%) 


2 om (fr i: f(y) @jly ae) pj (x) = a (Ze etoi9i)) son 


and the heat kernel of H, will be equal in this case to 
P(x,y,t) =e 9;(y). (33.12) 


It must be mentioned here that all these equalities (and operations) a considered 
in the sense of L*(Q). The equality (33.12) implies that (H+ u/)~! is an integral 
operator with kernel G(x, y, u) defined by 


ath — Pj (x) Qj(y) 
G(x,y, =[ve “Ht P(x,y,t)dt = D3 9/0) |e Aide y BSCE 
(x y LL) 0 (x yt Pj (x a Aj+u 


(33.13) 
This function G(x,y,) is called the Green’s function of the Friedrichs extension 
of the magnetic Schrdédinger operator Hy» in the bounded domain. To obtain the 
estimates (33.11) we proceed as follows. It is known that the heat kernel Po(x,y,t) 
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for Ho in the whole of R” (see, for example, Chapter 22) is equal to 
Po(x,y,t) = (4n0)77/2e PP) (33.14) 


At the same time, the heat kernel Po(x, y,t) of Ho in the bounded domain 2 satisfies 
the following boundary value problem: 


O,Po(x,y,t) = AcPo(x,y,t), xyEQ,t>0, 
Po(xyt)]. =0, x€0Q, ye Q,t>0, 
Po(x,y,0) = 6(x—y). 


If we define Po(x,y,t) = Po(x,y,t) + R(x,y,1), then R(x,y,t) has to satisfy 


O,R(x,y,t) = A,R(x,y,t), xyEeQ, t>0, 
R(x, 9:4) ao =—Poyy.t), »eeQ, ye Q,t>0 
R(x,y,0) =0, x,yeQ. 


But —Po(x, y,t) < 0 for x,y € Q,t > 0 (see (33.14)). Using then the maximum prin- 
ciple for the heat equation (see Theorem 45.7) we obtain that R(x, y,t) < 0 for all 
x,y€Q andt > 0, Le., e 

O< Po(x,y,t) < Po(x,y,t). 


The next step is as follows: the diamagnetic inequality (33.6) leads in this case to 
[ponte] sf reexnlroiley 


which holds almost everywhere in x € Q and for all f € L?(Q). Using the Hardy- 
Littlewood maximal function (see, e.g., [18]), we can obtain from the latter inequal- 
ity that 

|P(x,y,t)| < (4at)-"/2e-F9P/4) x ye QO, 4 >0. 


Using this and (33.10), we get (see Example 22.8) 


G(x y, By sf eM (amr) re HPA 
0 


nla ( e—yl\O? 
= (2n)" (=) K(n—2)/2(V/ Hx — yl), 


where Ky(z) is the Macdonald function of order v. Using the asymptotic expansion 
for Ky(z) for z— 0 and z > © (see, for example, [23]), we can obtain the following 
inequalities (see also the straightforward calculations in Example 22.8): 
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Ix—y|2-"e velo, n>3 


IG(xy,M)|<C 
1+|log(VH|x—y))|, n= 2, 


where x,y € Q@ and the constant C > 0 depends only on the dimension n. Thus, 
Theorem 33.6 is completely proved. 


One more application of the diamagnetic inequality concerns the estimates of the 
normalized eigenfunctions of Hm. 


Corollary 33.7. Let @ be a normalized eigenfunction of Hm with corresponding 
eigenvalue A > 0. Then 


e n/4 
llama < (sen) aN (33.15) 


Proof. Applying (33.6) to p(x), we obtain (||@l|72(@) = D) 
Je oa) =leMna| < f (ant) n/eP 99 ay) ly 
Q 


1/2 

<loll,2 Ant) ra gy 

< lola) ( [ (4x0 y 
1/2 

= (/ (4nt)~ n eo Bo y|? /(2t) ay) 

= (4nt)-"/?4"/4 (/, eo bP/2q 

= R” y 


= (4nt)—"/22"/4(20)"/4 = i a ale tae 


i.e., for all t > 0, 
|p(x)| < 4g 3n/44p—0/4 eth 


Taking the infimum of the right-hand side with respect to t > 0, we 
obtain (33.15). 


Chapter 34 

Integral Operators with Weak Singularities. 
Integral Equations of the First and Second 
Kinds. 


Let Q be a bounded domain in R”. Then 
Af(s) = [ Ky) fa 


is an integral operator in L?(Q) with kernel K. 


Definition 34.1. An integral operator A is said to be an operator with weak singu- 
larity if its kernel K(x, y) is continuous for all x,y € Q, x 4 y, and there are positive 
constants M and @ € (0,n] such that 


|K(x,y)| <M|x—y|*™, x#Y. 


Remark 34.2. If K(x,y) is continuous for all x, y € Q and bounded, then this integral 
operator is considered also an operator with weak singularity. 


If we have two integral operators A; and Az with kernels K; and Ko, respectively, 
then we can consider their composition as follows: 


(Areaa)s(s) = ff KilsyiAastvddy= ff Kiln) (Kale) (ede) ay 


= | (/ K (xy) Ka(2)ay) f(z)dz, 
2 \JQ 
and analogously 
(area(s) =f ( fetes) Kulv2ley) Fae 
assuming that the conditions of Fubini’s theorem are fulfilled. 
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So, we may conclude that the compositions A; 0 Az and A2 0A, are again integral 
operators with kernels 


K(ny) =f Ki(s2)Ko(s,y)de, 


7 (34.1) 
R(x,y) = - Ky(x,2)Ki (z,y)dz, 


respectively. In general, K(x,y) # K(x,y), that is, Ay oAz 4 AQ OA). 
Returning to integral operators with weak singularities, we obtain a very impor- 
tant property of them. 


Lemma 34.3. [f Ai and A2 are integral operators with weak singularities, then 
A, 0A 2 and Az 0A, are also integral operators with weak singularities. Moreover, if 


[Ki(x,y)| <Milx—yl" and |Ko(x,y)| < Ma|x— yl, (34.2) 


then there is M > 0 such that 


|x—y[AF%—" +0 <1, 
|K(x,y)| <M< 1+ |log|x—yl], a1 +02 =n, (34.3) 
1, Oj+02>n. 


The same estimates hold for the kernel K(x,y). 


Proof. Using (34.1) and (34.2), we obtain 


IK(x3)] < MiM fx —z/@"[z— yl "de, 


If o& + 2 <n, then changing the variable z = y + u|x— y|, we have 
x—z=|x—yl(eo—u),  leol=1, 
and 
K (x,y) | < My Mp|x— yr" | Ju —eo|2"|ul@"du. (34.4) 
R 


In order to estimate the latter integral we consider three different cases: 
Jul 1/2, 1/2<|ul <3/2, ul > 3/2. 


In the first case, 
|u —eo| > |eo| —|u| > 1-1/2 = 1/2, 
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and therefore 


/ \u—e9|! "|u|" du < a | \u|°2-"du 
jul|<1/2 jul<1/2 


Qn Oy — 


1/2 
a eae | re dr dé = |\S”~ ol 
0 gn-l 


05) 


where |S’~!| denotes the area of the unit sphere in R”. 
In the third case, 


2 
lu — eo] 2 |u| — leo] 2 |u| — 1 2 |u| — Zul = 


and we have analogously 


i \u— e9| "|u| "du 
|ul>3/2 


On Ons (05) 302 


< Brom sy peite—n—lqy — \s"- ar 
~ 3/2 n— Oy — A 
In the case 1/2 < |u| < 3/2 we have that |u — eo| < 5/2, and so 
| lu — e9 |" al 2-" du 
1/2<|u|<3/2 
Dn— G1 — 2 504 1 (34.5) 
aa | lu — eg|@-"du = ——_>—|s*"1], 
|u—eo|<5/2 


Combining (34.4)-(34.5), we obtain (34.3) for the case @ + Q2 <n. It can be men- 
tioned here that the estimate (34.3) in this case holds also in the case of an arbitrary 
(not necessarily bounded) domain Q. 

If now oj + O) =n, then the proof of (34.3) will be a little bit different, and it 
holds only for a bounded domain . Indeed, for every z € Q and 


|x—y| 


=| |z— 
2 9 


|x—z| <—~—_ or 


y| << —— 
2 


we have in both cases that 


IK (x,9)] < MaMs2"- [x yee" fe atnae 
Q’ 


|x—y|/2 
< Mi Mz2"-% |S" "jx yl" f ri—lap 
0 
_M M- MM: 
a ——|s""| a —— |s"-1). (34.6) 
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If z € Q does not belong to these balls with radius |x — y|/2, then we consider two 
cases: |z—x| > |z—y| and |z—x| < |z—y]. In both cases we have 


d d 
KG) Mila [Muni fo 
1 \x— x-yl/2 7 
Q\Q |x—y|/2 (34.7) 
= M,M,|S""!|log ——., 
Jx—yI 


where d = diam. The estimates (34.6) and (34.7) give us (34.3) in the case oj + 
=n. 

If finally of + O2 > xn, then since Q is bounded, we can analogously obtain (34.3) 
in this case. This finishes the proof. 


Remark 34.4. In the case a; + Q =n, since for allO <t < 1, 

lleg?i =Car’,  e>0, 
instead of a logarithmic singularity in (34.3) we may consider a weak singularity for 
the kernel K(x, y) as 

|K(x,y)| <Melx—yl™, 


where € > 0 can be chosen appropriately. 


Let A be an integral operator in L*(Q) with weak singularity. Then since 0 < 
a <xn, we have 


[bnvitrtaysB and f |x—ylt "ae < B, 
Q Q 


where 
B= sup | |x—y|%"dy <e, 
xEeQ/Q 


Schur’s test (see Example 26.2) shows that A is bounded in L?(Q) and 


Allz2(@)22(a) < MB. 
We can prove even more. 
Theorem 34.5. An integral operator with weak singularity is compact in L?(Q). 


Proof. Let us introduce the function 
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Then for all o > 0 we may write 
K(x,y) = Xo(le—yI)K(%y) + 1 — Xo(e— y|)) Ky) = Ki, y) + Ka(,y). 


The integral operator with kernel K2(x,y) is a Hilbert-Schmidt operator for all 
o > 0, since 


J, |, e@nPaay <a? | |x — y/2*-2"dxdy 
pile O<|x—-y|<d 


is finite. It is therefore compact in L?(Q) (see Exercise 28.10). For the integral 
operator A; with kernel Kj (x,y) we proceed as follows: 


Ai flaca) = (Af, Afra) = (fA Arf) 2(Q); (34.8) 
where Aj is the adjoint operator with kernel 


Ki(%,y) = Xo(lx—yI)KQ,), 


which is also an operator with weak singularity. Using Lemma 34.3, we can estimate 
the right-hand side of (34.8) from above as 


ff otesnlireolisondeay s 5 ff iko(xy) bre) Paxay 


2 
"2 I, ij, [Ko(x,y)||F(y) dxdy, 
(34.9) 


where Kg(x,y) is the kernel of the operator with weak singularity, i.e., 


lx—y/2e-", a “ni, 
[Ko(x,y)| << M4 |x—-yl*, a =n/2, 
1, a>n/2, 


where € > 0 can be chosen as small as we want. 
Let us note also that the definition of y(t) implies that Kg (x,y) = 0 for |x—y| > 
20. Thus (see (34.8) and (34.9)) we have (@ < 2n) 


Ar fliaga) <M ff be—sP"LF Paes 
|x—y|<20 


cM f ifr f  be—yPerayde 
Q |x—-y|<20 


Caan 
= MI|flliz@),,|8" || 9 
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as o — 0. This means that 

Aillz2¢a)+22(@) 79, o> 0. 
The same fact is valid for the cases a@ > n/2. Thus, 


|A — Aa|l12(@)12(@) < Ai llz2(@)-422(2) 0 


as o — 0. But A> is compact for every o > 0, and therefore, A is also compact as 
the limit of compact operators. This completes the proof. 


We want now to expand the analysis of integral operators with weak singularity 
defined on domains in R” to integral operators with weak singularity defined on 
surfaces of dimension n — 1. 

Assume that 0Q is the boundary of a bounded domain of class C!. This means, 
roughly speaking, that at every point x € 0Q there is a tangent plane with normal 
vector v(x) that is continuous function on 0Q, and the surface differential do(y) in 
a neighborhood of each point x € OQ satisfies the inequality (see [22]) 


do(y) < cop" *dpde, 
where (p,@) are the polar coordinates in the tangent plane with origin x, and co is 


independent of x. According to the dimension n — | of the surface 0Q, an integral 
operator in L?(0Q), ie., 


Af (x) = [ Ke f0}do0), 


is said to be with weak singularity if its kernel K(x, y) is continuous for all x,y € OQ, 
x #y, and there are constants M > 0 and @ € (0,n— 1] such that 


IK(x,y)|<M|x—yl OY, x Ay. 


If K(x, y) is continuous everywhere, we require that K is bounded on dQ x dQ. We 
can provide now the following theorem. 


Theorem 34.6. An integral operator with weak singularity is compact in L?(0Q). 


Proof. The proof is the same as that for Theorem 34.5. 


For Banach spaces (i.e., complete normed spaces) the same definition of com- 
pact operator holds (see Definition 28.8). We will need the compactness of these 
integral operators in the Banach space C(Q). Let Q be a compact set in R”. The 


Banach space C(Q) is defined as the set of all complex-valued functions p(x) that 


are continuous on 2 with norm 


Pllc = maxloOl = lolli @)- 
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We will need also the famous Ascoli—Arzelda theorem (for a proof, see [22]). 


Theorem 34.7. A set U C C(Q) is relatively compact if and only if 


(1) there is a constant M > 0 such that for all p € U we have ||Q]|;.cq) <M (uni- 
form boundedness); 
(2) for every € > 0 there is 6 > 0 such that 


le(x)—(y)| <é 
for all x,y € Q with |x —y| < 6 and all @ € U (equicontinuity). 


Theorem 34.8. An integral operator with continuous kernel is compact on C(Q). 


Proof. The result follows straightforwardly from the Ascoli—Arzela theorem. 


Theorem 34.9. An integral operator with weak singularity is compact on C(Q),. 


Proof. The proof follows from Theorem 34.8. Indeed, let us choose a continuous 
function h as 


0, 0<t<1/2, 
hij=< 1, 1/227 < 1, 
1 Pet, 


F 


and the integral operator A, with kernel K;(x,y) given by 


Kj (x,y) = elie = 


The kernel K;(x,y) is continuous for every k = 1,2,..., and therefore A, is compact 


on C(Q). Moreover, 


p(s) — A960) =| [A yI))KG%9}00) 


<\ielan@ |, ess)lay 
<Mllelan@ [besa 0 


as k — co uniformly in x € Q. Thus, A is compact as the norm limit of compact 
operators. 


There is a very useful and quite general result for integral operators with weak 
singularity for both domains and surfaces in R”. 


Theorem 34.10. An integral operator with weak singularity transforms bounded 
functions into continuous functions. 
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Proof. We give the proof for domains in R”. The proof for surfaces in R” is the 
same. Let x,y € Q and |x—y| < 6. Then 


Af (x) -AFO)!| < | (1K(x,2)| + 1K, 2) IF) |dz 


|x-z|<26 
+ ff K(x,z) —K(y, d 
puree (x,2) —K(y,z)|| F(z) |dz 
<M ~ i = ON _ ,|a-n d 
<M|f\l- (Q) ech z| ly—2|°)dz 


+ || Fl; K(x,z) —K(y,z)|dz =: +b. 
Flam) fgg geamy 02) KO32) Ide meh +h 


Since |z—y| < |x—z| +|x—y], we have 


(36)° 
a 


— 0 


36 
hh <2M flea) sf rode = 2S" Iflli=(@) 


as 6 — 0. On the other hand, for |x—y| < 6 and |x—z| > 26 we have that 


ly—2| 2 |x-z|—|x-y| > 26-5 =6. 


So the continuity of the kernel K outside of the diagonal implies that 


K(x,z) —K(y,z) +0, 6-0, 
uniformly in z € Q \ {|x—z| < 26}. Since Q is bounded, we obtain that fy — 0 as 
6 — 0. This completes the proof. 


Exercise 34.1. Prove that if A is as in Theorem 34.10, then f(x) +Af(x) € C(Q) 
for f € L?(Q) implies f € C(Q). 


We are now in a position to extend the solvability conditions (Fredholm alternative; 
see Theorem 28.16) to equations in Hilbert space with compact but not necessarily 
self-adjoint operators. 


Theorem 34.11 (Fredholm alternative II). Suppose A: H — H is compact. For 
all u € C either the equations 


(I-pA)f=g, (1-BPA*)f' =’, 


have the unique solutions f and f' for any given g and g' from H or the correspond- 
ing homogeneous equations 


(I-A) f=0, (1-fA*)f =0 (34.10) 
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have nontrivial solutions such that 

dim N(I — A) = dim N(I — [1A*) < ©, 
and in this case equations (34.10) have solutions if and only if 


glN(I-fA") = geER(I-pA), 
giIN(I-yA) © 2g €R(I-PA’*), 


respectively. 
Proof. Riesz’s lemma (see Theorem 28.14) and Exercise 26.7 give 


RU— pA) =NI-FA*)-, 
RU —[A*) = N(I—wA)+. 


Let us first prove that one always has 
dim N(J — A) = dimN(I — TA"). 
These two dimensions are finite due to Riesz (see Proposition 28.13). Since every 
compact operator is a norm limit of a sequence of operators of finite rank (see 
Chapter 28 for details), for every up € C, up #0, we have 
I—pA = —yAo+ (I— LA}), 
where Ap is of finite rank and ||A;|| < 1. Then (J— A 1)~! exists and 


(1— A1)~1(1— A) =I — (I — Ay)~| Ap =: I Ad, 


where Ap is of finite rank too. Analogously, since (J — HAt)! exists, we must have 


(I —fA*)(I—fA})! = 1 — Ag — Ay)! =: 1-3, 


where A3 is adjoint to A2 and is of finite rank too. These representations allow us to 
conclude that 


g€N(I—pA) gE N(I—Ap), 
of €N(I—pA3) © (1 —FAi)"'! € N(I- HA’). 


Thus, it suffices to show that the numbers of independent solutions of the equations 
g=Aog, gf =Ajg' 


are equal. 
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Since we know that the ranks of Az and Aj are finite, we may represent the 
mappings of the operators J — Az and J — A} as the mappings of matrices — M) and 
I — Mj with adjoint matrices M, and M3. But the ranks of the adjoint matrices are 
equal, and therefore the numbers of independent solutions of the equations g = Aog 
and g’ = A}¢’ are equal. 

The next step is the following: if R(J— uA) = H, then N(J — TA*) = {0}, and 
consequently N(J — LA) = {0} and R(J —fA*) = H (see Exercise 26.7). This means 
that both ([— wA)~! and (J — 1A*)~! exist, and the unique solutions of (34.10) are 
given by 

f=(-wA)'s, f =(-BA*)'¢’ 


If N(J— WA) and N(I —{1A*) are not zero, then R(J — WA) and R(J — [fA*) are proper 
subspaces of H, and equations (34.10) have solutions if and only if 


ge R(I—-wA), g © R(I-PA*). 
This is equivalent (see Exercise 26.7) to 


glN(I-ffA*), g/ LN(I—pA). 


This completes the proof. 


We will now demonstrate this Fredholm alternative for integral operators. Let Q C 
R” be a domain, and let 


Af(s) = fF Kew) fOay 
be a compact integral operator in L?(Q). Then its adjoint is defined as 
A*g(x) = fF KOA) f)4y. 


Hence, the Fredholm alternative for these operators reads as follows: either the equa- 
tions 


f(x)-u is K(x,y)f(y)dy = g(x), 


(34.11) 
f')-E [ KO.A)f O)dy =e), 
are uniquely solvable for all g and g’ from L7(Q) or the equations 
fx) =n f K(x »)S0)dy, 
0 (34.12) 


f'(x) =F} K(y,x)f (y)dy, 
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have the same (finite) number of linearly independent solutions. And in this case, 


equations (34.11) are solvable if and only if g and g’ are orthogonal to every solution 
f and f’ of the equations (34.12), respectively. 


Definition 34.12. Equations (34.11) and (34.12) are called integral equations of the 
second and first kinds, respectively. 


Exercise 34.2. Consider in L7(a,b) the integral equation 


oe) fe eo)ar=s0), xe lad) 


where f € L?(a,b). Solve this equation and formulate the Fredholm alternative for 
it. 


Example 34.13. (Boundary value problems) Consider the second-order ordinary 
differential equation 


ag(x)ul" (x) + ay (x)ul(x) + a2(x)u(x) = f(x) 


on the interval [0,1] with coefficients f,a2 € L7(0,1), a; € W(0,1) and with 
smooth ag(x) > co > 0 subject to the boundary conditions 


u(0)=uo, u(l) =u. 


Dividing this equation by ag(x), we may consider the boundary value problem in 
the form 
ul +ay(x)u +an(x)u =f, u(0) =up,u(1) =m. 


Using Green’s function G(x, y) of the form 


G(x,y) = ¥(1 =x), O<y<x<l, 
x(l-y), O<x<y<1, 


we can rewrite this boundary value problem as 
} / 
u(x) = ols) + [ G(x,y)(ai(y)u! +aa(y)u— FO0))d. 
where Q(x) = uo(1 —x) + ux. Integration by parts implies 


ue) = go(x) — f Gl »)FO)ay+ G.y)aro)uO)/ 


— ['GGsarlo) +G(e.9)44(0)] noyar+ [' Ole.r)ax(0)uoYev 
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Since G(x, 1) = G(x, 0) = 0, this equation can be rewritten as 


ula) = Go) — [K(xy)uo)a 


where 


_ 1 
W(x) = o0l2)— [ Glx.y)FO)ay 


and 
K(x,y) = 0,G(x,y)ay (y) + G(x, ya} (y) — G(x, y)aa(y). 


Exercise 34.3. (1) Prove that K(x, y) is a Hilbert-Schmidt kernel on (0, 1] x [0, 1]. 

(2) Prove that the boundary value problem and this integral equation of the second 
kind are equivalent. 

(3) Formulate the solvability condition for the boundary value problem using the 
Fredholm alternative for this integral operator. 


Chapter 35 
Volterra and Singular Integral Equations 


In this chapter we consider integral equations of special types on a finite inter- 
val [a,b]. We consider the Lebesgue space L”(a,b) and the Holder space C® (a,b) 
(which are not Hilbert spaces but normed spaces) instead of the Hilbert space L’: 
The norms of the spaces L*(a,b) and C“[a,b] are defined as follows: 


Il fll=(a,p) = inf{M : |f(x)| < Mae. on(a,b)}, 


IF llcafa,b] = Ilf llz=(ap) + sup Fe) — FOL 


x,y€ [a,b] |x —y|@ 
where O0< a <1. 


The fact that f belongs to the Hélder space C@[a, b| is equivalent to the fact that 
f © L*(a,b) and there is a constant co > 0 such that for all / (sufficiently small), 


Ife+h) — F(x)| S coll", 
where x,x +h € [a,b]. 


Definition 35.1. Integral equations in L”(a,b) of the form 


fe) = [ K(x» eO)4y 


0x) =s() + [ K(x) (Je (35.1) 


where x € [a,b] and sup, <[a,4) |K(x,y)| < °°, are called Volterra integral equations 
of the first and second kinds, respectively. 
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Theorem 35.2. For each f € L®(a,b) the Volterra integral equation of the second 
kind has a unique solution 9 € L™(a,b) such that 


|e) se [lf ll=(a.) (35.2) 


for all x € [a,b] and 
l@llim(ae) SW lean) en (35.3) 


where M = sup, ye{a,b] |K(%5Y)]. 


Proof. We introduce the iterations of the equation (35.1) by 


Piri (x = [ Kexe )dy, j=0,1,2,..., 
with @o = f. Let us prove by induction that 


(M(x—a))! 


|9;(x)| Ss j! IF llz=(a,b) + j=0,1,.... (35.4) 


Indeed, this estimate clearly holds for j = 0. Assume that (35.4) has been proved 
for some j > 0. Then 


=a)) 


len@ls fikesillediidysm [SOO iA, 

x — Ayes . aan 

= mit! Be | (y a) d = mit x ee ed 

fle (a,b) 2 j! y Ff lle (a,b) teak 
This proves (35.4). 
Let us introduce the function 
a=) Aa): (35.5) 
j=0 


Then from (35.4) we obtain for all x € [a, b] that 


19@)1 <llFlleneny Moar = [NFllentaay MOO. 
i=0 


j= 


Thus, the function @(x) is well defined by the series (35.5), since this series is uni- 
formly convergent with respect to x € [a,b]. 

It remains now to show that this @(x) solves (35.1). Since the series (35.5) con- 
verges uniformly, we may integrate it term by term and obtain 
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co 


[Kenoma => [Keeioav= Yo) 
a j=0 a j=0 


So (35.1) holds with this @. The estimate (35.3) then follows immediately from 
(35.2). Finally, the uniqueness of this solution follows from (35.3) too. 


Corollary 35.3. The homogeneous equation 
x 
ox) = [ Kr) o0)a 
a 


has only the trivial solution in L®* (a,b). 
Proof. The result follows from (35.3). 


In general, integral equations of the first kind are more delicate with respect to 
solvability than equations of the second kind. However, in some cases, Volterra inte- 
gral equations of the first kind can be treated by reducing them to equations of the 
second kind. Indeed, consider for x € [a,b], 


[ Keeoder= 09, (35.6) 


and assume that the derivatives OK (x, y) and f’(x) exist and are bounded and that 


K(x,x) £0 for all x € [a,b]. Then, differentiating with respect to x reduces (35.6) to 


x 


oe Ktex)t |  wroo)ar= 100. 


a 


_ fe _ p Ey) 
K(x,x) a K(x,x) 


p(x) p(y)dy. (35.7) 


Exercise 35.1. Show that (35.6) and (35.7) are equivalent if f(a) = 0. 


The second possibility occurs if we assume that 


OK 
a 


exists and is bounded and that K(x,x) 4 0 for all x € [a,b]. In this case, setting 


via) = [oye vi =¢ 
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and performing integration by parts in (35.6) yields 


fe) = [Kew Jay = Karola [ Ferworay 


or ory 
v0) = f+ [8 won 


There is an interesting generalization of equation (35.1) when the kernel has 
weak singularities. More precisely, we consider (35.1) in the space L®(a,b) and 
assume that the kernel K(x, y) satisfies the estimate 


|K(x,y)| <M|x—yl%, x,y € [a,b], x Fy, 


with some 0 < a@ < 1. If we consider again the iterations 
a(x) = [Key @-10)d, = 12.045 
a 
with @ = f, then it can be proved by induction that for all x € [a,b] we have 


M(x—a)!- 


J 
joel s (MEE) ilawtanys FH Oto 


Indeed, since this clearly holds for j = 0, assume that it has been proved for some 
j = 0. Then 


losi@l < f 1K (3)llj() lay 


MI! ‘s 
= Mana | Ix—yl (va) IF llc (a.p 


j+l . : 
< lee) many f 9% 
j+1 : x—q)i-@ 
< 0) fllemtasy) 


(1-a)i 
x—a)!-@ Vee 
= = Il fllz=(a,b) : 


If we assume now that 


l-a 
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then the series 


> 9; (x) 
j=0 
converges uniformly on the interval [a,b], and the function @ defined by 
(x) = >) 9; (x) 
j=0 


solves therefore the inhomogeneous integral equation (35.1). Moreover, the follow- 
ing estimates hold: 


IF llz=(a.) 
lp(x)| < i M(x—a)'-@ » x€ [a,b], 
l-a 
and 
If llz=(a.b) 
IP llz=(a,b) a _ M(b—a)-@ 
1 Te 


Exercise 35.2. Show that the Volterra integral equation of the first kind 


ox) =A fe ™evay 


has, for all A, only the trivial solution in L*(a,b). 


Definition 35.4. Let 0 < a@ < 1, 9 € C“[—a,a], and suppose that @ is periodic, i.e., 
(—a) = 9(a). In this space an integral equation of the form 


a d 
(Oj=fa tips, f OZ pee (35.8) 
—a y 
is understood in the sense that 
a d 3 d 
gf ON ir ges) (35.9) 
—a y e—0 ly|>e,ye [-a,a] y 


and the function @ is extended periodically (with period 2a) to the whole line. 


Due to (35.9), we have that 
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Thus 


p. Vv. ‘eet <p. f" DOT HO “ p(xt+y)— e) 
y 


—a y —a y —a 


dy, 


and the latter integral can be understood in the usual sense for periodic @ € 
C®|—a, a], since 


a = a a a 
Oey) = 9a) (x) a < co | DIP ay = 2ey | amma =2co 
—a Ba -a |yI 0 


a 


a 
—. (35.10 
a ) 
Inequality (35.10) shows us that for every @ € C%[—a,a] the integral in (35.8) is 
uniformly bounded and also periodic with period 2a. But even more is true. 


Proposition 35.5. For every 2a-periodic @ € C%|—a,a] with 0 < a < | the integral 
in (35.8) defines a 2a-periodic function of x that belongs to the same Hélder space 
C“|—a, a]. 


Proof. Let us denote by g(x) the integral in (35.8). For |A| > 0 sufficiently small we 
have 


_ [7 Pethty)-Oe+h)  f* ole +y)— ela) 


glxth)—a(x)= J ; ie . dy 
=[ P(xthty)—~9(x+h) , ‘i POS OO) 5, 
|y|<3|h| y |v] <3|h| y 
/ e(xth+y)— 9) | ( COTO 4 
|y| 23h] y |y|23|h| y 
= +h. 


For the first integral J; we have 


nis [ loatyth)—oath)| , +f plasty) 000 | 4, 
Iy|<3|A| ly| Iy|<3|a| ly| 


a a 
caf Mra f Ms 
ni<ial |y| bi<aial || 


3\h| h\)& 4 a 
<4eo | ga-lge = 4p, SIRI” _ 4003" 
0 


h|®. 35.11 
lll 5.11) 


For the estimation of Jp we first rewrite it as (we change variables in the first integral) 
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a PEF OO). f P(z+x) — 9(%) 
|z—h|>3|h| z—h |z|>3]A| 


= {0+ 000) |= =] a 


I<|>3IAl ce 2 


_| e(c+1)-9(8) 
{Ie-A|>3]al}\{[el>3]n]} ZA 


Then we have 


u <| eee IO(z+3) = OO) 4 
eta lal-|z—=| 2\h|<|z|<3Ih| |z—h| 
zE|—a,a 
|z|° (gle 


<otlh eaqee+ 00 | dz 
a>|z|>3)h] [Z| -2|z|/3 \nl<|zl<3|al |z|/2 
3 3\h| 
=2. In| fl Et 2d8 +4eo [Ee NE 


stelih 3 3\h OT: Age 3? 
= 3co|h| re clisl ieee ve a(S ae: ) + On| 
— 1} a)4) a l-a@ l-a@ a 
30 403% i 
ae a > Al + opie = as*(+8 ) wr, (35.12) 


since 0 < @& < 1. Estimates (35.11)—(35.12) show that this proposition is completely 
proved. 


If we denote by 
“ e(x+y)dy 
-~a y 


AQ(x) :=p.v. (35.13) 


a periodic linear operator on C“|—a, a], 0 < a < 1, then Proposition 35.5 gives that 
A is bounded in this space. But this operator is not compact there. Nevertheless, the 
following holds. 


f € C@[-a,a|, 0 < a < 1, the integral equation (35.8) has a unique solution in 
C*|-a,a,0<a<1. 


Proof. Since the operator A from (35.13) is a bounded linear operator in the space 
C°|—a, al, it follows that 

All ca_.ca < C9 
with some constant co > 0. If we choose now Ag = 1/co, then for all 
the operator J — 2A will be invertible in the space C“|—a, a], since 


|AA||ca_.co <1. 
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This fact implies that the integral equation (35.8) can be solved uniquely in this 
space, and the unique solution @ can be obtained as 


p= (I—AA)'f. 


This is equivalent to the fact that (35.8) can be solved by iterations. 


Chapter 36 
Approximate Methods 


In this chapter we will study approximate solution methods for equations in a Hilbert 
space H of the form 


Ag=f, (I-A)o=f (36.1) 


with a bounded or compact operator A. The fundamental concept for solving equa- 
tions (36.1) approximately is to replace them by the equations 


An®n = Sus (I—An) Qn = fry (36.2) 


respectively. For practical purposes, the approximating equations (36.2) will be cho- 
sen so that they can be reduced to a finite-dimensional linear system. 
We will begin with some general results that are the basis of our considerations. 


Theorem 36.1. Let A: H — H be a bounded linear operator with bounded inverse 
A~!. Assume that the sequence A, : H — H of bounded linear operators is norm 
convergent to A, i.é., 

||An—A]| ~0, noe, 


Then for all n such that 
|A~' (An —A)]| < 1, 


the inverse operators A;,! exist and 


ja 


4" < asa, =a 


Moreover, the solutions of (36.1) and (36.2) satisfy the error estimate 


A" 
loll < qa, Say (lin Adel + Ulta Fl). 
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Proof. Since A~! exists, we may write 
A1A, =1—A71(A—A,). 


Since 
|A~'(An —A)|| <1 


for n sufficiently large, for these values of 1 we have that 
(I-A“"(A~Ay)) 
exists by the Neumann series. Thus, 
(A“14,) = (I-A7!(A—An)) 


or 1 
A,1A=(I-A-(A-An))_, 


or 1 
A,'=(I-A'(A-A,)) ATT. 


The error estimate follows immediately from the representation 


Qn— 9 =A; (A—An)@ +A, (fn —S): 


This completes the proof. 


Theorem 36.2. Assume that Ay :H — H exist for all n > no and that their norms 
are uniformly bounded for such n. Let \|A, — A|| > 0 as n — ©. Then the inverse 
operator A~! exists and 


ArT 
|An'(An ~A)|| 


-1 
Its — 


for all n > ng with ||A,!(An — A)|| < 1. 
Exercise 36.1. Prove Theorem 36.2 and obtain the error estimate in this case. 


Definition 36.3. A sequence {A,}*°_, of compact operators in a Hilbert space H is 
said to be collectively compact if for every bounded set U C H, the image 


J={An9: 9 €U,n=1,2,...} 


is relatively compact, i.e., if every sequence from J contains a convergent subse- 
quence. 


36 Approximate Methods 381 


Exercise 36.2. Assume that a sequence of compact operators {A,}*°_, is collec- 
tively compact and converges pointwise to A in H, i.e., 


limA,g=Ag, 9 EH. 
n—0o 


Prove that the limit operator A is compact. 


Exercise 36.3. Under the same assumptions for {A,}*_, as in Exercise 36.2, prove 
that 
(An —A)A]| > 0, ||(An —A)Anl| > 9, 


as Nn > ©, 


Theorem 36.4. Let A: H — H be a compact operator and let I— A be injective. 
Assume that the sequence A, : H — H is collectively compact and pointwise con- 
vergent to A. Then for all n such that 


||(Z-A)~! (An — A)An|| <1, 


the inverse operators (I — Avr exist and the solutions of (36.1) and (36.2) satisfy 
the error estimate 


ioe el 
n— Ol S TGA, AVA 


(l(An A) I+ ILfn— fl). 


Proof. By Riesz’s theorem (see Theorem 28.15), the inverse operator (J — A)! ex- 
ists and is bounded. Due to Exercise 36.3, 


I(An—A)An|| +0, ne. 
Therefore, for 7 sufficiently large we have 
||(7-A)~!(An A) Aa] < 1. 
This fact allows us to conclude (as in Theorem 36.1) that (1 —A,)~! exists and 


js 1+{I( ao aye "An| . 
= 1—||\7- A)~ MAn- A)An| 


||(Z—An) 


The error estimate follows from this inequality and the representation 


On -— P= (I—An)' ((An—A) 9+ fn—f)- 


This yields the claim. 
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Corollary 36.5. Let A, be as in Theorem 36.4. Assume that the inverse operators 
(I—A,)~! exist and are uniformly bounded for all n> ng. Then the inverse (I—A)~! 
exists if 


||(Z—An)~ "(An — AJA] <1. 
The solutions of (36.1) and (36.2) satisfy the error estimate 


1+ ||@—An)"'Al| 
I — oll < Gea AAT (Mn+ Ulta — FI), 


Theorem 36.6. Let A: H — H be a bounded linear operator with ||A|| < 1. Then 
the successive approximations 


Qn41 =AGQn +f, n=0,1,..., (36.3) 


converge for each f € H and each Qo € H to the unique solution of (36.1). 


Proof. The condition ||A|| < 1 implies the existence and boundedness of the inverse 
operator (I — A)~! and the existence of the unique solution of (36.1) as 


p=(I-A)'f. 


It remains only to show that the successive approximations converge to @ for all 
@o € H. The definition (36.3) implies 


lPn+1— nll SAM Pn — nil] S++ SAN" ler — @oll- 


Hence for each p € N we have 


|| Prep — n| < || Pn+-p — n+p-1|| +++ +||On41 — Pnll 


< (IAI?! + |All"? ? +--+ IAI") [ler = gol 
< lie. gall +0 


as n — co uniformly in p € N. This means that {@,} is a Cauchy sequence in the 
Hilbert space H. Therefore, there exists a unique limit 


@ = lim ®. 


n—co 


It is clear that this @ solves (36.1) uniquely. 


We will return to the integral operators 


Af(s) = [ K(ey)f(o)ey, (36.4) 
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where K(x,y) is assumed to be in L?(Q x Q). In that case, as we know, A is compact 
in L?(Q). 
Definition 36.7. A function K,(x,y) € L?(Q x Q) is said to be a degenerate kernel 
if , 

Kn (x,y) = D1 aj(x)bj(y), 


with some functions a;,b; € L?(Q). 


We consider integral equations of the second kind with a degenerate kernel 
K,(x,y), Le 


n(x 7, dale y)@aly)dy = f(x), (36.5) 


in the form 


= 3 Vjaj(x) = 


where y; = (Qn, bj) 12(q): This means that the solution @, of (36.5) is necessarily 
represented as 


n(x) = f(x) + ¥! ¥jaj(x) (36.6) 
such that the coefficients y; (which are to be determined) satisfy the linear system 


— ¥ nlar,.b)) 20a) = bea) =fp F=1,2,..50. (36.7) 
k=1 


Hence, the solution @, of (36.5) (see also (36.6)) can be obtained whenever we 
can solve the linear system (36.7) uniquely with respect to 7;. 

Let us consider now integral equations of the second kind with compact self- 
adjoint operator (36.4), Le., 


P(x) —AQ(x) = f(x). (36.8) 


The main idea is to approximate the kernel K(x,y) from (36.8) by the degenerate 
kernel K,(x,y) from (36.5) such that 


Ky) —Kay)lz2@xa) 7 (36.9) 


as n — co and such that in addition, the inverse operators ([—A,)~! exist and are 
uniformly bounded in n. 

In that case the system (36.7) is uniquely solvable, and we obtain an approximate 
solution @, such that 
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le — Pn|l22(a) 70, noe, 


Indeed, equations (36.5) and (36.8) imply 


(@ = On) —An(@ — Qn) = (A—An)@. 
Since ([—A,)~! exist and are uniformly bounded, we have 
lo = Pall < ||(Z—An)~ "|| [A —Anl| lol] > 0 


as n — eo by (36.9). The unique solvability of (36.7) (or the uniqueness of @,) fol- 
lows from the existence of the inverse operators (I —A,)~! 

We may justify this choice of the degenerate kernel K,,(x,y) by the following 
considerations. Let {e;}%"; be an orthonormal basis in L?(Q). Then K(x,y) € 


L?(Q x Q) as a function of x € Q (with parameter y € Q) can be represented by 
K(x,y) = 2) (K(.y),e/)12¢)()- 


Then 


—0 


L2(QxQ) 


n 
K(x y)- 2K ),e;) L2ej 
as n — co, and we may consider the degenerate kernel K,,(x,y) in the form 
n 
Kn(x,y) = D1 ej(*)bj(); 
where b;(y) = (K(-,y),e;);2. The system (36.7) transforms in this case to 


- nl (ex, (ej, K(-,9)) 12) 2(0) = fi: 


If, for example, e; are the normalized eigenfunctions of the operator A with corre- 
sponding eigenvalues Aj, then the latter system can be rewritten as 


Yi — Ai = fi J=1,2,...,n 
We assume that A; 4 1, so that y; can be uniquely determined as 


oi 
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and therefore @, is equal to 


A different method goes back to Nystrém. Let us consider instead of an integral 
operator A with kernel K(x,y) a sequence of numerical integration operators 


(n) 


We assume that the points x; 


(n) 


and the weights a; ' are chosen so that 


|Ap — An @||72 
1 “ n n n 
=|, if K(x,y)@ ~ jai by ot! Gas o(x! ay dx— 0 


(n) 


as n — co, The main problem here is to choose the weights ay ") and the points x* j 
with this approximation property. The original Nystrom method was constructed for 
continuous kernels K(x, y). 

In Hilbert spaces it is more natural to consider projection methods. 


Definition 36.8. Let A : H — H be an injective bounded linear operator. Let P, : 
H — H, be projection operators such that dimH,, = n. For given f € H, the pro- 
jection method generated by H,, and P,, approximates the equation Ag = f by the 
projection equation 

P,AQn = Pal; On © H. (36.10) 


This projection method is said to be convergent if there is no € N such that for each 
Jf € A the approximating equation (36.10) has a unique solution @, € H,, for all 
n> no and 

Pn — Q, no, 


where ¢ is the unique solution of the equation Ag = f. 


Theorem 36.9. A projection method converges if and only if there exist no € N and 
M > 0 such that for all n > no the operators 


P,A:H—H 
are invertible and the operators (P,A)~!P,A : H — H are uniformly bounded, i.e., 


||(PrA) PA] <M, n>no. 
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In case of convergence we have the error estimate 
IPn—@|| <A+M) inf |ly— ll. 

weAn 
Proof. If a projection method converges then, by definition, the P,,A are invertible, 
and the uniform boundedness follows from the Banach-Steinhaus theorem. 

Conversely, under the assumptions of the theorem, 
@n — 9 = ((PrA)'P,A—I)Q. 


Since for all y € Hy, we have trivially (P,A)~'P, Ay = y, it follows that 


Qn — QP = ((P,A) 'P,A—1)(9 —y), 


and the error estimate follows. 


Remark 36.10. Projection methods make sense, and we can expect convergence 
only if the subspaces H,, possess the denseness property 


inf ||y— £0, 
ee a 


Theorem 36.11. Assume that A: H — H is compact, I—A is injective, and the 
Projection operators P, : H — H,, converge pointwise, i.e., Px»p — @,n — ° for 
each ~ € H. Then the projection method for I— A converges. 


Proof. By Riesz’s theorem (see Theorem 28.15), the operator J— A has a bounded 
inverse. Since P,~ — @ as n — ©, we have P,A@ — A@ as n > ~, too. At the same 
time, the sequence P,,A is collectively compact, since A is compact and P, is of finite 
rank. Thus, due to Exercise 36.3 we have 
||(BA-A)PAl| +0, ne. (36.11) 
Then the operators (J— P,A)~! exist and are uniformly bounded. Indeed, writing 
By :=1I+ (I-A) 'P,A, 


we obtain 


B,(1 —P,A) = (I— P,A) + (I—A)~'BP,A(I — PA) 
=I—(I—A)'(P,A—A)P,A =:I-Sp. 


But it is easy to see from (36.11) that 


[Sul] +0, nee. 
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Hence, both J — P,A and B,, are injective. Since P,A is compact, we have that (J — 
P,A)~' is bounded. As a consequence of this fact we have that 


(I— P,A)~! = (I-Sy)7'Bn. 
The definition of B,, implies 
||Bull < 1+ ||¢—A) "| IAI. 


Therefore || (I—B,A)~! | is uniformly bounded in n. The exact equation p —Ag = f 
and (36.10) with operator J — A lead to 


(I — P,A)(@n — 2) = P,Ag —AQ+Pif —f, 


which implies also the error estimate 


len — all < || —PaA)-"|| (AQ —Agll + llPaf— Fl): 


The proof is concluded. 


Corollary 36.12. Under the assumptions of Theorem 36.11 and provided addition- 
ally that 
||P,A—A]| +0, noe 


? 


the approximate equation (36.10) with I—A is uniquely solvable for each f € H, 
and we have the error estimate 


ln —9ll < Mlle — gl, 
where M is an upper bound for the norm | (I—P,A)~! |- 


Proof. The existence of the inverse operators (J — P,A)~! and their uniform bound- 
edness follow from 


I— P,A = (I—A) — (PpA—A) = (I-A) [F- (I-A) (B,A-A)], 
(f—P,A)"! = [F-(@—ay'(R,A—A)] F-y, 
and 


|e-a)"] 
1—||Z—A) "IIA —A) I 


|@-P,A) "|| < 


From 
(9 — Qn) — PrA(Q — Pn) = P— PaO 


388 Part III: Operator Theory and Integral Equations 


and 
ln — || < ||U-— PA)" || ||P. @ — | 


we obtain the error estimate. 


Let us return to the projection equation (36.10). It can be rewritten equivalently as 
(Agn—f,g)=0, g€Mn. (36.12) 
Indeed, if g € Hy, then g = P,g, P> = P,, and hence 
0 = (AQn — f,8) = (An — f,Pn8) = (Pr(A@n — f);8), 


or 
Px(AQn—f) =0, 


since H,, is considered here to be a Hilbert space. This is the basis for the following 


Galerkin projection method. 
Assume that {e ee is an orthonormal basis in a Hilbert space H. Considering 


Ay — span(e1,...,€n), 


we have for the solution @,, of the projection equation (36.10) the representation 
n 
on(x) = ¥ yye;- (36.13) 
j=l 


The task here is to find (if possible uniquely) the coefficients y; such that @, from 
(36.13) solves (36.10). Since (36.12) is equivalent to (36.10), we have from (36.13) 
that 


(A@n,g) =(f,8), 8 © Fn, 


or 
(A@n, ek) (f,ek) Sk k 152, ..557; 
or 
n 
D> vi(Aej,ex) = fer 
j=l 
or 


My=f, (36.14) 


where ¥ = (N1,---,%)» f = (fis--+> fn), and M = {ajx}nxn with aj = (Ae;, ex). If 
the operator A is invertible, then the matrix M is invertible too, and ycan be obtained 
uniquely as 
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=> —] rs 
y=M Sf. 


As a result of this consideration we obtain @,(x) uniquely from (36.13). It remains 
only to check that this @, converges to the solution of the exact equation Ag = f. In 
order to verify this fact it is enough to apply Theorem 36.9. 

We apply now this projection method to the equation (36.8) with compact oper- 
ator A. 


Theorem 36.13. Let A: H — H be compact and let I— A be injective. Then the 
Galerkin projection method converges. 


Proof. By Riesz’s theorem, the operator J— A has bounded inverse. Therefore, @, 
from (36.13) is uniquely defined with y; that satisfies equation (36.14) with matrix 
M= {ajk}nxn> ajk = ((I—A)ej, ex). Since 


lao-ollz= X l(g.e) P40, no, 
j=nt+l 


we may apply Theorem 36.11 and conclude the proof of this theorem. 


Part IV 
Partial Differential Equations 


Chapter 37 
Introduction 


We consider the Euclidean space R", n > 1, with elements x = (x1,...,x,). The 
Euclidean length of x is defined by 


jx] = atte +98 


and the standard inner product by 
(x,y) =x t+ +Xnyn- 
We use the Cauchy—Bunyakovsky—Schwarz inequality in R”: 
|(x,y)| < |x] - [pI 


Equality here occurs if and only if x = Ay for some A € R. By Br(x) and Sr(x) we 
denote the ball and sphere of radius R > O with center x: 


Br(x) :={y ER”: |x-y| < R}, Sr(x) = {y € R": |x—y| = R}. 


We say that Q C R”, n > 2, is an open set if for every x € Q there is R > 0 such that 
Br(x) C Q. If n = 1, by an open set we mean an open interval (a,b), a < b. 

We say that Q C R", n> 2, is a closed set if R” \ Q is open. This is equivalent 
to the fact that Q’ C Q, where Q’ denotes the set of limit points of Q, i.e., 


OD! ={y ER: x2, CQ, |x —y| 0,4 — &}. 


The closure Q of the set Q is defined as Q = QUQ’. We say that Q is bounded 
if there is R > 0 such that Q C Br(0). A closed and bounded set in R” is called 
compact. The boundary 0Q of the set Q C R” is defined as 
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a2 =On(R\Q). 


An n-tuple a = (,...,Q@,) of nonnegative integers will be called a multi-index. 
We define 
(1) Joe] = Diy Gj. 
(2) a+ B = (014+ f1,...,Q,+ Bn) with |ao+B| =|o|+ |B]. 
(3) oa! =ay!---a,! with O! = 1. 
(4) a> B if and only if a; > B; for each j = 1,2,...,n. Moreover, a > B if and 
only if @ > B and there exists jo such that a}, > Biy- 
(5) If a > B, then w— B = (a1 — Bi,..., On — Br) and |ja— B| = |a| — |B. 
(6) For x € R” we define 


Of OL ood On 
KOS Xp Ky 


with 0° = 1. 
We will use the shorthand notation 


— a a _ amy Gn — ale 
am Fo TROP de ge 


This part assumes that the reader is familiar also with the following concepts: 


(1) The Lebesgue integral in a bounded domain Q C R” and in R". 
(2) The Banach spaces (L?, 1 < p < ~, C*) and Hilbert spaces (L7). If 1 < p<», 
then we set 


1/p 
L?(Q) := {f : Q — Cmeasurable : || fl p>(a) = (/, 1") < oof, 
while 


L*(Q) := {f :Q —C measurable : || f||7--() = ess sup | f(x)| < }. 
xEQ 


Moreover, 


c*(Q) = {f:Q2>C:|flle@ ja »y |O% f(x)| <}, 


|ar|<k 
where Q is the closure of Q. We say that f € C*(Q) if f € C*(Q)) for all 


k € N and for all bounded subsets Q; C Q. The space C*(Q) is not a normed 
space. The inner product in L*(Q) is denoted by 


(F.8)aa) = f Fe)8@) 
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Also in L?(Q), the duality pairing is given by 
(F.8ia = f esl 
(3) Hélder’s inequality: Let 1 < p<oo,ue€ L? andve L?’ with 
staal 


Then uv € L! and 


[,lwcowentar< (f ltairar (f,roor'ar)” 


where the Holder conjugate exponent p’ of p is obtained via 


i 
7 


with the understanding that p’ = © if p=1 and p’ =1if p=. 

Lebesgue’s dominated convergence theorem: 

Let A C R” be measurable and let { f, }7°_, be a sequence of measurable func- 
tions converging to f(x) pointwise in A. If there exists a function g € L'(A) 
such that | f;(x)| < g(x) in A, then f € L'(A) and 


lim f fula)ae =f p(a)ax 


Fubini’s theorem on the interchange of the order of integration: 


[.feonaray= [a ([ sooy) = fay ([ fossyar), 


if fEeL(X XY). 


(4 


wm 


(5 


wm 


Exercise 37.1. Prove the generalized Leibniz formula 


a*(fg) = >, Chak far Bg, 


Bsa 


where the generalized binomial coefficients are defined as 


ao ae 


Bp 
a= Bia—pyi 
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Hypersurfaces 


A set S C R” is called a hypersurface of class C’, k = 1,2,...,°, if for every xp € S 
there exist an open set V C R” containing xo and a real-valued function @ € C*(V) 
such that 

Vo =(A19,...0n90) 40 on SNV, 


SOV ={xEV: o(x) =0}. 


By the implicit function theorem we can solve the equation (x) = 0 near x to 
obtain 
Xn = Wi dis¢asghpmil) 


for some C* function y. A neighborhood of xo in S can then be mapped to a piece 
of the hyperplane x; = 0 by 


Xt (x',%n _ y(x’)), 


where x’ = (x1,...,X,-1). The vector V@ is perpendicular to S at x € SOV. The 
vector v(x), which is defined as 

_ V9 

“|Vol’ 


v(x) = 
is called the normal to S at x. It can be proved that 


jaja ED 


VVyP+h 


If S is the boundary of a domain 2 C R”, n > 2, we always choose the orientation 
so that v(x) points out of Q, and we define the normal derivative of u on S by 


Ou Ou 
Oye = Va Svat Yaa 


Thus v and oyu are C*! functions. 
Example 37.1. Let S,(y) = {x € R”: |x—y| =r}. Then 

_x-y Ig, ., 9d a 
Vial and = = Dy (ry yi)5 =5° 


j=l Xj 


37 Introduction 397 
The divergence theorem 


Let Q C R" be a bounded domain with C! boundary § = 0Q and let F be a C! 


vector field on Q. Then 
| V-Fax= | F-vdo(x) 
Q S 


Corollary 37.2 (Integration by parts). Let f and g be C! functions on Q. Then 
[ dif gdx = -f ‘i ajgax+ | f-gvjdolx), 
Q Q S 


Let f and g be locally integrable functions on R", i.e., integrable on every bounded 
set from R”. The convolution f * g of f and g is defined by 


(Fee)(2) = ff fle—ye0)dy= (8), 


provided that the integral in question exists. The basic theorem on the existence of 
convolutions is the following (Young’s inequality for convolution): 


Proposition 37.3 (Young’s inequality). Let f € L'(IR") and g € L?(R’), 
1<p<o. Then f * g € L?(R") and 


If *sllee S [flo Isllze - 


Proof. Let p =e. Then 


(fxs) S I, If(~—y)IlgO)Idy < Ilgll= if If(~—y)|dy = IIslle~ fll - 


Now let | < p < ~. Then it follows from Hélder’s inequality and Fubini’s theorem 
that 


[igxoorars [Cf ae) vd 
< fi (140 If—y) yan) f f(y) Ile) |Paydx 


<Lsee” fff LAG@—y)lle(o)lPayax 
< LF” f Isoylay f i¥ee—y)ldx 


= WF?” Nello fll = WF? Welle - 
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Thus, we have finally 


1/p’+1 
IF «ello <A Welle = Uf lles llellee 


and the proof is complete. 


Exercise 37.2. Suppose | < p,qg,r < °° and + Fi =4+1. Prove that if f € L?(R”) 
and g € L4(R"), then f * g € L’(R") and 


If * all, < IFllp llslla- 


In particular, 
If *gllo= SWF lle Isle - 


Definition 37.4. Let wu € L'(R") with 


[i,wesax= 1. 


Then ue(x) := € "u(x/e), € > 0, is called an approximation to the identity. 


Proposition 37.5. Let ug(x) be an approximation to the identity. Then for every 
function @ € L™(R") that is continuous at {0} we have 


lim we(x)@(x)dx = 9(0). 
e—0+ JR" 


Proof. Since ug(x) is an approximation to the identity, we have 
[te @62)dx— 9(0) = [ uels)( (4) ~ 9(0))de, 
and thus 
[wetsdotsrax—o(0)) < [_etsits) — 0)las 
+ J) clte(lo(a) — 9(0)iax 


< sup lo(s) ~9(0)] f. e(s)las-+2llollan f ueCs)lae 


Ki<vé 
< sup |9() — (0) lel +2Iholle- | |u(y)|dy + 0 
n<ve pi>1/vE 


ase — 0. 
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Example 37.6. Let u(x) be defined as 


in _— sins vane (0, nr", 
0, x ¢ (0,7]". 


u(x) = 
Then we(x) is an approximation to the identity and 


i > af ET en Nl . Xj dic 0 
timgaey” ff) [sin Petar = 910) 


Fourier transform 


If f € L'(R"), its Fourier transform f or F(f) is the bounded function on R” 
defined by 


AE) =(emyn? fe f(aae. 
Clearly f(E) is well defined for all € and Al <n)" Fl; 


The Riemann—Lebesgue lemma 


If f € L'(R”), then f is continuous and tends to zero at infinity. 


Proof. Let us first prove that ¥ f(€) is continuous (even uniformly continuous) in 
RR". Indeed, 


|F f(E+h)-Ff(E)| < Qn)" f LF(x)|- Jenin) — 1 \dx 


sf lesllalimldx+2 fetal 
TO RSVAL [x|lel>/1A] 
< VIA\I|Flla +2 f(x) |dx — 0 
PS ait 
as |h| > 0, since f € L!(R"). 
To prove that ¥ f(€) — 0 as |§| — 0 we proceed as follows. Since e'” = —1, we 


have 
IF f(E)= (Qn) - f (xe 8) dx — (20) -*/? I, ; flay te 7E/1EP Bay 


=(2n) a f(xje 19) dx — (20) -"/? I, St n6 [|b Pe dy 


=—(any-"? f (flat mE EP) faye tae. 
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Hence 


2|F F(S)IS (2n)-"? f f(x t+-§ /|E |?) — fa)|dx 
= (2a)? F428 /16 7) —FO|| 1 > 9 


as |E| 09, since f € L!(R”). 
Exercise 37.3. Prove that if f,g € L'(IR”), then fxg = (2n)"/?f¢. 
Exercise 37.4. Suppose f € L'(IR”). Prove the following: 


(1) If fa(x) = f(x+h), then fi, = el” f. 

(2) If T : R" — R” is linear and invertible, then foT = ldetT|-'f ((7-1)'E), 
where T” is the adjoint matrix. 

(3) If T is a rotation, that is, T’ = T~! (and |detT| = 1), then foT a fo T. 


Exercise 37.5. Prove that 
aN f =(—ix)"f, af =(id)"f. 
Exercise 37.6. Prove that if f,g € L'(R"), then 


n~ 


F(S)B(S)ds = fe f(S)8(S) dS. 


Re" Rr 


For f € L!(IR") we define the inverse Fourier transform of f by 


It is clear that 


and for f,g € L'(R"), 
(F f,g)p = (f,.F—'g),2. 


The Schwartz space S(IR") is defined as 


S(R") = {F €C*(R") : sup |x f(x)| <e, for all multi-indicesrandp} ; 
xER" 

The Fourier inversion formula 

If f € S(R"), then (F¥-1.F)f = f. 


Exercise 37.7. Prove the Fourier inversion formula for f € S(R”). 
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Plancherel’s theorem 


The Fourier transform on S extends uniquely to a unitary isomorphism of L?(R”) 


onto itself, i.e., 
A], =. 


This formula is called Parseval’s equality. 
The support of a function f : R” — C, denoted by supp f, is the set 


supp f = {x € R": f(x) £0}. 


Exercise 37.8. Prove that if f ¢ L'(IR") has compact support, then f extends to an 
entire holomorphic function on C”. 


Exercise 37.9. Prove that if f € Cp (R”), i.e., f € C°(R”) with compact support, is 
supported in {x € R” : |x| < R}, then for every multi-index @ we have 


GE )*FE)| < ay oF [97 Fly, 


_~ 


that is, f(€) is decays rapidly |Re&| — °° when |Im&| remains bounded. 


Distributions 


We say that 9; > @ in Cp (Q), 2 C R” open, if @; are all supported in a common 
compact set K C Q and 


sup|d%9;(x) —A%(x)| +0, jee 
xeK 


for all a. A distribution on Q is a linear functional u on Cy (Q) that is continuous, 
1.€., 


(1) uw: Cy(Q) — C. The action of u on @ € CF (Q) is denoted by (u,@). The set 
of all distributions is denoted by F’(Q). 

(2) (u,c1Q1 + c2@2) = c1(u, P1) + .€2(U, @2). 

(3) If oj > @ inCp (Q), then (u, pj) — (u, ~) in C as j — . This is equivalent to 
the following condition: for all K C Q there exist a constant Cx and an integer 
Nx such that for all @ € Cp (K), 


|“ )l<scx Y |lo%9l]..- 


|a|<Nx 


Remark 37.7. Tfwe Lh JQ). Q C R" open, then u can be regarded as a distribution 
(in that case, a regular distribution) as follows: 
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(u9) = [uciejar, 9 eG(Q). 


The Dirac 6-function 


The Dirac 6-function is defined as 


(5,9) =9(0), PEC (Q). 
It is not a regular distribution. 


Example 37.8. Let ug(x) be an approximation to the identity. Then 


ta() = (2m)? [etul Ze %dx = (2m)-"? [ul y)e HB dy = a(e8). 


n n 


In particular, 
lim te(§) = lim ii(e§) = (2n)-"/. 
e—0+ 


e0+ 


Applying Proposition 37.5, we may conclude that 


(1) limg_.o4 (ug, @) = @(0) ie. limeg_.9; ue = 6 in the sense of distributions, and 
(2) 6 =(2n)-*/2.1. 


We can extend the operations from functions to distributions as follows: 
(8%, 9) = (u,(—1)*'0%9), 
(fu,e) = (uf), fEec(Q), 
(ux VW, 0) = (4px), WEeCy(Q), 
where W(x) = w(—x). It is possible to show that u* y is actually a C” function and 
a" (ux W) =uxd%y. 


A tempered distribution is a continuous linear functional on S(R”). In addition to the 
preceding operations for tempered distributions we can define the Fourier transform 
by 

(i, @) = (u,®), ges. 


Exercise 37.10. Prove that if u is a tempered distribution and y € S, then 


ae = 20)" pin. 
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Exercise 37.11. Prove that 
(1) 6 = (2n)-"/2-1, T= (2m)"/28, 
(2) 0% = (i€)*(2n)-"/?. 
(3) x% = ill9%(1) = ill (2n)"/20%6. 
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Chapter 38 
Local Existence Theory 


A partial differential equation of order k € N is an equation of the form 
F (x, (07) iqicx) = 0, (38.1) 


where F is a function of the variables x € Q C R",n > 2, and (OU) lal<k 
A complex-valued function u(x) on Q is a classical solution of (38.1) if the 
derivatives 0%u occurring in F exist on Q and 


F (x, (0%u(x))jaj<x) = 0 
pointwise for all x € Q. The equation (38.1) is said to be linear if it can be written 


DY 4o(x)d%u(x) = f(x) (38.2) 


|o:|<k 
for some known functions dg, and f. In this case we speak of the (linear) differential 


operator 
L(x,d)= ¥ aa(x)o% 


| o|<k 


and write (38.2) simply as Lu = f. If the coefficients ag(x) belong to C*(Q), we 
can apply the operator L to any distribution u € Y(Q), and uw is called a distribu- 
tional solution (or weak solution) of (38.2) if equation (38.2) holds in the sense of 


distributions, i.e., 
¥Y (-1!*!(u,d*(aa@)) = (f,9), 


|ar|<k 


where @ € Cj’(2). Let us list some examples. Here and throughout we set u, = ou, 


2 
Ut = ee, and so forth. 
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(1) The eikonal equation 
Wal? =e2, 


where Vu = (Oiu,...,0,u) is the gradient of u. 
(2) (a) The heat (or evolution) equation 


uy = kAu. 
(b) The wave equation 
Ute = CA Uu. 
(c) The Poisson equation 
Au=f, 


where A = V-V =0?+---+0? is the Laplacian (or the Laplace operator). 
(3) The telegrapher’s equation 


Uy = Cc Au— Ou; — neu. 
(4) The Sine—Gordon equation 
Uy = c?Au—sinu. 
(5) The biharmonic equation 
A?u = A(Au) = 0. 
(6) The Korteweg-de Vries equation 
Uz + CU: Ux + Uyxy = 0. 
In the linear case, a simple measure of the “strength” of a differential operator is 
provided by the notion of characteristics. If L(x, 0) = X)q\<xoa(x)0%, then its char- 


acteristic form (or principal symbol) at x € Q is the homogeneous polynomial of 
degree k defined by 


gme= ¥ aac", ¢em 


|o|=k 


A nonzero € is said to be characteristic for L at x if 7,(x,&) = 0, and the set of all 
such € is called the characteristic variety of L at x, denoted by char,(L). In other 
words, 


char,(L) = {E #0: yz(x,€) = 0}. 


In particular, L is said to be elliptic at x if char,(L) = 0 and elliptic in Q if it is 
elliptic at every x € Q. 
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Example 38.1. (1) L= 003 with 

char,(L) = {€ € R?: & =Oor& =0,67 + 7 > 0}. 
(2) L= 5(A1 +102) is the Cauchy-Riemann operator on R?. It is elliptic in R*. 


(3) L=A is elliptic in R”. 
(4) L=a- "507, char,(L) = {§ € R"\ {0} : ; = 0, j= 2,3,...,n}. 


(5) L=a?—5"_,0?, char,(L) = {é ER"\ {0} :€? =>", age 


Let v(x) be the normal to S at x. A hypersurface S is said to be characteristic for L 
at x € Sif v(x) € char,(L), ie., 


AL, V(x) = 0, 
and S is said to be non-characteristic if it is not characteristic at every point, that is, 
if for all x € S, 

x1(x, V(x)) #0. 
It is clear that every S' is noncharacteristic for elliptic operators. The lines 


S= {xe R": x, £0,x. =--- =x, = 0} 


are characteristic for the heat operator, and the cones 


St = {x € R” 1x, = +\/3+---23} 


are characteristic for the wave operator. 
Let us consider the first-order linear equation 


n= Ya) )dju+b(x)u= f(x), (38.3) 


where a;, b, and f are assumed to be C ! functions of x. We assume also that a pp 
b, and f are real-valued. Suppose we wish to find a solution u of (38.3) with given 
initial values u = g on the hypersurface S (g is also real-valued). It is clear that 


char,(L) = {€ 40:4-€ =o}, 


where A = (aj,...,dn). This implies that char,(L) U {0} is the hyperplane orthog- 
onal to A, and theretors, S is characteristic at x if and only if Ais tangent to S at x 
(A-v =0). Then 
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aj(x)Oju(x) = y aj(x)djg(x), xES, 


1 j 


Ms: 
ll 


J 


is completely determined as a set of certain directional derivatives of @ (see the 
definition of S) along S at x, and it may be impossible to make this sum equal to 
f(x) — b(x)u(x) (in order to satisfy (38.3)). Indeed, let us assume that uw; and uz 
have the same value g on S. This means that uj; — uz = 0 on S, or (more or less 
equivalently) 


uj —uz=Q-Y, 


where ~ = 0 on S (@ defines this surface) and y 4 0 on S. Next, 


> > 


(A-V)u — (A-V)uz = (A-V)(py) = 7(A-V) 9+ 9(A-V)y=0, 


since S is characteristic for L ((A-V)9 =0 (A- Mw)? =0<A-v =0). Therefore, 
to make the initial value problem well defined we must assume that S is noncharac- 
teristic for this problem. 

Let us assume that S is noncharacteristic for L and u = g on S. We define the 
integral curves for (38.3) as the parametrized curves x(t) that satisfy the system 


ea AG),. eat) = Gad) aaa) (38.4) 
of ordinary differential equations, where 
%= (x1(),... 9 (4)). 
Along one of those curves a solution u of (38.3) must satisfy 


SF = © (u(x(o))) = 8 = (A-Vyu = f—bu= felt) —bulx(), 
oe (38.5) 


By the existence and uniqueness theorem for ordinary differential equations there 
is a unique solution (unique curve) of (38.4) with x(0) = x9. Along this curve the 
solution u(x) of (38.3) must be the solution of (38.5) with u(0) = u(x(0)) = u(xo) = 
g(xo). Moreover, since S is noncharacteristic, x(t) ¢ S for t 4 0, at least for small t, 
and the curves x(f) fill out a neighborhood of S. Thus we have proved the following 
theorem. 


Theorem 38.2. Assume that S is a surface of class C! that is noncharacteristic 
for (38.3), and that aj, b, f, and g are real-valued C! functions. Then for every 
sufficiently small neighborhood U of S in R" there is a unique solution u € C! of 
(38.3) on U that satisfies u= g on S. 
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Remark 38.3. The method that was presented above is called the method of char- 
acteristics. 


The following two examples demonstrate the necessity of noncharacteristic sur- 
faces for boundary value problems. 


Example 38.4. (1) In R?, solve x20;u+x,02u = u with u(x;,0) = g(x;) on the line 
x2 = 0. 
Since v(x) = (0,1) and since y,(x,6) = x26) +1 &2, we have 
L(x, V(x)) =2x2-0+x1-1=x1 £0, 


so that the lines x, > 0 and x; < 0 are noncharacteristic. The system (38.4)— 
(38.5) to be solved is 


Xp~=xX2, X2=X1, U=U, 
with initial conditions 
(1,42) |=0 = (21,0), u(0) = g(x4), 
on S. We obtain 


0 0 
xj)= Sete"), x2 ot 


I 


These equations imply 


0.t 0.-t 2 2 0\2 
Mt+my=xje, x—M=xXye*, x,P—xy= (xj). 
So “ 
X11 X2 
e=+ 5 x, ee, 
2 2 
= 2 
and thus 


Xy+X2 
u(x} ,x2) = «( fg) 


where we have a plus sign for x; +x2 > 0 and a minus sign for x; + x2 < 0. 

(2) In R?, solve x1 0,u+ x202u = u with u(x1,0) = g(x;) on the line x2 = 0. 
Compared to previous example, in this case the line x2 = 0 is characteristic, 
since x} -0+x2-1=0o0nS. The system (38.4)-(38.5) gives in this case that 


0 t — OY ,t 
x=xje, 2 =0, uv=g(xj je. 
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This means that u(x; ,x2) is a function of only one variable x, and the original 
equation transforms to 
X10ju = 1, 


which has only the solution u;(x,) = cx;, where c is a constant. But then we 
have a contradiction, since the equality cx; = g(x) is impossible for an arbi- 
trary C! function g. 


Let us consider more examples in which we apply the method of characteristics. 


Example 38.5. In R3, solve x10,u + 2x202u + 03u = 3u with u = g(x1,x2) in the 
plane x3 = 0. 

Since S = {x € R?:x3=0}, we have v(x) = (0,0,1), and since yz(x,é) = 
x1E, + 2x22 + &3, we must have 


L(x, V(x)) =x1-0+2x2-04+1-1=1F0, 


so that S is noncharacteristic. The system (38.4)—(38.5) to be solved is 


xy = X15 Xp = 2x2, x3 = 1, u= 3u, 


with initial conditions 


(x1,2,%3)|r=0 = (x9,49,0), u(0) = g(x},x9), 


on S. We obtain 


Of 0,2 0 0) .3f 
Hx, xw=xme, 2W=t, Uu=gl(xy,xs)e 
These equations imply 
w=xet=xre8, 8=me* =xme™. 


Therefore, 


u(x) = u(x1,x2,%3) = g(xe 3 xe Je, 


Example 38.6. In R3, solve 0ju+x,0.u — 03u = u with u(x,,x2,1) = x; +2. 
Since S = {x € R3 : x3 = 1}, we have v(x) = (0,0, 1), and therefore, 


ar(x, V(x)) = 1-0+2x;-0-—1-1=-1F0, 
and § is noncharacteristic. The system (38.4)—(38.5) for this problem becomes 


x4 =1, X2 =X], B=, u=u, 
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with 
(x1,%2,*3)|+=0 _ (x92, 1), u(0) = x} +23. 
We obtain 
2 
xy =t+20, m= zt tx, agz=—t+1, u=(xP+2x2)e'. 
Then, 
t=1-x3, x9 =x, -t =x +23-1, 
1 —2x)? 1 x 
=x ( 3) (1 — x3) (x1 +.x3 I)=5 x1 +2 wtumt>, 
and finally, 


2 
1 ; 
u= (2 +x1x3 +x — 5) el33 | 


Now let us generalize this technique to quasilinear equations, or to the equations of 
the form 


Y) aj(x,u)dju = b(x,u), (38.6) 
where aj, b, and u are real-valued. If u is a function of x, the normal to the graph of 
u in R"*! is proportional to (Vu,—1), so (38.6) just says that the vector field 

A(x,y) = (@1,...,4n,b) ER"! 


is tangent to the graph y = u(x) at every point. This suggests that we look at the 
integral curves of A in R"*! given by solving the ordinary differential equations 


Suppose we are given initial data u = g on S. If we form the submanifold 
S* := {(x,8(x)) :x € 9} 
in R"*!, then the graph of the solution should be the hypersurface generated by 


the integral curves of A passing through S*. Again, we need to assume that S is 
noncharacteristic in the sense that the vector 


(a1(x,8(x)),-+-,dn(%,8())), x€S, 
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should not be tangent to S at x, or 


Ms 


ay(agla))vj00) £0. 


j 
Suppose u is a solution of (38.6). If we solve 
Xj=aj(x,u(x)), j=1,2,...,n, 


with x;(0) = He, then writing the solution wu via integral curves as y(t) = u(x(t)), we 
obtain that 


¥ a(n) Au Blau) = (x9) 


j=l 


n 
y= by Oju Xj = 
j=l 


Thus, as in the linear case, u solves (38.6) with given initial data g on S. 


Example 38.7. In R*, solve ud\u+ d2u = 1 with u= s/2 on the segment x; = x2 = s, 
where s > 0, s £ 2, is a parameter. 
Since @(s) = (s,s), it follows that (x’ = x1 = s) 


oa ( Zi ees =aei( ) “ae 


2 ar(s,s,s/2) 
for s > 0, s 4 2. The system (38.4)—(38.5) for this problem is 
X=u, w2=1, uw=l, 


with 


0 
(x1,x2,2)|:=0 = (28,38, +) = (5,5,8/2). 


Then 
u=t+s/2, xm=t+s, x =t+5/2, 


so that x) = ae 5 +s. This implies 
x, — x =f? /24t(s/2—-1). 


For s and ¢ in terms of x; and x2 we obtain 
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Hence 
ye 22) pee t 
x2 —2 t 2 
_ 204 =) i x9—-2 xy—X 
7 x2 —-2 2 Xo —2 
_ a ae | x2 —2 _ aT 5 = 2x1 — 4xp +.x5 
x2 —2 2 x2-2 2 2(x2 — 2) 


Exercise 38.1. In R, solve x70)u+x502u = uw with u = 1 when x2 = 2x). 


Exercise 38.2. In R?, solve udu + x202u = x; with u(x,,1) = 2x). 


Example 38.8. Consider the Burgers equation 
uoju+oaou=0 


in R? with u(x;,0) = A(x,), where h is a known C! function. It is clear that S$ := 
{x ER :m= o} is noncharacteristic for this quasilinear equation, since 


det 174) 1-26 
ae 


and v(x) = (0,1). Now we have to solve the ordinary differential equations 


Xp=u, xX2=1, u=0, 


with 
(x1,2,4)|1=0 = (x?,0,A(x9)) . 
We obtain 
x2=t, u= h(x?), x)= h(x?)t +29, 
so that 


x —a2h(x9) — xf =0. 


Let us assume that 
—xyh\ (x?) — 140. 


By this condition, the last equation defines an implicit function a7 = g(x1,%2). 


Therefore, the solution u of the Burgers equation has the form 


u(x1,%2) = A(g(x1,x2)). 
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Let us consider two particular cases: 


(1) If h(x?) = ax? +b,a 40, then 


ax, +b 


u(x) ,X2) = 


ax2 -—- 


(2) If h(x?) = a(x)? +bx® +c,a £0, then 


2 
—xob-1+ JV (x2b+ 1)? — 4ax2(cx2 — x1) 
2ax 


u(x1,x2) =a ( 


re (= 1+ JV (x2b+ ee) sigs 
2ax7 


with D = (x2b+ 1)? — 4axp(cx2 — x1) > 0. 


Let us consider again the linear equation (38.2) of order k, i.e., 


Dd aa(x)d%u(x) = f(x). 


|o:|<k 
Let S be a hypersurface of class C*. If wis a Cé function defined near S, the quantities 
LOnene i (38.7) 


on S$ are called the Cauchy data of u on S. And the Cauchy problem is to solve 
(38.2) with the Cauchy data (38.7). We shall consider R”, n > 2, to be R’-! x R 
and denote the coordinates by (x,t), where x = (x1,...,Xn—1). We can make a change 
of coordinates from R” to R’—! x R so that xp € S is mapped to (0,0) and a neigh- 
borhood of x9 in S is mapped into the hyperplane ¢ = 0. In that case 0, = = on 


ot 
S = {(x,t) :t = 0}, and equation (38.2) can be written in the new coordinates as 


Y aa,j(x,1)aed/u= f(x,1) (38.8) 
|a|-+j<k 
with the Cauchy data 
dJu(x,0)=,(x), j=0,1,...,4-1. (38.9) 
Since v = (0,0,...,0,1), the assumption that S is noncharacteristic means that 


x1(x,0, v(x,0)) = aox(x,0) 4 0. 
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Hence by continuity, ao ,(x,t) # 0 for small f, and we can solve (38.8) for 0*u: 


OF u(x,t) = (aox(x,t)) [- y outta) (38.10) 


|| + j<k,j<k 


with the Cauchy data (38.9). 


Example 38.9. The line t = 0 is noncharacteristic for 07u = 02u in R*. The Cauchy 
problem u(x,0) = go(x), Au(x,0) = gi(x), has a unique solution in appropriate 
classes for go and g;. This can be proved by the method of separation of variables 
(see Section 14.2). 


Example 38.10. The line t = 0 is characteristic for 0,d,;u = 0 in R?, and we will 
therefore have some problems with the solutions. Indeed, if u is a solution of this 
equation with Cauchy data u(x,0) = go(x) and o,u(x,0) = g(x), then 0,g; = 0, that 
is, g1 = constant. Thus the Cauchy problem is not solvable in general. On the other 
hand, if g; is constant, then there is no uniqueness, because we can take u(x,t) = 
go(x)+ f(t) with any f(t) such that f(0) = 0 and f’(0) = gy. 


Example 38.11. The line t = 0 is characteristic for 02u — 0,u = 0 in R?. Here if 
we are given u(x,0) = go(x), then d,u(x,0) is already completely determined by 
d,u(x,0) = gf (x). So, again the Cauchy problem has “bad” behavior. 


Let us now formulate and give a sketch of the proof of the famous Cauchy— 
Kowalevski theorem for the linear case. 


Theorem 38.12. If dq_j(x,t), Po(x),---,x—1(x) are real-analytic near the origin 
in IR", then there is a neighborhood of the origin on which the Cauchy problem 
(38.10)—(38.9) has a unique real-analytic solution. 


Proof. The uniqueness of the analytic solution follows from the fact that an analytic 
function is completely determined by the values of its derivatives at one point (see 
the Taylor formula or the Taylor series). Indeed, for all a and j = 0,1,...,k—1, 


Of u(x,0) = 02 @;(x). 
Therefore, 
af ule—0 = (aoe) [Fe0)- > 2aits)AF(0) ; 
lal|+j<k,j<k 


and moreover, 


dku(x,t) = (aox) ( f (x,t) - iii jesn)atat) 


|ot|+j<k,j<k 
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Then all derivatives of u can be defined from this equation by 
aitly =a, (fu) 


Next, let us denote by ye; = aa! u and by Y = (yq,;) this vector. Then equation 
(38.10) can be rewritten as 


Yok = (aox) (+- oy cae) : 


|a\+j<k,j<k 


or 


A: (Yox-1) = (aox) (1 — caiAide-4u) , 


|o0|-+j<k,j<k 


and therefore, the Cauchy problem (38.10)-(38.9) becomes 
n—1 
1 Ajo jV+B 
=2j- r 1 (38.11) 
7: 0)= (x), xeR™!, 


where Y, B, and ® are analytic vector-valued functions and the A; are analytic 
matrix-valued functions. Without loss of generality we can assume that ® = 0. 
Let ¥ = (y1,:.,Yn), B= (b1,..:,by), Az = (aly _.. We seek a solution Y = 
(y1,---,¥n) of the form . 


Yn => Or, m=1,2,...,N. 


The Cauchy data tell us that ce = 0 for all @ and m, since we assumed ® = 0. To 
determine Cy . : for j > 0, we substitute y,, into (38.11) and get for m= 1,2,...,N, 


that 
Yn = Ya) ay + bm(x,y), 


or 


Yow” jx! = LE (an) 5, PAY Cl cnx Fei + F Be x2 


dl Byr 


It can be proved that this equation determines uniquely the coefficients oy and 
therefore the solution Y = (y1,...,y). 


Remark 38.13. Consider the following example in IR2, due to Hadamard, which 
sheds light on the Cauchy problem: 


Au=0, u(x,0)=0, dsu(x1,0) =ke~“* sin(xyk), KEN. 
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This problem is noncharacteristic on R?, since A is elliptic in R?. We look for 
u(x1,X2) = uy (x1)u2(x2). Then 


uur +usu, = 0, 
which implies that 
uy uy 


= ——+ = —A = constant. 
uy uz 


Next, the general solutions of 


uj = —-Auy 
and 
Us = Aun 
are 
u; = Asin(VAx,) + Bcos(VAx1) 
and 


uz = Csinh(VAx2) + Deosh(VAx2), 


respectively. But u2(0) = 0,u5(0) = 1 and uj (x1) = ke-V* sin(kx}). Thus D = 0, 
B=0,k=VA,A= ke- Vk, and C = i = ree So we finally have 


E 1 
u(x1,X2) = ke~V* sin(kx}) ;, Sinh(kx2) = e~V* sin(kx}) sinh(kx3). 


As k — +ee, the Cauchy data and their derivatives (for x2 = 0) of all orders tend 
uniformly to zero, since e vk decays faster than polynomially. But if x. 4 0 (more 
precisely, x2 > 0), then 


im eV sin(kx1) sinh(kx2) = ©, 
— boo 
if we choose, for example, x2 = 1 and x) = 1/(2k) + 2m. Hence u(x;,x2) is not 


bounded. But the solution of the original problem that corresponds to the limiting 
case k = ~ is of course u = 0, since u(x1,0) = 0 and d2u(x;,0) = 0 in the limiting 
case. Hence the solution of the Cauchy problem may not depend continuously on 
the Cauchy data. This means by Hadamard that the Cauchy problem for elliptic 
operators is “ill-posed,’ even when this problem is noncharacteristic. 


Remark 38.14. This example of Hadamard’s shows that the solution of the Cauchy 
problem may not depend continuously on the Cauchy data. By the terminology of 
Hadamard, “the Cauchy problem for the Laplacian is not well posed, but it is ill 
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posed.” Due to Hadamard and Tikhonov, a problem is called well posed if the fol- 
lowing conditions are satisfied: 


(1) existence; 
(2) uniqueness; 
(3) stability or continuous dependence on data. 


Otherwise, it is called ill posed. 


Let us consider one more important example due to H. Lewy. Let L be the first-order 
differential operator in R? ((x,y,t) € R*) given by 


oB.8 
b= Ves, 


ix 
Te 2i(x+ iy) — 


of (38.12) 


Theorem 38.15 (The Hans Lewy example). Let f be a continuous real-valued 
function depending only on t. If there is a C' function u satisfying Lu = f, with the 
operator L from (38.12), in some neighborhood of the origin, then f(t) necessarily 
is analytic att = 0. 


Remark 38.16. This example shows that the assumption of analyticity of f in 
Theorem 38.12 in the linear equation cannot be omitted (it is essential). It appears 
necessarily, since Lu = f with L from (38.12) has no C! solution unless f is analytic. 


Proof. Suppose x” + y? < R’, |t| < R, and set z= x+iy = re!®. Let us denote by 
V(t) the function 


21 . 
V(t) := I u(x, y,t)do(z) = ir | u(r, 0,t)e? dd, 
z|=r 0 


where u(x,y,t) is the C! solution of the equation Lu = f with L from (38.12). We 
continue to denote u in polar coordinates also by u. By the divergence theorem for 
F := (u,iu) we get 


: _ ou .ou 
1 ag ne = if ies ($+ is) dxdy = = if, _ (wi) : vdo(z) 
=i/ (u= “tie *) do(z )= if ue? do(z) 
\z\=r r r |z|=r 
2m. 
= ir | ue'?d@ = V(t). 
0 


But on the other hand, in polar coordinates, 


vinsif, (Bei St) aaay =i [” P(e iM) 6, 0,1)pdpde. 
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This implies that 


OV. f*™ (du du 7 ou .du do(z) 
5 air f (S45) (7,6,1)d0 = = (S+i5t) (x, y,t)2r I 


=r fo (i+) do(z) = 2r (3 +10 f si) 


OV 
=2r & +ing()) ‘ 
We therefore have the following equation for V: 
1 ov OV 
— = =i{ — t)). 38.13 
2r or (5; HHL ) ( ) 


Let us introduce now a new function U(s,t) = V(s) + F(t), where s = r? and 
F' = f. The function F exists because f is continuous. It follows from (38.13) that 


1av_av aU_ av. aU _.au 
2r dr os’ os os’ as oF 


Hence 
aU aU _ 


Ae +1 ran 0. (38.14) 
Since (38.14) is the Cauchy—Riemann equation, we have that U is a holomorphic 
(analytic) function of the variable w = t +is, in the region 0 < s < R’, |t| < R, and 
U is continuous up to s = 0. Next, since U(0,t) = xF(t) (V =0 when s = 0, ice., 
r= 0) and f(t) is real-valued, it follows that U(0,1) is also real-valued. Therefore, 
by the Schwarz reflection principle (see complex analysis), the formula 


U(—s,t) := U(s,t) 


gives a holomorphic continuation of U to a full neighborhood of the origin. In par- 
ticular, U(0,t) = 2F (rt) is analytic int, hence so is f(t) = F(t). 


Chapter 39 
The Laplace Operator 


We consider what is perhaps the most important of all partial differential operators, 
theLaplace operator (Laplacian) on R", defined by 


4=Dajavv 


We will begin with a quite general fact about partial differential operators. 


Definition 39.1. (1) A linear transformation T on R” is called arotation if T' = 
gt. 

(2) Let h bea fixed vector in R”. Thetranslation transformation 7), f(x) := f(x+h) 
is called a. 


Theorem 39.2. Suppose that L is a linear partial differential operator on R". Then 
L commutes with translations and rotations if and only if L is a polynomial in A, 
that is, L= Yi=0 ajA/, 


Proof. Let 


0)= ¥ ag(x)a* 


| oe|<k 


commute with a translation T,. Then 


YS da(x)d* f(x th) = Yi ag(x+ha*f(x+h). 


| |<k || <k 


This implies that the ag,(x) must be constants (because dg (x) = dq(x+A) for all h), 
say dq. Next, since L now has constant coefficients, we have (see Exercise 37.5) 


Lu(&) = P(E)a(E), 
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where the polynomial P(&) is defined by 


P(§)= > aalié)?. 


|o|<k 


Recall from Exercise 37.4 that if T is a rotation, then 


uoT (6) = (@oT) (6). 


Therefore, a _ 
(Lu)(Tx)(§) = Lu(T§), 


or 


P(E)u(Tx)(&) = P(TE)a(TE). 


This forces 


P() = P(TS). 


Write € = |€|6, where @ € S""! = {x E R": |x| = 1} is the direction of €. Then 
TE = |E|0’ with some 6’ € S""!. But 


0 = P(E) — P(TE) = P(|E|@) — P(|E|6’) 


shows that P(€) does not depend on the angle @ of €. Therefore, P(&) is radial, that 


P(E)=P(IE) = ¥ ale lle. 


|ae|<k 


But since we know that P(€) is a polynomial, |or| must be even: 
P(E) = Yajlé|”. 
J 
By Exercise 37.5 we have that 
Au(&) = —|Pai(). 
It follows by induction that 
Alu(é) =(-IIEPIAE), f=0,1,.... 


Taking the inverse Fourier transform, we obtain 


Lu = F\(P(E)AE)) = FY ajlE PAE) =F" Dai Aiu(E) = Da Alu. 
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Conversely, let 
Lu= Sia jAlu. 
J 


It is clear by the chain rule that the Laplacian commutes with translations 7), and 
rotations JT. By induction, the same is true for any power of A, and so for L as 
well. 


Lemma 39.3. /f f(x) = 9(r), r= 
=16'(r), 


. or _ Fy; 
Proof. Since oy it follows that 


, that is, f is radial, then Af = o"(r)+ 


xX 


Af = ¥a(9;0(0)) = ¥ a; (“o'W) 
j=l j=l 
n Xx; n x2 
= Loa (+ YD 30" 
j=l j=l 
n fy x2 % 42 
7 ¢ : ) w+ Bae" 
= j=l 
= Fol) LHe +0") = 9" +"—olln 


This completes the proof. 


Corollary 39.4. If f(x) = (r), then Af =0 on R”\ {0} if and only if 


atbr", n#£2, 
a+blogr, n=2, 


where a and b are arbitrary constants. 
Proof. If Af = 0, then by Lemma 39.3, we have 


n—1l 


p"(r) + g'(r) =0. 


Define y(r) := 9'(r). Since y solves the first-order differential equation 


w(r) can be found by the use of an integrating factor. Indeed, multiply by 
e(n—l)logr = '"-lto get 
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rly (r) +(n— Ir" wr) =0, 


or 
It follows that 


Integrate once more to arrive at 


ar+b, n=1, 


cre—n 2 
o(r) = a — = alogr+b, n=2, 
oe ee See ar 4b, n> 3: 


In the opposite direction the result follows from elementary differentiation. 


Definition 39.5. A C? function u on an open set Q C R" is said to be harmonic on 
Q if Au=O0onQ. 


Exercise 39.1. For u,v € C?(Q)NC!(Q) and for S = 0Q, which is a surfaceGreen’s 
identities of class C!, prove the following: 


(1) 
| (vAu—uAv)de= | (vdyu— way) do: 
Q Ss 


(2) 
(vAw+ Vv Vu)dx= f vayude, 
Q S 


Exercise 39.2. Prove that if u is harmonic on Q and u € C!(Q), then 


J avudo =0. 
S 


Corollary 39.6 (From Green’s identities). Let u € C!(Q) be harmonic on Q. 


(1) ifu=OonS, thenu=0; 
(2) if dyu=O0onS, then u = constant. 


Proof. By taking real and imaginary parts, it suffices to consider real-valued func- 
tions. If we let u = v in part (2) of Exercise 39.1, we obtain 


[ \Vul2dx = | udyudo (x). 
Q Ss 
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In the case (1) we get Vu = 0, or u = constant. But u = 0 on S implies that u = 0. 
In the case (2) we can conclude only that uv = constant. O 


Theorem 39.7 (The mean value theorem). Suppose u is harmonic on an open set 
Q CR". Ifx € Q andr > Ois small enough that B,(x) C Q, then 


rg, On 


uo) = arm | uodoo) = [weet mao, 


n/2 
where Oy, = Pe is the area of the unit sphere in R". 


Proof. Let us apply Green’s identity (1) with u and v = |y|?~" ifn 4 2, and v = log|y| 
if n = 2 in the domain 


B,(x)\Be(x) = {y € RB”: € < |x—y| <r}. 


Then for v(y—x) we obtain (n # 2) 


= vAu—uAv)dy 
ie a! 


= / _ rou —wdw)do(y)— [_(odyu—udy»)d00) 
x—y|=r x—y|=E 
= a | dyudo(y) —(2—n pay | udo(y) 
x—y|=r x—y|=r 
= ee | | ayudo(y)+(2—ne™ | | udo(y). (39.1) 
x—y|=€ x—y|=e 


In order to get (39.1) we took into account that 


_x-yx-yd_ d 


o=v-V 


r r dr dr 


for the sphere. Since u is harmonic, due to Exercise 39.2 we can get from (39.1) that 
for alle >0,€ <r, 


gray udo(y) = amd | udo(y). 
|x-yl=€ |x—yl=r 


Therefore, 
lim a u(y)do(y) = lim u(x+€0)d0 
e—0 |x—y|=e e—>0J|6|=1 


= @u(x) =r" [_woveoo. 


This proves the theorem, because the latter steps hold for n = 2 also. 
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Corollary 39.8. [fu and r are as in Theorem 39.7, then 


n n 
= dy = — dy, xEQ. 39.2 
u(x) =o [0 ar wae ly, x (39.2) 


Proof. Perform integration in polar coordinates and apply Theorem 39.7. 


Remark 39.9. It follows from the latter formula that 


Q, 
vol{y :[y| <1} = 2. 
Exercise 39.3. Assume that u is harmonic in Q. Let (x) € Cf (Bi(0)) be such 
that 7 (x) = 71 (|x|) and ign ¥(x)dx = 1. Define an approximation to the identity by 
Xe(-) =e "x (e7!-). Prove that 


ula) = fh zels—s)ulrday 


for x € Qe = {x € QD: Be(x) C Q}. 
Corollary 39.10. [fu is harmonic on Q, then u € C*(Q). 
Proof. The statement follows from Exercise 39.3, since the function ¥- is com- 


pactly supported and we may thus differentiate under the integral sign as often as 
we please. 


Corollary 39.11. If {ux}; is a sequence of harmonic functions on an open set 
Q CR" that converges uniformly on compact subsets of Q to a limit u, then u is 
harmonic on Q. 


Theorem 39.12 (The maximum principle). Suppose Q C R" is open and con- 
nected. If u is real-valued and harmonic on Q with sup,ycg u(x) = A < °%, then 
either u <A for all x € Q or u(x) =A ing. 


Proof. Since u is continuous on Q, the set {x € Q : u(x) =A} is closed in Q. On 
the other hand, we may conclude that if u(x) = A at some point x € Q, then u(y) =A 
for all y in a ball about x. Indeed, if yo € BY (x) and u(yo) <A, then u(y) <A for all 
y from a small neighborhood of yo. Hence, by Corollary 39.8, forr <o, 


n 
A=u(x)= = | u(y)d 
(x) at (y)dy 
n n 
= — u(y)d +f u(y)d 
ry oe + ran, Sy-ylce Oo? 
a( ‘ | dy+—" | ay) 
ln J\x—-y|<rlyo—y|>e ™@n Jy—yo|<e 


n 
rn JIx—yi<r 
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that is, A < A. This contradiction proves our statement. This fact also means that the 
set {x € Q : u(x) =A} is also open. Hence it is either Q (in this case u =A in Q) 
or the empty set (in this case u(x) < A in Q). 


Corollary 39.13. Suppose Q C R" is connected, open, and bounded. If u is real- 
valued and harmonic on Q and continuous on Q, then the maximum and minimum 
of u on Q are achieved only on dQ. 


Corollary 39.14 (The uniqueness theorem). Suppose 2 is as in Corollary 39.13. 
If u, and uz are harmonic on Q and continuous in Q (possibly complex-valued) and 
uy = uz on OQ, then uy = uz on Q. 


Proof. The real and imaginary parts of uw; — uz and uz — uw, are harmonic on Q. 
Hence they must achieve their maxima on dQ. These maxima are therefore zero, so 
uy = U2. 


Theorem 39.15 (Liouville’s theorem). If u is bounded and harmonic on R", then 
u = constant. 


Proof. For all x € R” and |x| < R, by Corollary 39.8 we have 


n 
~~ R"@p, 


n 


ay f dy| < | dy, 
Fest y es 7 < Rie, i HO)| y 


|u(x) — u(0)| 


D = (Br(x)\Br(0)) U (Br(0)\Ba(x)) 


is the symmetric difference of the balls Br(x) and Br(0). Therefore, we obtain 


R+|x| 
\u(x) — u(0)| < a dy < oe tar | da 
R' On JR=|x|<|y|<R+|x] R" On JR—|x| |o|=1 


_ (R+ |x)" = (R= al)” \\|.. = O (=) [zl] 2 


R" 


Hence the difference |u(x) — u(0)| vanishes as R — ©», that is, u(x) = u(0). 


Definition 39.16. Afundamental solution for a partial differential operator L is a 
distribution K € Y’ such that 
LK=6. 


Remark 39.17. Note that a fundamental solution is not unique. Any two fundamen- 
tal solutions differ by a solution of the homogeneous equation Lu = 0. 


Exercise 39.4. Show that the characteristic function of the set 
{ (x12) ER? :x,> 0,x2 > o} 


is a fundamental solution for L = 00>. 
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Exercise 39.5. Prove that the Fourier transform of —1— in R? is equal to — 


i 
xX] ae &) +18 * 


Exercise 39.6. Show that the fundamental solution for the Cauchy—Riemann oper- 
ator L = 4 (0; +id2) on R? is equal to 

1 1 

1 x, +ix2- 


Since the Laplacian commutes with rotations (Theorem 39.2), it should have a radial 
fundamental solution that must be a function of |x| that is harmonic on R”\ {0}. 


Theorem 39.18. Let 


| 2 n 2 
K(x) = {eam ee (39.3) 
3q log|x|, n=2. 


Then K is a fundamental solution for A. 


Proof. For € > 0 we consider a smoothed-out version Kz of K as 


2—n 
(xP2+e2) "2 
Ke(x) = 4 @=n)an n#2 (39.4) 
qq log(|x/?+e?), n=2. 


Then K, — K pointwise (x # 0) as € — 0+, and Ky and K are dominated by a 
fixed locally integrable function for € < | (namely, 
for n = 2, and (|x|? + 1)!/ for n = 1). So by Lebesgue’s dominated convergence 
theorem, Ke — K in ae (or in the topology of distributions) as € — 0+. Hence we 
need to show only that AK, — 6 as € — 0 in the sense of distributions, that is, 


(AKe,) — 9(0), Ee—0 
for all p € Cp (R"). 


Exercise 39.7. Prove that 


AK, (x) = no; 'e*(|x|* + €7) ($+!) =¢ "w(e—!x) 
for y(y) = nay, (|? + 1) CG), 


Exercise 39.7 allows us to write 


(AKe,Q =f o(xje "we !x)dx = I, p(€z)w(z)dz — (0) a y(z)dz 
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as € — 0+. So it remains to show that 


a w(z)dz = 1. 


Using Exercise 39.7, we have 


w(x)dx=—— fe (jx? +1)-EMYax 


Rn ~ Op Rn 
== /'r AP ay eh de 
Wn |O|=1 
a noe n 1 
anf resi lara 5 fre Nec yey tt ae 
n/2-1 
n ds 
PPA 4-3! a i. 410s 
=a fe +t) dt = 5 € 1) RY 2 
= s/?- 1 a nf2—lq =] 
=" fa ds a tT Tt=1. 


This means that e~! y(e~!x) is an approximation to the identity and 


Ak; => }. 


But K, — K, and so AK = 6 also. 


Theorem 39.19. Suppose that 


(1) f eL'(R’) ifn > 3, 
(2) fro |F(y)| (log |y|| + 1) dy < ifn =2, 
(3) Sr lfO)1 G+ |p|) dy <2 ifn = 1. 


Let K be given by (39.3). Then f * K is well defined as a locally integrable function, 
and A(f * K) = f in the sense of distributions. 


Proof. Let n > 3 and set 


_ 1, x € B,(0), 
A(x) = ie x4 By (0). 


Then 71K € L'(R") and (1—y1)K € L*(R"). So, for f € L'(R") we have that 
f *(q1K) € L'(R”) and f «(1 — 1) K € L*(R") (see Proposition 37.3). Hence f * 
K € L},.(R") by addition, and we may calculate 


(A(f+K),9) =(F*K,A9), 9 EC(R") 
(FeK)@otnjdx= ff £O)K~—y)dyAela)ax 
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= [ £0) [ Ke—y)A@laray= [£0)(K ey). AQ) ey 
Rr R" Re 


= | FO)(AK—y),00)ay =f FO)(8(x—-¥),0(2)) dy 
IR” R” 
= [ fo) 90)¢y= (f.9). 


Hence A(f *K) =f. 


Exercise 39.8. Prove Theorem 39.19 for n = 2. 

Exercise 39.9. Prove Theorem 39.19 forn = 1. 

Theorem 39.20. Let Q be a bounded domain in R" (for n= 1 assume that Q = 
(a,b)) with C! boundary 0Q = S. If u€ C!(Q) is harmonic in Q, then 


u(x) = i (u(y)dy,K(x—y) —K(x—y)dyu(y))do(y), x€Q, (39.5) 


where K(x) is the fundamental solution (39.3). 


Proof. Let us consider Ke from (39.4). Then since Au = 0 in Q, by Green’s identity 
(1) (see Exercise 39.1) we have 


J wo)4sRele—y)dy = (u(y), Kelx—y) — Kelx—y)Avuly)) do). 
Q S 


As € — 0, the right-hand side of this equation tends to the right-hand side of (39.5) 
for each x € Q, since for x € Q and y € S there are no singularities in K. On the other 
hand, the left-hand side is just (ux AK,) (x) if we set u = 0 outside Q. According to 
the proof of Theorem 39.18, 


(ux AKe) (x) > u(x), € 0, 


completing the proof. 


Remark 39.21. If we know that u = f and dyu = g on S, then 


u(x) = [ (£0)8,K(%—y) —K(x—y)a(9)) doy) 


is the solution of Au = 0 with Cauchy data on S. But this problem is overdetermined, 
because we know from Corollary 39.14 that the solution of Au = 0 is uniquely 
determined by f alone. 
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The following theorem concerns the spaces C%(Q) and C*(Q) defined by 


C*(Q) = C°*(Q) = {u € L*(Q) : |u(x) — uly) | < Clx—y|*,x,y € Q}, 
ch"(Q) = C4(Q) = {u : Bue C%(Q),|B| < xt 


forO<a<landkeEN. 


Theorem 39.22 (Regularity in Holder spaces). Suppose k > 0 is an integer, 0 < 
a <1, and Q CR" is open. If f € C®(Q) and u is a distributional solution of 
Au= f in Q, thenue C?*%(Q), 


Proof, Since A(d8u) = 08 Au = 08 f, we can assume without loss of generality 
that k = 0. Given Q; C Q such that Q) C Q choose ~ € CF (Q) such that y = 1 on 
Q, and let g = of. 

Since A(g « K) = g (see Theorem 39.19) and therefore A(g* K) = f in Q), it 
follows that u—(g* K) is harmonic in Q, and hence C® there. It is therefore enough 
to prove that if g is a C® function with compact support, then g* K € C?+®. To 
this end we consider K,(x) and its derivatives. Straightforward calculations lead to 
following formulas (n > 1): 


a = — 
Fx Ke) = © 1x (|x|2-+€2)-"/2, 
39.6 
2 Ke(2) at —nx;x;(|x|? + €2)-"/2-1, pee (39.6) 
>= Keg (x) = ; 
Omdxjy "(Pe —nei\(eP tev, i= Zp. 


Exercise 39.10. Prove formulas (39.6). 


Since Ke € C”, we have g* Ke € C” also. Moreover, 0;(g * Ke) = g* 0jKe and 
0;0;(g* Ke) = g *0;0;Ke. The pointwise limits in (39.6) as € — 0 imply 


7) -1 —n 
a xjlx|", 
39.7 
0 K(x) = no, !x;x;j|x|~"~?, iF j, ( ) 
IxDx or"? —mx)x|"2, i= 7, 


for x £ 0. Formulas (39.7) show that 0;K(x) is a locally integrable function, and 
since g is bounded with compact support, it follows that g*«0;K is continuous. Next, 
g*0jKe — g*0jK uniformly as € — 0+. This is equivalent to 0jKe — 0K in the 
topology of distributions (see the definition). Hence 0;(g* K) = g*0jK. 

This argument does not work for the second derivatives, because 0;0;K(x) is not 
integrable. But there is a different procedure for these terms. 

Let i # j. Then 0j0j;Ke(x) and 0j0;K(x) are odd functions of x; (and xj); see 
(39.6) and (39.7). Due to this fact, their integrals over an annulus 0 < a < |x| <b 
vanish. For K, we can even take a = 0. 
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Exercise 39.11. Prove this fact. 


Therefore, for all b > 0 we have 
I )Ke(s) =f. alx—y)AIjKe(v)dy—al~) | a1dpKely)ay 
y 


= ee eRe yee 2)%Ke(y) dy. 


If we let € — 0, we obtain 
lim g * 0j0j;Ke(x) 
€—0 


=[ (ey) ge) aaKO)ey+ f  ele—y)A9;K()ay. 
ly|<b ly|=b 


This limit exists because 


lg(x—y) — g(x)||00;K(y)| < ely|*ly]™ 


(g is C®) and because g is compactly supported. Then, since b is arbitrary, we can 
let b — +c to obtain 


aidj(@*K)(x) = Jim [ (@l—»)—a(a))4AjK Oe 


+ lim g(x — y)0;0;K (y)dy 


be J|y|>b 


= lim (g(x—y) — g(x))0:0;K(y)dy. (39.8) 


be J|y|<b 


A similar result holds for i= j. Indeed, 
O2K, _ 1 —n -l KE 
PKe(2) = —2 "w(eW!x) +KF(x), 


where w(x) =n; !(|x|?+1)~"/2-! and Ki = a, | (|x|? — nx?) (|x|?-+e?)-"/2-1 (see 
(39.6)). The integral J; of Ki over an annulus a < |y| < b vanishes. Why is that so? 
First of all, J; is independent of j by symmetry in the coordinates, that is, J; = J; for 
i# j. So nl; is the integral of }'}_| K;. But };_, K; = 0. Hence J; = 0 also. We can 
therefore apply the same procedure. Since 


gx(e "ye 'x)) +g, €0 


(because €~"y(e~!x) is an approximation to the identity), it follows that 


39 The Laplace Operator 433 


A2(g*K)(x) =) 411m [  (e(x—y)—g(0))a?KO)dy. B.D) 


n be S|y|<b 


Since the convergence in (39.8) and (39.9) is uniform, at this point we have shown 
that g* K € C*. But we need to prove more. 


Lemma 39.23 (Calderon-Zigmund). Let N be a C! function on R"\ {0} that is 
homogeneous of degree —n and satisfies 


/ N(y)dy = 0 
a<|y|<b 


for all0 <a<b <0. Then if g is a C® function with compact support, 0 < a <1, 
then 
h(x) = lim (g(x—z) —g(x))N(z)dz 


be} |z\<b 
belongs to C®. 


Proof. Let us write h = h, + hz, where 
mi(x)= [i (gle—2) el) N@ek, 
Iz|<3]y| 
h(x) = lim | (g(x —z) — g(x))N(z)dz. 
be }3\y|<|z|<b 
We wish to estimate h(x + y) — h(x). Since a > 0, we have 


mele feller *de =e’ 


|z|<3|y| 
and hence 
|hy (x+y) —hy(x)| < Jai (e+ y)] 4 |Ar(x)| < 2c’|y|®. 
On the other hand, 
ho(x+y) — ho(x) = lim (g(x —z) — g(x) )N(z+y)dz 
be J3|y|<|zt+y|<b 
— lim (g(x —z) — g(x))N(z)dz 


bee J3ly|<|z|<b 


= Jim f _, (6-2) a) (ME+y) —N(@))de 
3)y|<|e|<b 


Byes 


+ lim | Pe tee 
b—r00 (abicletyl<e)\pl<t<oy™ ) —g(x))N(z+y) 


=,+h. 
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It is clear that 


{3ly] < |z+y]}\ {3]y] < lel} C {2Iy] < |elF\ {3191 < lel} 
= {2|y| < |z| < 3ly|}. 


Therefore, 
Ini sf lez) —a(w)|IN(e+y) dz 
2\y|<Iz|<3Iy| 


<ef tktyi"des ef lel" = ely. 
2Iy|<|z|<3]y| 2\y|<|z|<3|y| 


Now we observe that for |z| > 3|y 


IN(z+y) —N(z)| < |y| sup |VN(z+ty)| 
O<t<1 


<cly| sup |z+ty|") <e'ly||z\-", 
0<t<1 


because VN is homogeneous of degree —n — 1, since N is homogeneous of degree 
—n. Hence 


aise fehl" 'de=e'bl fp? Adp =e" yl*. 
Iz|>3|y| 3) 


Note that the condition ~ < | is needed here. Collecting the estimates for J; and h, 
we can see that the lemma is proved. 

In order to end the proof of Theorem 39.22 it remains to note that dj0;K(x) 
satisfies all the conditions of Lemma 39.23. 


Exercise 39.12. Show that a function Kj is a fundamental solution for A? = A(A) 
on R” if and only if K; satisfies the equation 


AK, =K, 


where K is the fundamental solution for the Laplacian. 


Exercise 39.13. Show that the following functions are the fundamental solutions 
for A? on R": 


(1) n=4: 
log |x| , 
4a,’ 

(2) n=2: 
|x|? log |x| 


> 


870 
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(3) n#2,4: 


le|4=s 


2(4—n)(2—n) On 


Exercise 39.14. Show that (47t|x|)~!e~¢!*! is the fundamental solution for —A + c? 
on R? for an arbitrary constant c € C. 


Chapter 40 
The Dirichlet and Neumann Problems 


The Dirichlet problem _ 
Given functions f in Q and g on S= 0, find a function uv in Q = QUAQ satisfying 
Au=f, inQ 
‘ ) 
u= g, ons. 
The Neumann problem = 
Given functions f in Q and g on S, find a function u in Q satisfying 
Au=f, inQ 
a ) 
Oyu=g, ons. 


We assume that Q is bounded with C! boundary. But we shall not, however, assume 
that Q is connected. The uniqueness theorem (see Corollary 39.14) shows that the 
solution of (D) will be unique (if it exists), at least if we require u € C (Q). For (N) 
uniqueness does not hold: we can add to u(x) any function that is constant on each 
connected component of 2. Moreover, there is an obvious necessary condition for 


solvability of (N). If Q’ is a connected component of Q, then 


[Auax= fe, dyudo (x) = f,8@)dos) = |) fax: 
that is, 


[Paya = fe(a)do(s). 


It is also clear (by linearity) that (D) can be reduced to the following homoge- 
neous problems: 
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Av=f, inQ 
D 
feu onS$ (Da) 
Aw=0, inQ 
(Dp) 
w=g, ons 


and u :=v-+w solves (D). Similar remarks apply to (N), that is, 


Av=f, inQ 
oyv=0, onS 
Aw=0, inQ 
Oyw=g, ons 


andu=v+w. 


Definition 40.1. The Green’s function for (D) in Q is the solution G(x,y) of the 
boundary value problem 


eae ama (40.1) 


G(x,y) =0, xESyEQ. 


Analogously, the Green’s function for (N) in Q is the solution G(x, y) of the bound- 
ary value problem 


A,G = 6(x- Q 
xG(x,y) =d(x—-y), xyE (40.2) 
Ov, G(x, y) = 0, xeESyeQ. 
This definition allows us to write 
G(x,y) = K(x—y)+yy(x), (40.3) 


where K is the fundamental solution of A in R” and for all y € Q, the function v, (x) 
satisfies 


vy(x) =—K(x—y), onS oo) 


eee =0, inQ 
in the case of (40.1) and 


Avy (x) =0, inQ 
Oy, Vy(x) = —dy,K(x—y), on 
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in the case of (40.2). Since (40.4) guarantees that v, is real, it follows that so is G 
corresponding to (40.1). 

Lemma 40.2. The Green’s function (40.1) exists and is unique. 


Proof. The uniqueness of G follows again from Corollary 39.14, since K(x —y) in 
(40.4) is continuous for all x € S and y € Q (~# y). The existence will be proved 
later. 


Lemma 40.3. For both (40.1) and (40.2) it is true that G(x,y) = G(y,x) for all 
x,yEQ. 


Proof. Let G(x,y) and G(x,z) be the Green’s functions for Q corresponding to 
sources located at fixed y and z, y ¥ z, respectively. Let us consider the domain 


Qe = (Q\ {x: |x—y] < €})\{x: x—Z] <€}, 


see Figure 40.1. 


Fig. 40.1 The domain Q,. 


If x € Qe, then x 4 z and x # y, and therefore, A,G(x,z) = 0 and A,G(x,y) =0. 
These facts imply 


0= js (G(x, y)A.G(x,z) — G(x, z)AyG(x,y)) dx 
= [(o.ra.Ge z) — G(x,z)y,G(x,y)) do(x) 
: Joos (G(x,y)Av,G(x,2) — G(x,2) Oy, G(x,y)) do(x) 
~ -_ (G(x, y) dy, G(x,z) — G(x, z)0y, G(x, y)) do(x). 
Hence by (40.1) or (40.2), for arbitrary ¢ > 0 (sufficiently small), 
[._,_,(6b99,Gl0.2) ~ 6(s,2.8,6(s.9))40(0 


= (G(x,z)Oy,G(x,y) — G(x, y) dy, G(x, z)) do (x). 


|x-z|=e 
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Let n > 3. Due to (40.3) for € — 0 we have 
= (G(x,y)8y,G(x,2) — G(x,2)y,G(x,y)) do(x) 
X—y|=E 
1 | v0 ( os ) 
xy — E ———_——— + oy, v-(x) } do(x 
On J\x—y|=€ |x—yllx—zl" @) @) 


ne G(x,z)dy, G(x, y)do(x) 


1 1 6,€0 — 
~ gg? nen l | (€ E0t+y 2) 40 hs—h, 
On éeJa |e@+y—z|" 
where we have defined 
h= G(x,2)dy,G(x,y)do(x). 


|x—y|=e 


The same is true for the integral over |x — z| = €, that is, 
/ | (G(x, z)Ay, G(x, y) — G(x, y) Ov, G(x,z)) doz) ¥—h, € 0, 
X—Z|=E 


where 
h= G(x, y) Oy, G(x, z)do(x). 


|x—z|=e 
But using the previous techniques we can obtain that 


1 
~ —elnent f G(e0+y,z)d@ > G(y,z), E-0 
@n \e|=1 
and 


1 
ha gere | f G(e0+z,y)d@ > G(z,y), Ee 0. 
6|=1 


This means that G(y,z) = G(z,y) for all z 4 y. This proof holds for n = 2 (and even 
for n = 1) with some simple changes. 


Lemma 40.4. In three or more dimensions 
K(x—y) <G(x,y) <0, xyEQ,xA#y 
where G(x,y) is the Green’s function for (D). 


Proof. For each fixed y, the function v,(x) := G(x,y) — K(x—y) is harmonic in Q; 
see (40.4). Moreover, on S = OQ, v(x) takes on the positive value 
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lx—yl?* 
@,(2—n)” 


K(x-y)= 


By the minimum principle, it follows that v(x) is strictly positive in Q. This proves 
the first inequality. 


Exercise 40.1. Prove the second inequality in Lemma 40.4. 


Exercise 40.2. Show that for n = 2, Lemma 40.4 has the following form: 


<G(x,y) <0, x,yEQ, 


where h = max, ,-9 |*— JI. 


Exercise 40.3. Obtain the analogue of Lemma 40.4 for n = 1. Hint: show that the 
Green’s function for the operator oy on Q = (0,1) is 


a x(y-1), x<y 
nape} x>y. 


Remark 40.5. G(x,y) may be extended naturally (because of the symmetry) to Q x 
Q by setting G(x,y) =O foryeS. 


Now we can solve both problems (Da) and (Dg). Indeed, let us set f = 0 in (Da) 
outside Q and define 


i= [Gers y)dy = (f *K)(x )+ |G (x,y) —K(x—y)) f(y)dy. 


Then the Laplacian of the first term is f (see Theorem 39.19), and the second term 
is harmonic in x (since v,(x) is harmonic). Also v(x) = 0 on S, because the same is 
true for G. Thus, this v(x) solves (Da). 

Consider now (Dg). We assume that g is continuous on § and we wish to find 
w that is continuous on Q. Applying Green’s identity (1) (together with the same 
limiting process as in the proof of Lemma 40.3), we obtain 


w(x) = ff (w(9)4yGlx,y) — Glax.y)Aw(y)) dy 
= fm y)0y,G(x,y)da(y )= fs )0y,G(x,y)do(y). 


Let us denote the last integral by (P). Since 0), G(x, y) is harmonic in x and continu- 
ous in y for x € Q and y € S, then w(x) is harmonic in Q. In order to prove that this 
w(x) solves (Dg), it remains to prove that w(x) is continuous in Q and w(x) on S is 
g(x). We will prove this general fact later. 
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Definition 40.6. The function 0), G(x,y) on Q x S is called the Poisson kernel for 
Q, and (P) is called the Poisson integral. 


Now we are in a position to solve the Dirichlet problem in a half-space. Let 
Q=R = { (x ,Xn41) € RY! sf eR" xc > 0}, 
where 1 > | now, and let x,+; = tf. Then 
Ansi =Ant+0?, n=1,2,.... 
Denote by K(x,t) a fundamental solution for A, in R"*!, that is, 
l—n 
K(x,t) = cee Wes 


qq log(|x|? +27), n=l. 


Let us prove then that the Green’s function for Rv is 


G(x,y3t, 8) = K(x—y,t —s) —K(x—y,—-t-—s). (40.5) 
It is clear (see (40.5)) that G(x, y;t,0) = G(x,y;0,s) = 0 and 


An4iG = 6(x—y,t—s)—6(x—y,-t—s) = 6(x—y)d(t—s), 


because for t,s > 0, —t —s < 0, and therefore, 6(—t —s) = 0. Thus G is the Dirichlet 
Green’s function for ne. From this we immediately have the solution of (Da) in 
R%t! as 


noxst) =f, [° Glxyst,s)f0.s)dsdy 


To solve (Dg) we compute the Poisson kernel for this case. Since the outward normal 
derivative on aR"! is — Z, the Poisson kernel becomes 


0 O 
— 9, GOn yt, 5)|s—0 = 9, (KO yt s) K(x y,—t 5)) |s=0 
7 2t 
Oni (ley? +22)" 


(40.6) 


Exercise 40.4. Prove (40.6). 


Note that (40.6) holds for all n > 1. According to the formula for (P), the candi- 
date for a solution to (Dg) is 


ro ee | r ey) gy (40.7) 


| Ons FRY (le —yP 4)" 
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In other words, if we set 


2t 
n+l? 


Oni (|x? +7) 2 


P(x): (40.8) 


which is what is usually called the Poisson kernel for Rte the proposed solution 
(40.7) is simply equal to 
u(x,t) = (g* P,)(x). (40.9) 


Exercise 40.5. Prove that P,(x) =1-"P, (¢~!x) and 


| P(y)dy = 1. 
R" 


Theorem 40.7. Suppose g € L?(R"), 1 < p<. Then u(x,t) from (40.9) is well 
defined on Rut and is harmonic there. If g is bounded and uniformly continuous, 


then u(x,t) is continuous on R"*! and u(x,0) = g(x), and 


Ilu(-,t) —g(-)||.. + 0 
ast +04. 


Proof. It is clear that for all t > 0, P.(x) € L'(R”) NL*(R"); see (40.8). Hence 
P,(x) € L7(R") for all g € [1,°¢] with respect to x and fixed t > 0. Therefore, the 
integral in (40.9) is absolutely convergent, and the same is true if P, is replaced by 
its derivative A,P, or 07P; (due to Young’s inequality for convolution). 
Since G(x, y;t,s) is harmonic for (x,t) 4 (y,s), it follows that P,(x) is also har- 
monic and 
Ayut+ Oeu = g*(Ay+ 0” )P, =0. 


It remains to prove that if g is bounded and continuous, then 
Ilu(-,t) —g(-)ll. > 0 


as t > 0+, and therefore, u(x,0) = g(x) and uw is continuous on R"*1, 
We have (see Exercise 40.5) 


I, 8(x—y)Pr(y)dy — [, e(s)R()8) 


llg*P:—agll.. = sup 
xeER” 
< sup | |g(x—y) — g(x) ||P (y)|dy 

xERr JR" 


= sup | |g(x—tz) — g(x)||P1(z)|dz 
xER' JR" 
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= sup ( J leGe—t2)~ 2G |IF le 


xER" 


+ Tis |e(x—tz) ~ s(s|PU(lde) 


< sup [e(e—tz)- e042 Isle ff IA@lde<e 


~ x€R" |z|<R |c|2R 


for t sufficiently small. 

The first term in the sum on the last line can be made less than €/2, since g is 
uniformly continuous on R”. The second term can be made less than €/2 for R large 
enough, since P; € L'(IR"). Thus, the theorem is proved. 


Remark 40.8. The solution of this problem is not unique: if u(x,t) is a solution, 
then so is u(x,t) + ct for all c € C. However, we have the following theorem. 


Theorem 40.9. /f g € C(R") and lim,_... g(x) = 0, then u(x,t) := (g* P;)(x) - 0 
as (x,t) 00 in R"*!, and it is the unique solution with this property. 


Proof. Assume for the moment that g has compact support, say g = 0 for |x| > R. 
Then g € L!(R") and 


Ilg* Pill. < IIell Fl. <r, 


so u(x,t) 0 as t > c uniformly in x. On the other hand, if 0 <t < T, then 


2t eras 
Ju(x,t)| < |lgll, sup |P-(~—y)| = |lgl], sup ee 7 
Iyer WI<R Mn+1(\x— yl? +07) 2 


for |x| > 2R. Hence u(x,t) — 0 as x > ~ uniformly for ¢ € [0,7]. This proves that 
u(x,t) vanishes at infinity if g(x) has compact support. For general g, choose a se- 
quence { g,} of compactly supported functions that converges uniformly (in L*(R")) 
to g and let 


ux (x,t) = (ge *P:)(x). 


Then 


[2x — Ut|| poo qan+1y = sup] f (gx—g)(y)P:(x—y)dy 
( ) t R" 
< sup (ler elec sup f IRCe—>)Iey) 
t x JR" 
= lee alleen sup f |PH(») Ay = [hex — sllomcan) 9 
t>0 JR" 


as k — ©, 
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Hence u(x,t) vanishes at infinity. Now suppose v is another solution and let 
w :=v—u. Then w vanishes at infinity and also at t = 0 (see Theorem 40.7). Thus 
|w| < € on the boundary of the cylindrical region {(x,t) : |x] <R,O<t<R}forR 
sufficiently large, see Figure 40.2. 


Fig. 40.2 Geometric illustration of the Poisson integral. 


But since w is harmonic, it follows by the maximum principle that |w]| < € in this 
region. Letting € — 0 and R — ©, we conclude that w = 0. 


Let us consider now the Dirichlet problem in a ball. We use here the following 
notation: 


B=B,(0)={xER": |x| <1}, OB=S. 


Exercise 40.6. Prove that 


x 
Ix—yl =| —ylal 
|x| 


for x,y € R",x £0, 


y|=1. 
Now, assuming first that n > 2, we define 
x 
G(x,y) = K(x—y)-K hi — yl] 


|x 


1 - x 2-n 
= aa (: yr” a yl ) x#0. (40.10) 


Exercise 40.6 shows that G(x,y) from (40.10) satisfies G(x,y) = 0,x € B,y ES. 
It is also clear that G(x, y) = G(y,x). This is true because 
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+|yP |x? = 1—-2(a,y) + bP? 


2(x,y) 
y 2 
25,12 
2(y,x) + |x yle = | — I 
[y| 
Next, for x,y € B we have that 
x |x| 1 
Ix?} |x|? [a 


and y 4 nea Hence, 


G(s») —KO-y) =k (% yh) 


is harmonic in y. But the symmetry of G and K shows also that G(x,y) — K(x—y) 
is harmonic in x. Thus, G(x,y) is the Green’s function for B. This also makes clear 
how to define G at x = 0 (and at y= 0): 


Oo) ae a (Iy?-" — 1), 


since 


x 
Ix] =a || => 


as x > 0. 
For n = 2 the analogous formulae are 


1 
Guy) = = yh x 


x 1 
(toss y| — log ). G(0,y) = = log|y|. 


|x| 


Now we can compute the Poisson kernel P(x,y) := Oy,G(x,y), x € B,y € S. Since 
dy, =y- Vy on S, it follows that 


t foxy (e-vebobl)\ pe 
On |x—y|" 7 @n|x—y|"” 


P(x,y) = n>2. (40.11) 


i n 
a —yial| 


Exercise 40.7. Prove (40.11). 


Theorem 40.10. If f € L!(S), then 


= [ P(x,y)f(y)do(y), XE B, 
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is harmonic. If f € C(S), then u extends continuously to B andu= f onS. 


Proof. For each x € B (see (40.11)), P(x,y) is a bounded function of y € S, so u(x) 
is well defined for f € L'(S). It is also harmonic in B, because P(x,y) is harmonic 
for x ~ y. Next, we claim that 


[ P(x,y)do(y) = 1. (40.12) 


Since P is harmonic in x, the mean value theorem implies (y € S) 


1=@,P(0,y) = : P(ry',y)do(y’) 


for allO<r< 1. But 
P(ry',y) = P(y, ry’) = P(ry,y’) 


if y,y’ € S. The last formula follows from 

|r’ —y? =r? — 2r(y’,y) +1 = [ry—y'P. 
We therefore conclude that 

1= [ Poy, y)do(y') = [ Pexy)do(") 


with x = ry. This proves (40.12). We claim also that for all yo € S and for a neigh- 
borhood Bg(yo) C S, 


lim P(ryo,y)do(y) = 0. (40.13) 
r1- JS\Bo (yo) 


Indeed, for yo,y € Sand0<r< 1, 
I7vo —y| > rlyo—yI 


and therefore 
n 


Iryo—y|-" < (rlyo—y])” < (ro) 


if y € S\Bo(yo), ie. |y— yo| > oO. Hence |ryo — y|~” is bounded uniformly for r > 
1— and y € S\Bo(yo). In addition, 1 — |ryo|? = 1—r? > 0 as r > 1-. This proves 
(40.13). 

Now suppose f € C(S). Hence f is uniformly continuous, since S is compact. 
Hence for every € > 0 there exists 6 > 0 such that 


f(x) —fO)| <e, APES, |e} <0. 
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For all x € S and0 <r < 1, by (40.12), 


|u(rx) — f(a)| = 


[(0)—FoyPexy)4000) 

<[g|f0) FIP 391400) 

+ fogee fO)~ FEMPC%»IMd00) 

<e [P(rx.s)\do) +2 Illa f.,  Pesa)Idoto) 
<e+2llflle f .  Plrsy)do(o) +0. 


as € — 0 and r > 1|— by (40.13). Hence u(rx) — f uniformly as r > 1-. 


Corollary 40.11. (Without proof) If u is as in Theorem 40.10 and f € L?(S),1< 
p<, then 


Ilu(r-) —FC)I|, > 0 
asr— 1-. 


Exercise 40.8. Show that the Poisson kernel for the ball Br(xo) is 


R? —|x—xo/? 


——— > 2. 
@nR|x — y|" ak 


P(x,y) = 


Exercise 40.9. (Harnack’s inequality) Suppose u € C(B) is harmonic on B and 
u > 0. Show that for |x| =r < 1, 


oer) < u(x) < aeT(0) 


Theorem 40.12. (The reflection principle) Let Q Cc R"*!, n> 1, be open and 
satisfy the property that (x,—t) € Q if (x,t) € Q. Let Q. = {(x,t) €Q:t>0} 
and Qo = {(x,t) € Q:t =O}. If u(x,t) is continuous on Qs Qo, harmonic in 


Q., and u(x,0) = 0, then we can extend u to be harmonic on Q by setting 
u(x,—t) = —u(x,t). 


Proof, See [11, (2.68), p. 110]. 


Definition 40.13. If u is harmonic on Q\ {x9}, Q C R” open, then vu is said to have 
a removable singularity xo if u can be defined at xo so as to be harmonic in Q. 


Theorem 40.14. Suppose u is harmonic on Q\ {xo} and u(x) = 0 (|x —x0|?™) for 
n > 2 and u(x) = o (log |x—xo|) for n = 2 as x — xo. Then u has a removable sin- 
gularity at xq. 
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Proof. Without loss of generality we assume that Q = B := B,(0) and x = 0. Since 
u is continuous on 0B, by Theorem 40.10 there exists v € C(B) satisfying 


Av=0, inB 
V=U, ons. 


We claim that u = v in B\ {0}, so that we can remove the singularity at {0} by 
setting u(0) := v(0). Indeed, given € > 0 and 0 < 6 < 1, consider the function 


u(x) — v(x) —e(|x/?-"—1), n>2 
8e(x) = 
u(x) — v(x) + € log |x|, n=2 
in B\Bs(0). These functions are real (as we can assume without loss of generality), 
harmonic, and continuous for 6 < |x| < 1. Moreover, ge(x) =0 on 0B and ge(x) <0 
on 0B;(0) for all 6 sufficiently small. By the maximum principle, g¢(x) is negative 
in B\ {0}. Letting e — 0, we see that u—v < 0 in B\ {0}. By the same arguments 
we may conclude that also v— u < 0 in B\ {0}. Hence u = v in B\ {0}, and we can 
extend u to the whole ball by setting u(0) = v(0). This proves the theorem. 


Chapter 41 
Layer Potentials 


In this chapter we assume that Q C R”, n > 2 is bounded and open, _and that S=0Q 
is a surface of class C”. We assume also that both Q and Q’ := R"\ Q are connected. 


Definition 41.1. Let v(x) be a normal vector to S at x. Then 


Oy_u(x) = lim v(x): Vu(x+tv(x)), 


t>0— 


Oy,Uu(x) = im v(x) -Vu(x+tv(x)), 


are called the interior and exterior normal derivatives, respectively, of u. 

The interior Dirichlet problem (ID) 

Given f € C(S), find u € C?(Q)NC(Q) such that Au = 0 in Q andu=f onS. 
The exterior Dirichlet problem (ED) 


Given f € C(S), find u € C?(Q') NC(Q’) such that Au = 0 in Q! and at infinity and 
u=fonS., 


Definition 41.2. A function u is said to be harmonic at infinity if 
Ix|2-" (fa) - o(|x|?-), n#2 
KP?) ~ \o(log|s|), n=2 


Remark 41.3. This definition implies the following behaviour of wu at infinity 


H)= n#2 


as x — 0. 


o(log|y|), n=2 
as y — ©9, 
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The interior Neumann problem (IN) 


Given f € C(S), find u € C?(Q)NC(Q) such that Au = 0 in Q and ay_u= f exists 
on S. 


The exterior Neumann problem (EN) 


Given f € C(S), find u € C?(Q') NC(Q’) such that Au = 0 in Q! and at infinity and 
Oy,u= f exists on S. 


Theorem 41.4. (Uniqueness) 


(1) The solutions of (ID) and (ED) are unique. 
(2) The solutions of (IN) and (EN) are unique up to a constant on Q and Q’, 
respectively. When n > 2 this constant is zero on the unbounded component of 


QQ. 


Proof. If u solves ID) with f = 0, then u = 0, because this is just the uniqueness 
theorem for harmonic functions (see Corollary 39.14). If u solves (ED) with f = 0, 


we may assume that {0} ¢ Q’. Then a= |x|?~"u (4) solves (ID) with f = 0 for 


the bounded domain Q = {x oy € a'}. Hence u# = 0, so that u = 0, and part (1) 


; |x| 
is proved. 


Exercise 41.1. Prove that if w is harmonic, then a = |x|?~"u (-) , x #0, is also 
harmonic. 


Concerning part (2), by Green’s identity we have 


| IVuPrax = — wAudr+ | udy_udo (1) 
Q Q S 


Thus Vu = 0 in Q, so that u is constant in Q. 
For (EN) let r > 0 be large enough that Q C B,(0). Again by Green’s identity we 
have 


| _|Wulax = — f waude+ f udyudo(x) — [ udy,udo(x) 
r(0)\Q B,(0)\Q OB, (0) s 


= | ud,udo (x), 
oB,(0) 


where 0;u = ou. Since for n > 2 and for large |x| we have 
u(x) =O(|x/>"), u(x) = O(|x|""), 


it follows that 


ud;udo (x) 
OB,(0) 


< aaa do(x) = crt yt! = cre” >0 
aB,(0) 
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as r — cc, Hence 


| |Vu|-dx = 0. 
Q! 


This implies that u is constant on Q’ and u = 0 on the unbounded component of Q’, 
because for large |x 


> 


u(x) =O (alr) , n>2. 


If n = 2 then 0,u(x) = O(r~*) for a function u(x) that is harmonic at infinity. 


Exercise 41.2. Prove that if w is harmonic at infinity, then u is bounded and 
d,u(x) = O(r~*) as r— © if n= 2 and 0,u(x) = O(|x|!~), r— &, ifn > 2. 


By Exercise 41.2 we obtain 


ud,udo (x) 
OB;(0) 


Hence Vu = 0 in Q' and uw is constant in (each component of) Q’. 


<er?r=cr!30, roe. 


Remark 41.5. If Q and Q’ are both simply connected, then the solution of (EN) for 
n > 2 is unique. This is a consequence of Theorem 41.4 for simply connected Q’. 


We now turn to the problem of finding the solutions (existence problems). Let us 
try to solve (ID) by setting 


ii(x) = [ Fly), K(x—y)do(y), (41.1) 


where K is the (known) fundamental solution for A. 


Remark 41.6. Note that (41.1) involves only the known fundamental solution and 
not the Green’s function (which is difficult to find in general) as in the Poisson 
integral 


w(x) = rE F(y)y,G(x,y)do(y). (P) 


We know that u(x) is harmonic in Q, because K(x — y) is harmonic for x € Q, 
y € S. It remains to verify the boundary conditions. Clearly w will not have the 
correct boundary values, but in a sense it is not far from correct. We shall prove it 
(very soon) that on S, 
of 
w= S+TF, 


where 7 is a compact operator on L7(S). Thus, what we really want is to take 


u(x) = [ g(v)A,K(x—y)doly), xES, (41.2) 
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where ¢ is the solution of 
1 


Similarly, we shall try to solve (IN) (and (EN)) in the form 


u(x) = [ eO)K(x-y)do()), x ¢S. (41.3) 


Definition 41.7. The functions u(x) from (41.2) and (41.3) are called the double 
and single layer potentials with moment (density) @, respectively. 


Definition 41.8. Let (x,y) be continuous on S x S, x 4 y. We call J a continuous 
kernel of order 7,0 <a<n—1,n>2, if 


Gey Sees", O<a<a—l, 


and 
[T(x,y)| <1 +2 [log |x—y]], a=0, 


where c > 0 and c},c2 > 0. 


Remark 41.9. Note that a continuous kernel of order 0 is also a continuous kernel 
of order a,0<a<n-1. 


We denote by T the integral operator 


if(x) = [ I(x,y)f(y)do(y), xES, 


with kernel /. 


Lemma 41.10. Jf J is a continuous kernel of order a,0< a@<n-—1, then 


(1) Lis bounded on L?(S), 1 < p<. 
(2) Lis compact on L?(S). 


Proof. It is enough to consider 0 < @ < n—1. Let us assume that f € L'(S). Then 


| 


neg < Lf H@llfrldoo)do( 
<e [roy do) [sy *ao(a) 
a 2. 
Sellfllays fo? ar =e Ilan 


where d = diam = sup, yes |x —y|. 
If f © L*(S), then 
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itl) <ellfilieyy [et 2-ar='IFllins: 
ll i 


For | < p < © part (1) follows now by interpolation. 
For part (2), let € > 0 and set 


(x,y), X— yl > E, 


0, le—y| SE: 


Since J, is bounded on S x S, it follows that Ie is a Hilbert-Schmidt operator in 
L?(S), so that J, is compact for each € > 0. 


Exercise 41.3. Prove that a Hilbert-Schmidt operator, i.e., an integral operator 
whose kernel /(x,y) satisfies 


J [ter Pandy <=, 
SIS 


is compact in L?(S). 


On the other hand, due to estimates for convolution, 


ee <c (= (fron #aets)) sats) 1/2 


E 
<ellfllixs f 284,40, €30. 


r-fer 


Thus, / as the limit of /, is also compact in L?(S). 
Lemma 41.11. 


(1) Iflis acontinuous kernel of order a,0<a<n-—1, then 1 transforms bounded 
functions into continuous functions. 
(2) If lis as in part (1), then u+Iu € C(S) for u € L?(S) implies u € C(S). 


Proof, Let |x—y| < 8. Then 
f(s) 760) < f\els,2) -10,9 II ldo 
< fg Wal + OAD IFO)ldo() 
+ foe gery HO%2) FO AIMI40(2) 
<elflle fgg (ea * +b ah%) dots) 


: as aes [F(%,2) —1ly, ZF (2) |\do(z) = qi +h. 
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Since |z—y| < |x—z| +|x—y], we have 


36 
< cllfile f r'?-Gdr +0, 60. 


On the other hand, for |x —y| < 6 and |x—z| > 26 we have that 


ly—z| > |x -z|—|x-y| > 26-5 =6. 


So the continuity of J outside of the diagonal implies that 


I(x,z)-10,2) +0, xy, 
uniformly in z € S\ {|x—z| < 26}. Hence, /; and J, will be small if y is sufficiently 


close to x. This proves the first claim. 
For the second part, let € > 0 and let p € C(S x S) be such that 0 < @ < 1 and 


_ 1, jem y| ere, 
n= {0 In—y| Be. 


Write Zu = glu + (1— lu =: Iou+ hu. By the Cauchy—Bunyakovsky—Schwarz 
inequality we have 


1/2 
ful) —Fiug)<tal ([ite2)-nG:9Pdot)) +0, yx 
since J; is continuous (see the definition of @). Now if we set 
g:= ut+iu—hu = ut pt; 
then g is continuous for u € L7(S) by the conditions of this lemma. Since the operator 


norm of Jj can be made less that 1 on L?(S) and L“(S) (we can do this due to the 
choice of € > 0 sufficiently small), then 


a\-l 
u= (7 + io) g, 
where J is the identity operator. Since g is continuous and the operator norm is less 


than 1, we have 
= BN 
u= »y (-4) g. 
j=0 


This series converges uniformly, and therefore u is continuous. 


Let us consider now the double layer potential (41.2) with moment ¢, 
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u(x) = [ 0), K&—y)do\y), xe R"\S. 


First of all, 
(x—y,Vv(y)) 
Wn |x — y|" 


dy, K(x—y) = (41.4) 


Exercise 41.4. Prove that (41.4) holds for all n > 1. 


It is clear also that (41.4) defines a harmonic function in x € R"\S, y € S. More- 
over, it is O (|x| ans) as x — co (y € S), so that u is also harmonic at infinity. 


Exercise 41.5. Prove that (41.4) defines a harmonic function at infinity. 


Lemma 41.12. There exists c > 0 such that 


\(x-y,vQv))| <clx—yl?, xy ES. 


Proof. It is quite trivial to obtain 


\(x—y, Vy) < le—yIIVO)| = e-yl- 


But the latter inequality allows us to assume that |x — y| < 1. Given y € S, by 
a translation and rotation of coordinates we may assume that y = 0 and v(y) = 
(0,0,...,0,1). Hence (x —y,v(y)) transforms to x,, and near y, S is the graph of 
the equation x, = w(x1,--.,%n—1), where y € C?(R”—'), w(0) =0, and Vy(0) =0. 
Then 

\(x—y, V00))] = bral Sel(o1,--- pana)? Sele? = elx—y? 


by Taylor’s expansion. 
We denote oy, K(x — y) by I(x, y). 
Lemma 41.13. J is a continuous kernel of order n—2, n> 2. 


Proof. If x,y € S, then I(x, y) is continuous for x 4 y; see (41.4). Hence 


elx—y? 


I(x,y)| < =c'|x—y|?" 
Woy) < Se =e 
by Lemma 41.12. 
Lemma 41.14. 
1, xEQ, 
[iesxdoQ) = 40, xe 2", (41.5) 
s 
5, xeéeS. 
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Proof. If x € Q’, then K(x—y) is harmonic in x ¢ S, y € S, and it is also harmonic 
in y € Q, x € Q’. Hence (see Exercise 39.2) 


[a K(e—y)do(y) =0, 


or 
[iexdoQ) =0, xe 0" 
S 


If x € Q, let 6 > 0 be such that Bs(x) C Q. Denote Qs = Q\Bs(x) and Ss = 
S\ (SO Bs(x)), see Figure 41.1. Then K(x —y) is harmonic in y in Qs, and therefore 
by Green’s identity, 


O=/ __ (1-A,K(x—y)—K(x—y)A1)dy 


Q\B5(x) 


= [AxKe-y)do)—[_ ,AxK(x-y)do0) 


1—n 
= [teyao)- "5" | _.d00) = [tes)d009) —1, 
[exo =1. 
S 


Now suppose x € S. In this case 


or 


fu x,y)do(y) = ett ae y)do(y). (41.6) 


OB; 


Q/ 


Fig. 41.1 Geometric illustration of the boundary near x. 


If y € Qs, then for x € S we have that x 4 y. This implies that 
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0= | AKx—-y)dy= [ a,K(e-ydoy)- | _a,K(x-y)do(y). 
Qs Ss OB; ° 
Therefore, see (41.4), 


lim [ AK(x—y)do(y) = lim [ _ 4,K(x—y)do(y) 
6 


6-0 Ss 
l—n 
= lim do 
5—0 Wy oBs y) 
6i- oO 1 
= lim (o"! n 4 o(5"-! =>. 
5-0 Op ge 


This means that the limit in (41.6) exists and (41.5) is satisfied. 


Lemma 41.15. There exists c > 0 such that 
| |,,K(x—y)|do(y) <c, xeR". 
Oe 


Proof. It follows from Lemma 41.13 that 
c —n 
[laKe-y)ldo0) <  [|x-yP do) ser, xe 5. 
S On JS 


Next, for x ¢ S define dist(x,S) = infyes |x — y|. 
There are two possibilities now: if dist(x,S) > 6/2, then |x —y| > 6/2 for all 
y € S, and therefore 


/ lay, K(x—y)|do(y) < cd!" ‘| do(y) =<, (41.7) 
S : S 


where c’ does not depend on 6 > 0 (because 6 is fixed). 
Suppose now that dist(x,S) < 6/2. If we choose 6 > 0 sufficiently small, then 
there is a unique xp € S such that 


x=xo+tv(xo), t € (—6/2,6/2). 


Set Bs = {y € S: |xo — y| < 6}. We estimate the integrals of |/(x,y)| over S\Bs and 
Bg separately. If y € S\Bs, then 


|x—y| > |xo —y| —|x—x9| > 5-6/2 = 5/2 


and 
W(x,y)| <5", 


so that the integral over S\Bg satisfies (41.7), where again c’ does not depend on 6. 
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To estimate the integral over Bs, we note that (see (41.4)) 


_ le=-y, vy) _ |(e@— 20, v(y)) + Go —y, VY) 
\T(x,y)| = @n|x — y|" > @,\x — y|" 


|x —x0|+¢|x0 —y/? 
Wn |x —y|" 


(41.8) 


The latter inequality follows from Lemma 41.12, since x9, y € S. Moreover, we have 
(due to Lemma 41.12) 


|x—y|? = |x —x0 + |xo —y 2(x —x0,x0 — y) 


X— XO 
x—x9|?+ xo — yl? +2|x xo| (xo ys —7 


I 


> |x—xo|? + [x0 — yl]? —2|x— x0||(xo —y, V(X0)) | 


x—xo|* + [xo — yl? — 2e|x — x0||x0 — y|? 


x—xo|* + [xo — yl? — |x— x0] [x0 —yI, 


IV 


IV 


if we choose 6 > 0 such that |xo — y| < i where the constant c > 0 is from Lemma 
A112. 
Since |x — xo||xo — y| < 4 (|x —xo|* + |xo — |”), we obtain finally 


1 
Ix—y? > . (\x—x0l? + |xo — yl?) 
and (see (41.4) and (41.8)) 


|x —x0| + |xo — yl? 
yn? 


IT(x,y)|<e 
(|x — xo|? + |xo — yl? 
|x — xo| Cc 


< : 
. n/2 + |xo — y|"-2 


(|x —xo|? + [xo — |?) 


This implies 


where a := |x — xo|. For the latter integral we have (t = r/a) 


co ar’-2 00 pr-2 
—________dr= —~—-dt < ~. 
[ (a2 2)n/2°" i (1472) 
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If we combine all estimates, then we may conclude that there is co > 0 such that 


[laKe-vldo() Seo, ER", 
lay 


and this constant does not depend on x. 


Theorem 41.16. Suppose @ € C(S) and u is defined by the double layer potential 
(41.2) with moment @. Then for all x € S, 


— 9) 
1 +t === mc 
Jim u(x+tv(x z + | I(x,y)9(y)do(y), 
li +t 
jim, wert ev(4)) 76) 


uniformly on S with respect to x. 


Proof. If x € S and t < 0, with |r| sufficiently small, then x, := x+tv(x) € Q and 
u(x-+tv(x)) is well defined by 


uix+ev(x)) = [ YI, y)d0(9) = Kio (Py) — 94) Mla1,»)d0(9) + 913) 
= 9(x)+ [ eO)lx.»)do(9) - oe) [1,9)40() 
= 9(2) + [ oO)I,9)d6(9)— 9(8)/2,, 1+ 0-. 
Ift > 0, the arguments are the same except that 


[iG:,y)40(y) =0. 
S 


Uniform convergence follows from the fact that S is compact and @ € C(S). 


Corollary 41.17. Forx€ S, 


(x) = u_(x) —u+(a), 


where us = lim;_.o+ u(x). 


We state without proof that the normal derivative of the double layer potential is 
continuous across the boundary in the sense of the following theorem. 


Theorem 41.18. Suppose @ € C(S) and u is defined by the double layer potential 
(41.2) with moment @. Then for all x € S, 


lim (v(x) -Vu(x+tv(x)) — v(x) -Vu(x—tv(x))) =0 


t—0+ 


uniformly on S with respect to x. 
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Let us now consider the single layer potential 


»)= [ e0)K(e—y)doly) 


with moment @ € C(S). 
Lemma 41.19. The single layer potential u is continuous on R". 


Proof. Since u is harmonic in x ¢ S, we have only to show continuity for x € S. 
Given xo € S and 6 > 0, let Bs = {y € S: |xo —y| < 6}. Then 


|u(x) — u(xo)| ah (|K(x—y)|+|K(xo —y)|) |@(y)|do(y) 
a |K(x—y) —K(xo —y)|lp@)|do(y) 


1 
< c6(ord log = forn = 2)+ lol J, |K(x—y) — K(xo —y)|do(y) — 0 
3 


as x > xp and 6 > 0. 


Exercise 41.6. Prove that 


J Ke =y)1+1k%0-¥))) loO)Ido )<elele | Siog _ 
Bs log n=2. 


Definition 41.20. Let us set 
(x—y, v(x) 


@y|x—y|" 


I" (x,y) = Oy, K(x—y) = 


Theorem 41.21. Suppose @ € C(S) and u is defined on R" by the single layer po- 
tential (41.3) with moment @. Then for x € S, 


Jim dyu(x+tv(a) es x,y) 9(y)do(y), 
(x 7 
bm Oyu +tv(x Os fr x,y) @(y)do(y). 


Proof. We consider the double layer potential on R”\S with moment @, 


= : 0(y)dy,K(x—y)do(y), 


and define the function f on a tubular neighborhood V of S by 
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fQ) = a +dyu(x), xEV\S, (41.9) 


To(x)+Fo(x), xES, 


where u is defined by (41.3). 
Here the tubular neighborhood of S is defined as 


V = {x+tv(x):x€S,|t| < 5}. 
We claim that f is continuous on V. It is clearly (see (41.9)) continuous on V\S and 


S, so it suffices to show that if x9 € S and x = xo +tv(xo), then f(x) — f(x0) — 0 as 
t — 0+. We have 


F(x) — f(4%0) = v(x) + Byulx) — Fo(20) — F920) 
= [ 1.x) 90)40(9) + [-90)a,K(e-y)do09) 
S S 
— [ 120.)e0}40(») — [ 70.9) 94009) 
S RY 


= [ a») +1 (ey) = 100.3) ~FG0,9)) PO). 


We write this expression as an integral over Bs = {y € S: |xo —y| < 6} plus an 
integral over S\Bs. The integral over S\Bs tends uniformly to 0 as x — xo, because 
ly —x| > 6 and |y—xo| > 6, so that the functions / and J* have no singularities in 
this case. 

On the other hand, the integral over Bs can be bounded by 


loll. f (U(x, y) +P" (x,y)| + L(0,y) +2" (x0,y)|) doy). 


Since 6)) 
X—y,Wy 

igi 
(x,y) opengl 
and v(x) = V(xo) for x = x9 +tv(xo) € V, we have 


I(x,y) =1(,) = mers = ree (41.10) 


Hence 


(x—y,VQ@0) —VQ))| © |e—yIlV@o) — VO) 
@,|x— y|" = @y|x—y|" 
abo — I 2g Poe 
@n|x — y|" Posy 


(x,y) + y)| = 


© 
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because |xo — y| < |xo —x|+|x—y| < 2|x—y]|. Here we have also used the fact that 
|v(xo) — v(y)| < elxo —y|, since v is C! (Figure 41.2). 


Fig. 41.2 Geometric illustration of the boundary at the point xo. 


This estimate allows us to obtain that the corresponding integral over Bs can be 
dominated by 


6 
| xo —y|?-"do(y) = a Pr" dr=c'6. 
ly—xo|<6 0 


Thus f := v+ oyu extends continuously across S. Therefore, for x € S, 


~~ Aw 


Fip(x) + Pople) = v2) + dy. u(x) = 5(4) + p(x) + dy u(x) 


It follows that 
dy_u(x) =- 2 + F(a), 


By similar arguments we obtain 


and therefore 


This completes the proof. 


Corollary 41.22. 
P(x) = dy, u(x) — y_u(x), 


where u is defined by (41.3). 
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Lemma 41.23. [f f € C(S) and 


P A Ps 4 Pes 
a aL gree 


[eco = | feo, | fac =0. 
S S S 
respectively. 


Proof. It follows from (41.10) that 
[redo =5 [ oaots)+ [ oo)a0() [7 ex )A01e) 
=5 fosaoi +5 [omdow) = [ ooraoo), 


then 


where we have also used Lemma 41.14. 


Lemma 41.24. Let n= 2. 


(1) If p € C(S), then the single layer potential u with moment © is harmonic at 
infinity if and only if 
[otx)ao(x) =0. 
S 
and in that case u > 0 as |x| > ©. 
(2) Let p € C(S) with 
[etx)do(x) =0 
Ss 


and u as in part (1). If u is constant on Q, then u= 0. 


Proof. Since n = 2, we must have 
1 
u(x) = =~ | og|x—yle)4o(y) 
1 JS 


= 5p [ Wos|x—yi-loels)) e)d0() + 5 Hoel r)400. 


But log |x — y| — log |x| — 0 as x — - uniformly for y € S, and therefore, this term 
is harmonic at infinity (we have a removable singularity). Hence u is harmonic at 
infinity if and only if {;@(x)do(x) = 0, and in this case u(x) vanishes at infinity. 
This proves part (1). 

In part (2), w is harmonic at infinity. If u is constant on Q, then it solves (ED) with 
jf =constant on S. But a solution of such a problem must be constant and vanish at 
infinity. Therefore, this constant is zero. Thus u = 0. 


Remark 41.25. For n> 2 the single layer potential u is a harmonic function at in- 
finity without any additional conditions for the moment @. 
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For solvability of the corresponding integral equations in the space C (S) with 
integral operators J and J* (see Theorems 41.16 and 41.21) we need the Fredholm 
alternative (see in addition Theorems 34.8 and 34.9). 


Theorem 41.26 (First Fredholm theorem). The null spaces of }1—T and 41 —F* 
have the same finite dimension 


i & i 
aim (51~7) =dimy (51-F ) < 00, 


where I denotes the identity operator. 


Proof. Since Tand /* are compact operators in C(S), the null spaces NV (47 - i) and 


N (47-F) are closed subspaces of C(S). If @ € (4-7) and y € n(u-P), 
then 7 
2e=9, Ww=y, 


i.e., 27 and 2/* are identical on the corresponding null spaces. Since they are com- 
pact there, this is possible only when the corresponding null spaces are of finite 
dimension. The equality of these dimensions can be checked in the same manner as 
in the proof of Theorem 34.11. In this proof, part (2) of Lemma 41.11 must be taken 
into account. 


Theorem 41.27 (Second Fredholm theorem). The ranges of the operators 51 =f 
and 51- T* on C(S) can be described as 


1 x 1 a 
and 
1 «a 1 4» 
R (5'-F ) = {g €C(S) : (8,)72(5) =O for any p EN (5!-7)}. 
Proof. Let f = 2 _To for some @ € C(S). Then for all y € N(I-F) we have 


1) ae 
FW) 2(5) = (5 —19,W)12(8) 
= (FW - OF wg) = (9.4 —Fwhiay =0 
= nil 12(s) ~(®,"W)72(s) = P15 W)12(s) =¥- 


Conversely, assume that f € C(S), f # 0 satisfies (f, Y)72(s) = 0 for all y € N( 51- 
T*). Assume to the contrary that there is no @ € C(S) such that f = 59 —T. Then 
f can be chosen to be orthogonal to all 59 - 19, 1s; 
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Ley : . Lee 
0=(f, 59 —1)12(5) =(f, 591718) — FF, )12(5) = (5f-1 f,®)12(5): 


This means that f € N(AI-F*). But at the same time, fINGISF), Thus f =0. 
This contradiction proves the opposite embedding. For the operator 51 —F* the proof 


is the same, since (/*)* =. 


Since the ranges of 51 —Tand 51 —F* are closed due to Riesz’s lemma (see Theo- 
rem 28.14) and due to part (2) of Lemma 41.11, we obtain the following result. 


Theorem 41.28 (Fredholm alternative). Either 51 — Tand 51- T* are bijective or 


sf —TIand sf —I* have nontrivial null spaces with finite dimension 


i. 2 i. « 
aim (51~7) =dimy (51-F ) < 00, 


and the ranges of these operators are given by 


R (5'-7) ={f EC(S): (Ff, W) (9) = 0 for any yEeN (5!-F )) 


and 


n~ 


| 1 
R (5!-F) = {g © C(S) : (8, )72(5) =O for any p EN (5!-7) \. 
We will interpret this alternative as follows: either the integral equations 
1 a 1 a 
59-lo=f, sv-Py=s (41.11) 


have unique solutions @ and y for every given f and g from C(S), or the corre- 
sponding homogeneous equations 


ie { « 
ge 19=0; gv ry a0 


have the same number of linearly independent solutions @),...,@m,W1,---; Wm, and 
in this case equations (41.11) have solutions if and only if fL@;, j = 1,2,...,m, 
and gl y;, j= 1,2,...,m, respectively. 

In fact, it is possible to prove a stronger result (which is the analogue of Theo- 
rem 28.15) for the complete normed space C(S); see [22] for a proof. 


Theorem 41.29 (Riesz). Let A : C(S) — C(S) be a compact linear operator. Then 
I—A is injective if and only if it is surjective. If |— A is injective (and therefore also 
bijective), then the inverse operator (I—A)~! : C(S) — C(S) is bounded. 
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Exercise 41.7. Show that 


a psa). ee ee 
2 ae Ge ; 2 mie ; 
and then 
fo l. « i’... 28 t 2 
=—R| —r-T)\q I-P |) =R| —I-F \a Tmt |. 
cis)=# (31-7) ew (1-F) =a (31-F J ow(p-7) 


Now we are in a position to prove the main result of this chapter. 


Theorem 41.30 (Main theorem). Suppose Q and Q! are simply connected. Then 


(1) (ID) has a unique solution for every f € C(S). 

(2) (ED) has a unique solution for every f € C(S). 

(3) (IN) has a solution for every f € C(S) if and only if J; fdo = 0. The solution 
is unique up to a constant. 

(4) (EN) has a unique solution for every f € C(S) if and only if J, fdo = 0. 


Proof. We have already proved uniqueness (see Theorem 41.4) and the necessity of 
the conditions on f (see Exercise 39.2 and Lemma 41.24). So all that remains is to 
establish existence. 

For (IN) and (EN) the function f must satisfy the condition 


[ a0 =0, 


f; 1)72(8) a=): 


or 


Next, since 


[ie9)40() = 1/2, 


we may conclude first that 1 € N(iI-f), 163; dimN(41—1) > 1, and dimN(5/— 
I’) < 1 due to the fact that the single layer potential uniquely (up to a constant; see 
Theorem 41.4) solves (IN). Thus, due to Theorem 41.28 (Fredholm alternative), we 


have 
dimN +7) edn Sia P ek: 
a a 


Using again this alternative, we see that the condition (f, 1) 12(s) = 0 is necessary and 
sufficient for the solvability of the equation — 5 Q+ ro = f, which solves (IN). For 
(EN) we can solve uniquely the equation 59 +Fo = f if and only if f LN (41 47). 
But since the solution of (ED) is unique, the null space of 51 +1 consists only of the 
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trivial solution (we have used here Lemma 41.24 for n = 2). Therefore, the necessary 


and sufficient condition for f is automatically satisfied. 7 
Concerning (ID) we consider the integral equation 50 +g = f. Let us set 


1 = 


so that f= w+ (4e+19). Since f € C(S) and lo+lo € RGI+N), we can choose 
y uniquely (using Exercise 41.7) from NGI+P), i.e., 


1 A 

= y=0. 

5) wry 
If we consider now the single layer potential with moment y, 

vex) = [ WO)K(e-y)do(), 
then it is harmonic in QU Q! and 
1 a 
v,V= ae = 0. 

Hence oy, v(x) = 0 for all x € Q! (due to the uniqueness result), which means that 
v= constant in R” \ Q, and since v is required to be harmonic at infinity, this constant 
is equal to zero (see Theorem 41.4 and Lemma 41.24 for n = 2). The final step is that 
a single layer potential v is continuous everywhere in the whole of R” and v. = 0 on 
Q! including S. Thus v = 0 in Q as well. The latter fact can be proved if we consider 


the Dirichlet boundary value problem 


Av=0, inQ, 
v=0, ons. 


But Theorem 41.21 leads to dy Ve Oy_v = Wor y = 0. Therefore, we have proved 
that (ID) is uniquely solvable for all f € C(S). 


Exercise 41.8. Prove the second part of Theorem 41.30. 


Chapter 42 
Elliptic Boundary Value Problems 


In this chapter we study the equation Lu = f on some bounded domain Q C R” with 
C*-class (with appropriate k > 1) boundary 2Q = S, where u is to satisfy certain 
boundary conditions on S. The object of interest is to prove existence, uniqueness, 
and regularity theorems. Our approach will be to formulate the problems in terms of 
sesquilinear forms and then to apply some Hilbert space theory (see Part III of this 
book). Here L will denote a differential operator in the divergence form 


L(x,d)= YY (-1)!“la%(agg(x)d®), m=1,2,..., (42.1) 


||=|B|<m 


satisfying the coercivity (generalized strong ellipticity) condition with u € Cy (Q), 
Re > J aapls)08u- aude > v> : |A%u\"dx, (42.2) 
ja|=|B|=m"? ja|=m" 2 


where v > 0 is constant. It is easy to see that for the operator (42.1) with constant 
coefficients, the condition (42.2) is equivalent to 


Re YY aggE*EF >v Y, [E*. 


|a|=|B|=m |a|=m 


The coefficients of L are assumed to be complex-valued (in general). We introduce 
the Dirichlet form D(u,v) associated with this operator L as 


Duvy= Y | dop(x)dPu- d%vdx. (42.3) 
|a|=[B|<m? © 
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The Dirichlet boundary value problem for the operator L from (42.1) on the domain 
Q can be formulated as follows: given f € L?(Q), find a function u satisfying Lu = f 
on Q in the distributional sense, i.e., uw is a distributional solution satisfying the 
boundary conditions 


uls = 80, Oye Bigiy 0p Ul = Bm, (42.4) 


where S is a C’’-class surface, v is an outward normal vector to S, and g j» for j= 
0,1,...,m— 1, are from some appropriate space on S. 


Remark 42.1 (This example is due to A. Bitsadze). The operator 
= 1 (a2 +2ia,a,— 2 
| i— i + 21 Oy — hid 
is elliptic on R*. The general solution of Lu = 0 is 


u(x,y) = f(z) +28(z), z=x-+iy, 


where f and g are arbitrary holomorphic functions; see [11]. In particular, if we 
choose 


g(z) = —zf(z), 


where f is holomorphic on the unit disk B and continuous on B, then u(x,y) = 
(1 —|z|*) f(z), and u(x,y) solves the Dirichlet boundary value problem 


Lu=0, inB, 
u=0, onoB. 


Hence we have no uniqueness for this problem in B. The reason is that L is elliptic 
but not strongly elliptic. 


Exercise 42.1. Show that L from Remark 42.1 is elliptic on R* but not strongly 
elliptic in the sense of (42.2). 


In order to investigate the solvability of the Dirichlet boundary value problem we 
need a regularity theorem for the operator L from (42.1). Here we define 


lulls = Weellas(ay - 


Theorem 42.2. Suppose that the operator L from (42.1) satisfies the ellipticity con- 
dition (42.2) and the coefficients agg (x),\0|,|B| < m belong to the Sobolev space 
WE(Q), k=0,1,2,.... Then there is a constant C > 0 such that for all u€ Hi'**(Q) 
we have 
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al een < C(||Lul|x_m 7 ||| mo4-k—1) (42.5) 


Proof. Since Cy (Q) is dense in the Sobolev space Hj (2), s > 0, let us consider 
u € Cp (Q). Consider first the case k = 0. Then integration by parts leads to 


|(Lu, 4) 72(a)| 
= Jaap) 8 ua ids + y [gay 
|oe|=|B|=m? 2 |oe|=|B]<m—17 2 
>Re Y Japs) 08a idx —C y | | udaldx 
|a|=|B|=m"? || =|B[<m—17 2 
sv yf ja%uPex—cllalli 1, 
la|=n" 2 


where the constant C > 0 limits the norms of the coefficients agg(x) in L*(Q). 
Using now the Poincaré inequality (Theorem 20.23) and the properties of Sobolev 
space, we obtain from the latter inequality that 
2 
[Le] rn lll = Yt [ell — Cella tel 


m | m—1>? 


that is, we have 
[Lu || in 2V1 Ill rn —Cllulln—1 : 
Thus (42.5) is proved for k = 0. Consider now the case k = 1. Since the coefficients 
of L belong to W!(Q), in that case we have L(d;u) = 0;Lu+ Lu, where L is again 
an elliptic operator in divergence form with coefficients from L*(Q). Hence, 
lau Lu 


4 <C(ApLal_, + [Ea], + [2,4 


SC(||L0elh ym + [ell + lleell m)- 


Here we have used the fact that ||Lu||_,,, <C||u||,,, by duality. Using the Poincaré in- 
equality (Theorem 20.23), we obtain (42.5) for k = 1. The general case for k follows 
by induction. Thus, the theorem is proved. 


Corollary 42.3. Suppose that s € R and s > m. If the coefficients of the operator L 
from (42.1)-(42.2) belong to the Sobolev space WS-"(Q), then there is a constant 
C > 0 such that for all u € H}(Q) we have 


|||, <C(||Lul| 2 + [ell s—1)- (42.6) 


Proof. The result follows by interpolation of Sobolev spaces Hj(Q); see [39]. 
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Theorem 42.4 (Regularity in Sobolev spaces). Suppose that the coefficients of the 
operator L from (42.1)-(42.2) belong to C*(Q). Let u and f be distributions on Q 
satisfying Lu= f. If f € Hj,,(Q) for s > 0, thenu € een O), 


Proof. Let @ € Cy (Q). Then the equation pLu = @f can be rewritten as 
L(pu) = of +Liu, (42.7) 


or 


L(u) = ft+Lyy, 


where the operator L; is of order 2m— 1 with CQ) coefficients and fe H(Q). 
Our task is to show that i from (42.7) belongs to H}**”"(Q). We use first induction 
on s > 0 and 2m > 2. Let us assume that s = 0 and 2m = 2. Then f € L?(Q) with 
compact support and # € L*(Q) with compact support (we may assume this without 
loss of generality). Applying now Theorem 42.2 (see (42.5)) and using (42.7), we 
obtain 


a}, < CCL + lilly) < CCF], + Wvell_1 + lao) 


<C({|A]|, + llllo + lla) <=. 


That is, 7 € H}(Q). Applying again Theorem 42.2 with this w € H}(Q), we obtain 
that 


lly < CU Lally + [reo + lall,) < CCF] + Walls + lal). 


Thus, # € Hj(Q), and the starting point of induction is checked. Let us assume 
now that for every integer s > 1 and 2m > 2 it is true that f € Hj,.(Q) implies 
u € HS*?"(Q). Consider now f € Hi*'(Q). Then f € H’,(Q) as well, and we 


may apply the induction hypothesis, that is, the solution u of Lu = f belongs to 
A), But then we have that (see (42.5) with k= m+s+ 1) 


Vlesamer SCL + lilames) SEU, + MLvall ss + lallanes) 


<C((|F| + lls s2m+ llamas) <2 


since L; is of order 2m — 1 and u € H*t?"(Q),. The latter inequality means that this 
theorem has been proved for integer s > 0. For arbitrary s > 0 the result follows by 
interpolation of Sobolev spaces (see [39]). 


Corollary 42.5. Suppose that the coefficients of the operator L from (42.1)-(42.2) 
belong to W2"(Q). Then the distributional solution u of Lu= f with f € L’(Q) 
belongs to H?"(Q). 


loc 
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Proof. The result follows from the proof of Theorems 42.2 and 42.4. 


Theorem 42.6 (Garding’s inequality). Suppose L from (42.1)-(42.2) has L”(Q) 
coefficients. Then for all u € Hj'(Q) we have 


2 


ReD(u,u) > cx ||u||2, — 2 |lallg (42.8) 


with some positive constants c, and c2. 


Proof. The proof is much the same as the proofs of previous theorems. Indeed, as 
before we can easily obtain that 


ReD(u,u) > Vi [ell — € llellin—1 
with positive constants v; and C. Since for all u € Hj'(Q) we have 
2 2 2 
Il4lmn—1 SE [lll + Ce llello 
with arbitrary € > 0, we obtain that 


ReD(u,u) > (vi —Ce) lul|3, —CCe lal. 


mm 


This completes the proof. 


Exercise 42.2. Show that Theorem 42.6 does not hold for L = A? on Q C R" for 
any u € H7(Q). 


Exercise 42.3. Prove that the range of the operator (—A)” + ul, > 0, consid- 
ered on Hi"(B), B the unit ball in R”, is complete in H'(B) for all / = 0,1,2,.... 
Hint: Prove the solvability of the equation ((—A)” + ul)u = (|x|? — 1)P(x) for a 
polynomial P(x). 


Returning now to the Dirichlet boundary value problem (42.4) for the operator 
(42.1)-(42.2), we must search for u in a space of functions for which these bound- 
ary conditions make sense. Based on Corollary 42.5, the natural candidate for this 
is H7”(Q). The trace formula for Sobolev spaces (see Part II of this book) says that 
g; from (42.4) must be from the spaces H?"-i-1/2(9Q), j=0,1,...,m—1, respec- 
tively. For these given functions g; from (42.4) we may find a function g € H an) 
such that 

avg 


nq 78 F= 01). ym—1. (42.9) 


Then, setting w := g—u, we reduce our original problem (42.4) for L to solving 


[w= Le find 
t3s a ee (42.10) 


ddw =0onS,j=0,1,...,m—1. 
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Since (42.9) and (42.10) imply that all derivatives of w of order strictly less than 
m vanish on S, we reformulate the Dirichlet boundary value problem (42.10) as 
follows: given f € L?(Q), find w € H7"(Q) such that 


D(w,v) = (Lg — f,¥)12(a) (42.11) 


for all v € Hj'(Q). 
In order to solve the problem (42.11) we consider the properties of sesquilinear 
forms. Let H be a Hilbert space. 


Definition 42.7. A complex-valued function a(u,v) on H x H is said to be a 
sesquilinear form if 


(1) a(Ayuy + Agu2,v) = Aa(u1,v) + Aga(u2,v), 
(2) a(u,Mivi + Hav2) = Ma(u,v1) + fea(u, v2), 


for all u,v,u,,U2,V1,V¥2 € A and for all Ay, Az, Ly, U2 € C. 


Definition 42.8. A functional F on H is called a conjugate linear functional if 
F(uivi + bav2) = MF (v1) + PaF (v2) 


for all vj, v2 € A and for all py, flo € C. 


Theorem 42.9 (Lax-Milgram). Let a(u,v) be a sesquilinear form on H x H such 
that 

CP Nee) MeL vee 

(2) |a(u,u)| > Bllull" we #, 

where M and B are some positive constants. Then for every conjugate linear func- 
tional F on H there is a unique u € H such that a(u,v) = F(v). Moreover, 


lull < collF lyse 
and the constant cg is independent of F. 


Proof. For each fixed u € H the mapping v +> a(u,v) is a bounded conjugate linear 
functional on H. Hence, the Riesz—Fréchet theorem gives that there is a unique 
element w € H such that a(u,v) = (v,w) or a(u,v) = (w,v). Thus we can define an 
operator A : H — H mapping u to w as 


a(u,v) = (Au, v) 


if and only if w = Au. It is clear that A is a bounded linear operator. The linearity 
follows from 


a(Ayuy + Aguz,v) = Aya(uy,v) + Aga(u2,v) = Ay (w1,v) + A2(w2,v) 
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if and only if A(Ajuy + Agu2) = A; Auy + ApAu2. The boundedness follows from 
||Au||” = (Aw, Au) = a(u,Au) <M |u| Au), 


which implies ||Au|| <M ||u||. Let us note that a(u,Au) is real and positive here. 
Next we show that A is one-to-one and that the range of A is equal to H. Indeed, 


B |lul|? < |a(u,u)| = |(Au,u)| < ||Au| la 


implies that B ||u|| < ||Au|| <M ||u||. The first inequality implies that A is one-to-one 
and R(A) = R(A). Now we will show that in fact, R(A) = H. Let w € R(A)+. Then 


B ||w\° < |a(w,w)| = |(Aw,w)| = 0, 


and therefore w = 0, i.e., R(A) = H = R(A). Next, again due to the Riesz—Fréchet 
theorem for F we have that there is a unique w € H such that 


F(v) =(w,v), ved, 


and ||w|| = ||F'||7_.c- But since R(A) = H, we may find u € H such that Au = w if 
and only if 


a(u,v) = (Au,v) = (w,v) = F(v), 


which proves the solvability in this theorem. Furthermore, 


lull < FB IlAull = Fl. 


5 Aull = 5 ll = FI 
wi) = 
B B B 
Finally, we need to show that this element u is unique. If there are two elements 11 
and uz such that 
a(uj,v) =F(v), a(u2,v) = F(y), 


then a(u; — u,v) = 0 for all v € H, and therefore 


B |\uy — up|? < |a(wy — ua, 4) —u2)| = 0. 


This completes the proof. 


Remark 42.10. The Lax—Milgram theorem actually says that the operator A that 
was constructed there has a bounded inverse such that 


= 1 
||A “gee = B’ 


where 3 is the same as in condition (2). 
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Assume now that the sesquilinear form a(u,v) satisfies all conditions of the Lax— 
Milgram theorem and that the sesquilinear form b(u,v) is only bounded, i.e., there 
is aconstant M > 0 such that 


|b(u,v)| <M |lul| |v], wv eH. 


So, we may associate with a(u,v) and b(u,v) two operators A and B, respectively, 
such that A has bounded inverse and B is just bounded: 


a(u,v) + b(u,v) = (Au,v) + (Bu, v). 
In that case the problem of solving 
a(u,v)+b(u,v)=F(v), uved, 
with a conjugate linear functional F can be reduced to solving 
Au+Bu=w 


with w from F(v) = (w,v)#. 


Theorem 42.11. Let A: H — H be a bijective bounded linear operator with 
bounded inverse A~! and let B: H — H be a compact linear operator. Then A+ B is 
injective if and only if it is surjective, and in this case (A+ B)~! : H > H is bounded. 


Proof. Write 
A+B=A(I—(—A7'!)B) =: A(I—K), 


where K is compact, since B is compact. Applying Riesz’s theorem (see Theorem 
28.15), we obtain that (A+B)~! = (1—K)~'A7! is bounded. 


Corollary 42.12. Let A be as in Theorem 42.11 and let B be bounded (not neces- 
sarily compact) with small norm, i.e., ||B\| < € with € sufficiently small. Then A+ B 
is bijective and (A+ B)~! : H — H is bounded. 


Proof. The operator A + B is bijective. Indeed, let (A + B)u = 0, or u = —A~'Bu. 
Then 
lll] < ATT BI Mell < € [|All 


Thus u = 0 is the only possibility, and A + B is injective. The operator A is surjective 
with R(A) = H. The same is true for A + B, since 


A+B=A(I—(—A7!)B) =A(I—K) 


with ||K|| < 1. Thus A+ B is injective with bounded inverse, since 
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(As8) SSK) A, 


The corollary is proved. 


Theorem 42.13. Let D(u,v) be the Dirichlet form (42.3) corresponding to the op- 
erator L from (42.1)-(42.2) with L®(Q) coefficients. Then the following representa- 
tion holds: 

D(u,v) = (Au, v) 2™(Q) + (Bu,v)am(Q); u,v, E Hy (Q), (42.12) 


where A : Hj'(Q) — Hj'(Q) is a linear bounded operator with bounded inverse and 
B: Hj'(Q) — Hj'(Q) is compact. 


Proof. The definition (42.3) of D(u,v) allows us to write 
D(u,v) = Dy(u,v) +Dm_-1(u,v), 


where D,,,(u,v) is a sesquilinear form that satisfies (see (42.2)) the conditions of the 
Lax—Milgram theorem (Theorem 42.9) and D,,_; (u,v) has the form 


Dna(uvyy= > i dep (x) 0% ud Pde. (42.13) 


|o|=|B|<m—1 


Applying the Lax—Milgram theorem, we obtain that there is a bounded linear oper- 
ator A : Hj'(Q) — Hj'(Q) with bounded inverse such that 


Dm (u,v) = (Au, v) ym(Q). (42.14) 


Concerning the sesquilinear form D,,_1(u,v), we may say that (see (42.13)) since 


mau) sC Sf faPul-|a%|de < C lal ymca) llama) 


\a|=|6|<m—1 


< Clem (0) [IVllamcay » 
there is a bounded linear operator B : Hj'(Q) — Hj'(Q) such that 
Din—1 (u,v) = (Bu, Vv) 4m(Q). (42.15) 
We claim that B is compact in Hj'(Q). To see this, we first note that 
|| Bu|| Frm) = (Bu, Bu) m9) = Dn—1(u, Bu) 


| dyp(x)08 ud (Bu) dx 
Q 


I 


|a|=|B|<m—1 


SC el p—1 (9) [Bull agm—t cay SC [lel emt) [Buell may » 
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or 
|| Bu|| 7m (a) < Cllull yma) « (42.16) 


Now let uj; € Hj'(Q) be such that ill aca) is bounded. Since Hj'(Q) is com- 


pactly embedded in ae *@), we have that there is a subsequence uj, that con- 
verges strongly in Be 4); ie., u;, is a Cauchy sequence in H?”"~'(Q). Hence 
Bu;, is a Cauchy sequence in Hj'(Q); see (42.16). This means that Bu;, converges 
strongly in Hj’(Q), and thus B is compact in Hj'(Q). The theorem now follows 
from (42.14) and (42.15). 


Let us now return to the Dirichlet boundary value problem (42.10)-(42.11) for 
the elliptic differential operator L from (42.1)-(42.2). Theorem 42.13 allows us to 
rewrite (42.11) as 


((A+B)w, v)Hm(Q) = (Lg =I Vv) 12a) (42.17) 
and the task is to find w € Hf'(Q) such that (42.17) holds for all v € Hj'(Q). Since 
F : Hy'(Q) 3 ve (Lg— fv) 2/9) 


is a conjugate linear functional, The Riesz—Fréchet theorem says that there is a 
unique fo € Hj'(Q) such that 


(Lg _ Sf; ¥)72(@) = (fo, v)H™(Q) : 
Due to this fact, (42.17) can be rewritten in operator form as 
(A+B)w= fo. (42.18) 


Theorem 42.14 (Unique solvability). The Dirichlet boundary value problem 
(42.4) for the operator L from (42.1)-(42.2) has a unique solution if and only if 
A = 0 is not a point of the spectrum of L with homogeneous Dirichlet boundary 
conditions. Moreover, this unique solution u can be obtained as 


u=g+(A+B)'fo, (42.19) 


where g satisfies (42.9) and fo satisfies (42.18). 


Proof. Due to Theorem 42.11, it is enough to show that the operator A + B is in- 
jective on Hj'(Q), i.e., (A+ B)u = 0 implies u = 0. This is equivalent to the fact 
that 

((A+B)u,v) =0, for allv € Ho'(2), 


implies u = 0, or D(u,v) = 0 for all v € Hj'(Q) implies u = 0. But since D(u,v) = 
(Lu, v) 12(Q): the statement of injectivity can be reformulated as 
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(Lu,v)72(9) =9, for ally € Hg'(Q), 
or 
Lu=0, 
u € Hj'(Q) =0, 
or 


Lu=0, inQ, 
o=Oyh i =0,..2;07 (e=0, one. 


Formula (42.19) follows now from (42.18) and (42.9). The theorem is proved. 


Garding’s inequality (see (42.8)) allows us to get essential information about the 
kernel of the operator L and its adjoint. Let us define 


W = {u€ Ho (Q): (Lu,v),2 = Oif and only if D(u,v) = 0 for all v € Ay'(Q)} 
and 


V = {we Aj (Q): (L*u,v) 2 = Oif and only if D(v,u) = 0 for all v € AG’ (Q)}. 


Theorem 42.15. Suppose L from (42.1)-(42.2) has L”(Q) coefficients. Then 
dimW = dimV < ». 


Moreover, if f € L?(Q), then there exists u € Hi"(Q) such that D(u,v) = (f,v),2 
for all v © Hj'(Q) if and only if f LV. 
Proof. Garding’s inequality (42.8) implies that 


2 


m? 


\((L+c2I)u,u);2| > Re[D(u,u) + c2(u,u)] > ci |lul| ci >0, 
for all u € Hj'(Q). Hence 
I(L+ cot)ullr2¢ay 2 1 [Ill - 
The latter inequality means that the operator L + c2/ is invertible and its inverse 
(L+cI)~! is compact as an operator in L?(Q), since the embedding Hj" (Q) 


L?(Q) is compact. Moreover, the range R((L+ col)~!) is in Hi”(Q). Now we can 
see that u € W if and only if 


((L+ col)u, v)12(@) = ¢2(u, v)12(Q)» 


or 
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(L+ col)u= cou, 


or 


(<!- (Ltanl)) u=0, 


C2 


that is, u belongs to the kernel of the operator aI —(L+czI)~!. We can say 
also that u € V if and only if wu belongs to the kernel of the adjoint operator 
aI —((L+c2I)~')*. Therefore, the Fredholm alternative (see Theorem 34.11) gives 
us the statement of this theorem. 


Corollary 42.16. Under the conditions of Theorem 42.15 we have that if in partic- 
ular W = V = {0}, then the solution u of the problem D(u,v) = (f,v);2(q) always 
exists and is unique for all f € L?(Q). 


Proof. The result follows from the Fredholm alternative. 


Corollary 42.17. Suppose that all conditions of Theorem 42.15 are satisfied. As- 
sume in addition that L = L*, i.e., L is formally self-adjoint (this holds if and only 
if dap = pq for all ot, B). Then there is an orthonormal basis {ux} for L?(Q) con- 
sisting of eigenfunctions that satisfy the Dirichlet boundary conditions 0;u, = 0 on 
S = 0Q for 0 < j <m-—1. The corresponding eigenvalues are real and of finite 
multiplicity, and they accumulate only at infinity. 


Proof. The proof follows immediately from the Hilbert-Schmidt theorem (Corol- 
lary 28.11). 


Example 42.18. Let us consider the Dirichlet boundary value problem in a bounded 
domain Q C R",n > 2 for the Schrédinger operator —A + q with complex-valued 
potential g € L?(Q), n/2 < p<: given f € H'/?(dQ), find u € H!(Q) such that 
—A —A)u=0, inQ 
Seo) (42.20) 

u=f, ondoQ, 


where A is real. Then Lemma 32.1 and Theorem 42.14 imply that (42.20) has a 
solution if and only if A = 0 is not a point of the spectrum of this Schrédinger 
operator with homogeneous Dirichlet boundary conditions. 


Example 42.19. Consider the Dirichlet boundary value problem in a bounded do- 
main Q C R",n > 2, for the Helmholtz operator A + k?n(x) with a complex-valued 
function n(x) from L?(Q), n/2 < p<: given f € H'/?(dQ), find u € H!(Q) such 
that 


(42.21) 


(A+kn(x))u=0, inQ, 
u=f, on dQ, 


where k is a real or complex number. The values k? for which there exists a nonzero 
function u € Hj (Q) satisfying (in the distributional sense) 


42 Elliptic Boundary Value Problems 483 
Au+kn(x)u=0, inQ, 


are called the Dirichlet eigenvalues of the Helmholtz operator, and the correspond- 
ing nonzero solutions are called the eigenfunctions for it. It is clear that k* = 0 is 
not an eigenvalue of this Helmholtz operator. The application of Lemma 32.1 and 
Theorem 42.11 lead to the solvability of (42.21). Namely, (42.21) has a unique so- 
lution if and only if k* is not a point of the spectrum (i.e., is not an eigenvalue) of 
this Helmholtz operator. In the case of a real-valued function n(x), we may prove 
even morte. 


Theorem 42.20. Assume that n(x) € L?(Q), n/2 < p < ©, is real-valued. Then 
there exists an orthonormal basis {u,}72_, for Hj(Q) consisting of eigenfunctions 
of the Helmholtz operator —A — An(x). The corresponding eigenvalues {A }-_, are 
all real and accumulate only at infinity (|A,| — °°). If in addition n(x) > 0 (n(x) £0), 
then Ay > O for allk = 1,2,.... 


Proof. We may rewrite the eigenvalue problem for (42.21) as (see Lemma 32.1 and 
Theorem 42.11) 
(A—AB)u=0, ue Hy(Q),A 40, (42.22) 


where A is a bounded, self-adjoint, strictly positive linear operator in HA (Q) with 
bounded inverse, and B is a compact self-adjoint operator in Hi (Q). Next, (42.22) 
can be rewritten as 


(i-a-'Ba~"?) u=0, u€HA(Q). (42.23) 


This is an eigenvalue problem for the self-adjoint compact operator AVR, 


Using the Riesz—Schauder and Hilbert-Schmidt theorems (see Part III of this book), 
we may conclude that there exists a sequence { i }@_, of eigenvalues of An pA-12 


such that i 


A 


i 
uo) 


1 
= Son [al Ss os 0 
i ~ 


as k — oo with corresponding eigenfunctions {u, }?_, that form an orthonormal basis 
in Hj(Q). Hence, the theorem is proved. 


Exercise 42.4. Prove that if {@j}%_, is an orthonormal basis in HRD) k= 1,25 


then {@;};"_, is a basis (orthogonal) in H)}(Q) for every integer 0 </ <k. Show that 
the converse is not true. 


Chapter 43 
The Direct Scattering Problem for the 
Helmholtz Equation 


In this chapter we will show that the scattering problem for an imperfect conductor 
in R”, n > 2, is well posed. More precisely, we consider a bounded domain (2 C R” 
(the conductor) containing the origin with connected complement such that 0Q is 
in the class C?. Our aim is to show the existence of a unique solution u € C?(R” \ 


Q)NC(R" \ Q) of the exterior impedance boundary value problem 


Au+Ku=0, xe€R"\Q, (43.1) 


U=UptUsc, wo =ek9) gegr!, 


0 

iu), ead, 

ov 
where the boundary condition on dQ is assumed in the sense of uniform conver- 
gence as x > 0Q, A(x) € C(0Q), A(x) > 0, and v is the outward unit normal 
vector to dQ. 


Theorem 43.1 (Representation formula for an exterior domain). Let use © C2 
(R" \ Q)NC(R"\ Q) be a solution of (43.1) such that Pise exists in the sense of 


uniform convergence as x + 0Q. Then for all x € R" \ Q we have 


Use(x) = se [use(y)Ov, Gy (|x — yl) — Ay use(y) GE (lx y])] do(y), (43.2) 


where Gf is defined in Chapter 32. 


Proof. Let x € R”\ Q be fixed and let € > 0 be so small that Be(x) C R”\Q. Let 
Br(0) be a ball of radius R containing both Q and Be(x) (Figure 43.1). 
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Fig. 43.1 Geometric illustration of x ¢ Q,Be(x) and Br(0). 


Then from Green’s identity we have that 


i= sc(Y) Ov, Gt (Ix—y]) — Ay tee(y)Gt(|x—yl)] doy). 
on ane [use(y) Ov, Gz (|x— yl) — Ay, use() GE (|x — yl)] do(y) 


On the spheres 0Bg(x) and 0Br(0) we have 


and in addition, on 0Bg(x) one has 
dy, |x —y| = Vy-Vy|x—y| = 1. 


The well known properties of Hankel functions (see, e.g., [23]) give that 


—(n— (1) ? —(n— 1 
(0! PH /2()) = —P es (@). 


Taking into account all these facts, we obtain that (n > 2) 


1 


vest 2 2)/2 7,1) 
se) Ra ae —y). 


a GEe—s) = 3 ( 


Using now the asymptotic behavior of HS (k|x — y|) for small arguments (see, e.g., 
[23]) 


) a fea 
Hy yp(klx— yl) ~ — (5 T(n/2), 


we obtain that on the sphere 0B,(x), one has 
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l-n 
a 
ay, Gt (|x—yl) ~ SN, Kee 
) , 


Thus, letting € — 0+, we see that 


O~ PE [tsel9) Ay Gi (ls —y1) — Ag tse(9) GE (L—y)] 00) 


+f, sc © G(x) Pus o)Gtt—y)| ie) 


he fut = $ ul G0) doy), 


On 


and therefore (using the Sommerfeld radiation condition) 
Use(X) = is [use(¥) Ov, G; (|X — yl) — Av, ttse(¥) GE (lx — yl) ] do(y) 
—_— 0 4 
+f [m= 0)5,5E(—y) ~ FmeIGE Cy] doo) 
= I [use(¥) Ov, GE (l¥— yl) — Avy se(¥) GE (lx — yl)] doy) 


+f [isco RO) — GE (lx—y)o(1/R-Y)] doy). (43.3) 
Iy|=R 


In order to estimate the latter integral in (43.3) we need the following lemma. 


Lemma 43.2. For usc from (43.1) it is true that 


li *do(y) <e. 
elim, J) luse0)Paoo) 


2 


Proof. The Sommerfeld radiation condition gives 
7] 
7 do(y) 


O= lim ; 
Ro+eJly|=R| Or 
. / iS 
= lim 
Ro+eJlyj=r \| Or 


At the same time, Green’s identity for Dr := Br(0) \ Q implies 


— 1kuse 


2 ae 
+P luse(y) 2 -+ 2m (1. =) do(y). 


i: or) oS A9()) = [ 9 Mae) Avy tse()do(y) =? I _ lise(9) dy 


+ [ WWase(v)/Pay. 
DR 
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This means that for R sufficiently large we have 


mf, tel) do(y) = im [ Use (Y) Avy Usc(y)do (y). 


We therefore have that 


. | ( Ose 
lim —— 
R42 Jly|=R or 


This equality completes the proof of the lemma. 


2 
“Pino do(y) = —2kIm [ 9 lse )Anttse(v)do(y). 


Taking into account that 


1 
Gi (\x—yl) -o(zenn) , pl=R-», 


and Lemma 43.2, we can easily obtain from (43.3), by letting R — ©, the equality 
(43.2). Thus, the theorem is completely proved. 


Corollary 43.3 (Representation formula for an interior domain). Let Q be a 
bounded C? domain and u € C?(Q)NC!(Q) a solution of (A+k*)u=0 in Q. 
Then for all x € Q we have 


u(x) = I [Ay u(y) GE (|x — yl) — u(y) Ay, GE (|x — y|)] doy). (43.4) 


Corollary 43.4. Under the conditions of Corollary 43.3, u(x) is real-analytic in 
xEQ. 


Proof. Since G{(|x—y|) for x 4 y is real-analytic in x € Q, the representation for- 
mula (43.4) implies that the same is true for u(x). 


Theorem 43.5. Let v € C?(R" \ Q)C(R"\ Q) be a solution of the Helmholtz 
equation Av +k?v =0 in R" \ Q satisfying the Sommerfeld radiation condition and 
the boundary condition dyv +iAv = 0, A(x) > 0, on AQ. Then v = 0. 


Proof. Let Br(0) contain Q in its interior. Then Green’s identity and the boundary 
conditions imply that (0) = 2 on the spheres) 


I. (%0) vty) v(y) a do(y) 


= (¥() ay, v(y) — vy) Ay, H(y)) do (y) = —2i i A(y)|v(y)/Pdo(y). 


But this is equivalent to the equalities 
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ay) OVO) _ 7 
aif Im (0) ae ) aot) = 2i f Im (¥(y) dy, v(y)) do(y) 
=~21 bg tO MOrl’do).- 


Since A (y) > 0, these equalities lead to 


I 
"4 ae or 


=f A0)VO)Pdoy) 20. 43.5) 


We have proved in Lemma 43.2 that 


: av” _ 
lim | 5 “Pv0aF do(y) = —2kIm | VO), rO)do(y). (43.6) 


But the inequality (43.5) implies that 
i i Ov 

im =— 

R>+eJ\yl=R \ | Or 


Im] _v(y),v(y)do(y) = 0. (43.7) 


2 
+2v0aF do(y) =0 


Thus, we have from (43.5) and (43.7) (compare with Lemma 43.2) 


li | 2da(y) =0 
gin [_,bhoPeoo) 


and 


gt O)IPO) do (y) =0. 


This implies that vy = 0 and 0yv = 0 on 0. These two facts and the representa- 
tion formula (43.2) for the scattering solution provide that v(x) = 0 in R” \ Q. The 
theorem is proved. 


Corollary 43.6. If the solution of the scattering problem (43.1) exists, then it is 
unique. 


Proof. If two solutions u; and uz of (43.1) exist, then their difference v = u4 — uz = 


lh) _ ul) satisfies the hypothesis of Theorem 43.5. Hence v = 0, ie., uy = u2. 


Theorem 43.7 (Rellich’s lemma). Let u € C?(R"\ Q) be a solution of the 
Helmholtz equation satisfying 
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lim | u(y)|?do(y) = 0. 
am. oe. (y)|"do(y) 


Then u=0inR"\Q. 


Proof. Let r > 1 and let 


U(r) =4 u(r) 9(8)d0, 


where u is a solution of the Helmholtz equation and @ is an arbitrary eigenfunction 
of the Laplacian As on the unit sphere, i.e., 


(Ast+H7)9=0, pw? =m(mtn—2), m=0,1,2,...., 


where 
pe gaeld. 1 
~ er r or. Pr 


It follows that U(r) satisfies the ordinary differential equation 


u"(r) +t) +(e -p2/PyU =0. 


But the general solution of this equation is given by 


U(r) = Ky )2 A (ker) + Kor 92) (ker), 


(1,2) 


where Kj, and K are arbitrary constants, Hy, 
H?) = A!) and v7 = p+ (237). Since the hypothesis of this theorem implies 
that U(r) = o(1/r-)/?), we deduce that K, and K> are equal to zero and hence 
U(r) = 0 for all r > Ro. The same is true for u(r@) due to the completeness of 


the eigenfunctions of As on S"~!; see [34]. The claim follows now from the real 
analyticity of every solution of the Helmholtz equation. 


are Hankel functions of order v with 


Theorem 43.8. Let v € C?(R"\ Q)NC(R" \ Q) be a solution of the Helmholtz 
equation satisfying the Sommerfeld radiation condition at infinity. Let Oy (up + v) 
converge uniformly as x + 0Q and let 


Im fo y)A,vQ)do(y) > 0. 


Then v= 0 in R"\Q. 


Proof. This follows immediately from (43.6) and_ Rellich’s lemma 
(Theorem 43.7). 
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Remark 43.9. All the results of Theorems 43.1—43.8 and their corollaries remain 
true if we consider instead of C?(IR” \ Q)C(R” \ Q) the Sobolev spaces H’*. 
Namely, we may assume that the problem (43.1) is considered in the space H?(R” \ 
Q)0.H3/2(R*\ Q). 


Here we have considered mostly uniqueness results for these boundary value 
problems. The solvability is provided using the results of Chapters 41 and 42 as 
follows. As we know, the single layer potential 


wets) := [| eO)GH(Ix-ydoQ), xER"\9Q, (438) 


with continuous density @ satisfies the Sommerfeld radiation condition at infinity, is 
a solution of the Helmholtz equation in R” \ OQ, is continuous in R", and satisfies 
the discontinuity property (see Theorem 41.21) 


Dvatsels) =f 90)xGE(|x— yao) FO), ¥E dQ. 


Let us note that these properties of the single layer potential are also valid for @ € 
H—'/2(9Q), where the integrals are interpreted in the sense of duality pairing [22, 
25]. Thus, (43.8) will solve the scattering problem (43.1), provided that 


ex) 2 oo) Gf (e-ydo(y) 2A) [IGE (le-yN)aoly) 

= 2(Ayug(x) +iA(x)uo(x)), x» E€ dQ, (43.9) 
where uo(x) = ebk(x,8) Hence, to establish the existence for the problem (43.1), it 
suffices to show the existence of a solution to (43.9) in the normed space C(0Q). To 
this end, we first recall that the integral operators in (43.9) are compact on C(dQ) 
(see Theorem 34.9). Hence, by Riesz’s theorem (see Theorem 41.29), it suffices to 
show that the homogeneous equation (corresponding to (43.9)) has only the trivial 
solution. 

Let @ be a solution of this homogeneous equation. Then us. from (43.8) will 
be a solution of (43.9) with up set equal to zero, and hence, by Theorem 43.5 and 
Corollary 43.6, we have that this use(x) is equal to zero for x € R”\ Q. By the 
continuity of (43.8) across OQ, usc (x) is a solution of the Helmholtz equation in Q 
as well, and usc(x) = 0 on the boundary OQ. If we assume now that k? > 0 is not 
a Dirichlet eigenvalue for —A in Q, then u,.(x) = 0 in Q, and by the discontinuity 
properties of the single layer potential we have that 


O= Ov. Usc(X) = Ov, Use (X) = P(x), 


i.e., the homogeneous equation under consideration has only the trivial 
solution @ = 0. Hence by Riesz’s theorem (Theorem 41.29), the corresponding 
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inhomogeneous equation (43.9) has a unique solution that depends continuously 
on the right-hand side. 

If kK? > 0 is a Dirichlet eigenvalue of —A in Q, then Riesz’s theorem cannot be 
applied (it is not valid in this case), and the whole procedure mentioned above does 
not work. To obtain an integral equation that is uniquely solvable for all values of 
the number k* > 0 we need to modify the kernel of the representation (43.8). For 
the two-dimensional case such a modification is shown in [6, (3.51)]. The same idea 
can be considered for higher dimensions with the use of spherical harmonics. So, 
we have proved now the following solvability result, valid for all dimensions n > 2. 


Theorem 43.10. /f k* > 0 is not a Dirichlet eigenvalue of —A in the domain Q C 
R", then there exists a unique solution of the scattering problem (43.1) that depends 
continuously on ug(x) = e*(*), 


It is quite often necessary to consider the scattering problem (43.1) in Sobolev 
spaces H’*. In that case we define 


Hige(R"\ Q) := {usu € H'(Br(0)\ Q)} 


with an arbitrary ball Br(0) of radius R > 0 centered at the origin and containing 
Q. We recall that H~*(0Q),0 < s < c is the dual space of H*(0Q). Then, for 
f € H~'/?(0Q), a weak solution of 

Au+Ku=0, xe€R"\Q, (43.10) 


U=UptUsc, uo =ek™9) gegr!, 
0 
lim -1)/2 ( Ase —ikutse } =0, r=|xl, 
1r— +00 or 


Ovu(x) +idu(x) =0, xe dQ, 


is defined as a function uw € Hj}.(IR" \Q) such that 
Fl _ (Wu Vv— Pure —i f Auvdo(x) = -f fvdo(x) (43.11) 
"\Q aQ aQ 


for all v € H'(R” \ Q) that are identically equal to zero outside some ball Br(0) 
with radius R > 0 sufficiently large. In that case the analogue of Theorem 43.10 for 
Sobolev spaces can be proved (see [6, Chapter 8] for details). 


Chapter 44 
Some Inverse Scattering Problems for the 
Schrodinger Operator 


The classical inverse scattering problem is to reconstruct the potential q(x) from the 
knowledge of the far field data (scattering amplitude, see p. 232) A(k, 0’,@), when 
k, 6’, and @ are restricted to some given set. 

If g € L'(R"), then q(y)u(y,k,@) € L'(IR”) uniformly with respect to @ € S’~! 
due to 


g(y)u(y,k, 8) = 4(y)(e() + use(y,k, 8)) = a(vpeO? + |g]? - 44 use(s, 8) 


and Hdélder’s inequality. We may therefore conclude that the scattering amplitude 
A(k, 8’, @) is well defined and continuous. Also, the following representation holds: 


A(K,0',0) = [eM g(y) (EMO) + toe) dy 
= fo,6 MO aly )dy + R(K, 0", 8) 
= (2n)"/?( Fq)(K(G! — 8)) +R(k, 0,6), 


where R(k,6’,0) — 0 as k — +0 uniformly with respect to 6’ and @. This fact 
implies that 
A(k, 0,0) = (2m)"?(.Fq)(k(0! — 8)), 


g(x) © (2m) "? F~"(A(k, 0", 8))(2), 


where the inverse Fourier transform must be understood in some special sense. 
Let us introduce the cylinders My = R x S"—! and M = Mo x S”"|, and the mea- 
sures Ug and Uw on Mo and M, respectively, as 
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1 
dug (k, 0’) = 4 |x|" 1dk|@ — 6’|7dé’, 


1 
du(k,6',0) = ort SOHO, a), 


n/2 , ‘5 

where |S"—!| = ae is the area of the unit sphere S’~!, and d@ and d@’ denote the 
2 

usual Lebesgue measures on S’~!. We shall define the inverse Fourier transform on 

Mo and M as 


— i —ik(@—6' x 
(Fig ) = ears [RO O1(k. 8") dto 
0 
_ 1 sacs 
(Fig! @2N08) = sare [oO 80", 0). 


If we write € = k(@ — 0’), then k and 0’ are obtained by 


yo 5! , 6 =0-2(0,2), —s (44.1) 


Exercise 44.1. Let ug(k, 0’) be the coordinate mapping Mp — R” given as 
ug(k, 0’) =k(@— 0’), 


where @ is considered a fixed parameter. Prove that 


(1) the formulas (44.1) for k and 6’ hold; 
(2) the following is true: 


J, eowolk./du0(k,6") = [ o(a)ax 
Mo Rr 
if @ € S is even and 
| gouotk.6"au(k,6',0)= [ o(x)ar 
M R" 


if@ ES; 
(3) in addition, 


if @ € S is even and 
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if @ € S. Here ¥~! is the usual inverse Fourier transform in R”. 


Exercise 44.2. Prove that 


(1) A(—k,0’,@) =A(k, 6’, 6); 
(2) A(k,0’,@) =A(k,—0,—6’). 


The approximation q(x) © (22)~2.¥%~!(A(k, 0’, @)(x)) for all 6’ and @ and for suf- 
ficiently large k allows us to introduce the following definitions. 


Definition 44.1. The inverse Born approximations q8(x) and qp(x) of the potential 
q(x) are defined by 


1 F / 
(2) _ —n/2 —1 _ —ik(@—0',x) ! 
a8(x) = 2m)" Fig AV) = Gaye [MEM ALE, OO) oto 
and 


gp (x) = (20)-"!?( FA) (x) = 


: e904 (k, " B)du 
M 


in the sense of distributions. 


Theorem 44.2 (Uniqueness). Assume that the potential q(x ) belongs Lf,.(R"), 3 
p<, n > 3, and has the special behavior |q(x)| < 
infinity. Then the knowledge of q(x) with @ restricted to an (n— 5) dimensional 
hemisphere determines q(x) uniquely. 


fe 


Proof. It is not difficult to check that if g(x) satisfies the conditions of the present 
theorem, then q(x) will satisfy the conditions of Theorem 23.5: 


: n n+1 
EL?(R"), x=~<p< F 
qeL(R"), 5<PsS—> 
or 1 4] 
qe Lh(R"), “2 <p<te, o>1-" 
2 2p 


Now we can represent 8 (x) in the form 


BO) = Gaye |), MO PAG OF, Odo ( 0" 
0 


= mp Jip Ho 6’) i. ~ie(O—8'-2) eiK(8'Y) a(y)uly, k, @)dy 


af aug |) ei KO-8'a-y) aye) u(y, k, @)dy, 
0 
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where u(y,k, @) is the solution of the Lippmann—Schwinger equation. Setting 
v(y,k, 8) = e HO u(y, k, 8) 


and making the change of variables € = k(@ — 0’), we obtain 


xy IS 
gp (x) = ony = ff, i oir (» Ble. ax 


The usual Fourier transform of g(x) is equal to 


aB(6) = 416) + ny"? [ el’q(y) f (> eI °) 2 1 ai, 


and it implies that 


ia8()- aE) < my"? | a6) 


where the function v(y,k, @) solves the equation 


v(%k,0) =1— fe MOG (Le— ye g(y)o(9, 4, Ody 
R" 


v=1-— G,(qv), 


where en = eG For k sufficiently large we obtain that 


v= (I+ Gq)"(1), 


or " 
v=1=—G,(q), (44.2) 


where Gai is an integral operator with kernel Gq = e ike-y, Gy, and the integral 


operator G, with this kernel also satisfies the equation (H — R)G, =I. In order to 
prove (44. 9), we recall that 7 ee 
Gy =G,- GyqGa, 


and therefore, me a ae 
Gy = Gx — GyqGq, 
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or 


a 


G,= (I+ Cale 1G. 


The last equality implies that 


o~ 


G,(q) = (1+ Gq) 'Gx(q) = -(v- 1), 


because x 2 
(1+ Gq) 'Gx(q) = (v1) 


is equivalent to 


Gi(q) = —(I + Geq)(v— 1) = -(v— 1) — (Gq)(v) + (Gag) (1) 


n 


=—v+1-14+0+G,(q) = G(q). 


We may therefore apply Theorem 23.5 to obtain 


“6/2 ob s/2 5/2 
where Y, p, and o are as in that theorem. It remains only to — that the potential 


q € L? (R") with the special behavior at infinity belongs to ra (IR”). But that is a 
very simple exercise. Hence, the latter inequality leads to 


se Y 
BE) -HE) < Cla? (MB), exo 
LPF (R") | | 


with the same y. If g; and q2 are as q, then 
|G1(5) — G2(8)| = |au($) — 9p + 98 — 2(8)| < 141(5) — 9Bl + 198 — 216) 
) ) 


eC Y e if 
,9 ,0 
<Cllail? 2p (5 ) + Cll? 2g (5 ) =0 
LP (R") Lh (R") 


if (E, 0) = 0. Thus, this theorem is proved, because (E, 6) = 0 precisely as @ runs 
through an (1 — 2)-dimensional hemisphere see [31, 32]. 


Theorem 44.3 (Saito’s formula). Under the same assumptions for q(x) as in 
Theorem 44.2, 


gn-l Jgn- ” 7 R 


k->-00 n z ae 1 
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where the limit holds in the classical sense for n < p< and in the sense of distri- 
butions for 5 <p <n. 


Proof. Let us consider only the case n < p < o». The proof for 5 < p <n requires 


some changes. 
By definition of the scattering amplitude, 


T= Kk! | [ A(k, 6", 0)e*(8-6') dade! 
gn-1 Jgn-1 


=e! | a(y)ey | [ eik(8—8', yx) dada’ 
ga-l Jgn-1 


+h th a@ yay [ fet’ e HODR(, k, 0)e-HO-8') 4940" =: 1 +h, 


where R(y,k, @) is given by 


RU4k, 0) =— Gf (ly a))aleule,k, @)az 


and u(z,k,@) is the solution of the Lippmann—Schwinger equation. Since 


bo fete *a0a0 = [ae 0-9] 
gn-l Jgn- i. 
4q"! ik|y—x|cosW/ 9; n—2 : 
~ FAH a ey (sin y) dy 
di nga (klx— yl) 
c= yr?” 


= (2m)" 
we have that J; can be represented in the form 


q(y) 2 
= (2n)"k ———_ J*,_5(k|x—y|)d 
( 1) R e—ypre 52 ( |x yl) y 


We consider two cases: k|x—y| < 1 and k|x—y| > 1. In the first case, using Hélder’s 
inequality the integral J} over {y : k|x—y| < 1} can be estimated by 


kix— n—2 
il < ck | lao)Iex—y)"* 4, 
k-yl<t xy] 


1 4 
SO (/ Jao)IPay) (/ I-ay)" 
Ix—y|<} |x—-y|<} 
1 i 
_ cele? (/ 3 orgy)" =cxi-' ( / ]a0)IPay) " 0 
Ix—-y|<} jx-yl<f 
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as k — +eo, since n < p < oe, This means that for every fixed x (or even uniformly 
with respect to x) J; approaches zero as k — oe. Hence, we have only to estimate the 
integral /// over {y : k|x—y| > 1}. The asymptotic behavior of the Bessel function 
J, (-) for large argument implies that 


ie (2n)"k qy) 


jx—y|>} are 


2 
2 nu 1 
x aes cos (klx—y|- 7+) (aa) | dy 


= (2n)"k qy) 


Ie-yl>4 |x— yl"? 


«pe (k|x—y|— 32+ 4) 
af 


eI +o(actop) | 
2m)" a q(y)dy 
| 


u x yl>f |x—y|"-1 


(2)" / qy) 
| 


nt 1 
cos ( 2k|x — —+t)d 
X nist jx —y|r-l ( | y| 2 5) ry 
i la(y)|OU) (1), 72), 7() 
cas PON! dy as FY) 4 7) 4 78), 

k Ir-yl>4 |x—y|” 1 1 1 


It is clear that 


kim fl) = 22" il q(y)dy 
ko | m Jpn |x—yl"-l 
and 
Jim 1,” =0 
—+-boo 


The latter fact follows from the following arguments. Since q belongs to L?(R") for 
p > nand has the special behavior at infinity, we may conclude that the L! norm of 
ay) 


the function by is uniformly bounded with respect to x. Hence it follows from 
the Riemann—Lebesgue lemma that 1?) approaches zero uniformly with respect to 
(3) 


we have the estimate 


ue C he lq(y) |dy 


ie k1-6 |x—y|r-8° 


x as k — +o0, For J; 


If we choose 6 such that 1 > 6 oe , then San a we 5 will be uniformly bounded 


with respect to x. Therefore, 1) — > as k — 00 aueants with respect to x. If we 


collect all estimates, we obtain that 
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2m)" d 
lim h = (27) / qy) yo 
Ks00 m Jipn |x —y|"- 


Our next task is to prove that lb — 0 as k — o». Since 


b=k™- fo) ay [ of eR (y, k, Je O- 9’) dade’, 
Sr- sri- 


where 
R(y,k, 8) = - | GEy—a)a (z)u(z,k, @)dz = —G;(qu) 


one can check that R(y,k, 0) = Ga (qe K(8.2)) Hence, /b can be represented as 


_K 1 i k(@!,.x—y dg’. G (« i. Hoag 
en FO) ala) f° 


Jn-2(k|x—y]) Ju-a (kx —z]) 
=-« ny [ qo) 6 ( ee) 
a)" fi, 90 (key) ea) 
Psy Jaca (KL 2) 
= (27)"k 1 (y) 2—— :K, | |a(z)|2 2. ] 9, 
aye [140 (ey) (it (ea) "= : 


where Ke is an integral operator with kernel 
1 
Kq(x,y) = —|a(@) |? Ga(k,x,y) 44 (9). 


It follows from Theorem 23.5 that K, : L?(IR") > L?(R") with the norm estimate 


> Cc 
Kalan So, 
where ¥ is as in that theorem. We can therefore estimate /) using Hélder’s inequality 


as 
Ji 12 (kx yl) 
i k ———e 
Wal < 5k fa) ea 


By the same arguments as in the proof for 4; we can obtain that 


uniformly with respect to x. This implies that 
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C 


as k — +00, 


Remark 44.4. This proof holds also for n = 2. In dimension n = | there is an analo- 
gous result in which we replace the double integral on the left-hand side by the sum 
of four values of the integrand at @ = +1 and 6’ = +1. 


Theorem 44.5. Let us assume that n > 2. Under the same assumptions for qi(x) 
and qo(x) as in Theorem 44.3 let us assume that the corresponding scattering am- 
plitudes Ag, and Aq, coincide for some sequence k; — © and for all 0’,@ € S"~'. 
Then qi (x) = q2(x) in the sense of L? for n < p< and in the sense of distributions 
for} <p<n. 


Proof. Saito’s formula shows that we have only to prove that the homogeneous 


equation 
q(y)dy 
y(x) =) | es ae 0 
R" |x—y| 


has only the trivial solution q(y) = 0. Let us assume that n < p < ©. Introduce the 
space So(IR”) of all functions from the Schwartz space that vanish in some neigh- 
borhood of the origin. Due to the conditions for the potential g(x) we may conclude 
(as before) that y € L*(R”), and y defines a tempered distribution. Then for every 
function @ € So(R") it follows that 


0= (9) =Cu(lEl GE), 9) = Cu(@(E), 161 *9). 


Since @(&) € So(IR”), we have |E|~'@ € So(IR”) also. Hence, for every h € So(R”) 
the following equation holds: 


(7,h) = 0. 
This means that the support of g(&) is at most at the origin, and therefore g(&) can 


be represented as 
eS > ao. 


|oe|<m 


Hence, g(x) is a polynomial. But due to the behavior at infinity we must conclude 
that g = 0. This proves Theorem 44.5. 


Let us return now to the Born approximation of g(x). Repeated use of the Lippmann— 
Schwinger equation leads to the following representation for the scattering ampli- 
tude A(k, 0’, 0): 
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A(K,0,8) = Yo fh eg (y) RF (Ig Fe) (y)ay 
j=0 


re " 4 
a a hae *H(\q]? (u(x,k, ))(y)dy, 


where u(x,k,@) is the solution of the Lippmann—Schwinger equation and K is an 
integral operator with kernel 


K(x,y) = lax) |? GE (x—yl) ay (9). 


5 


The equality for A can be reformulated in the sense of integral operators in L?(S’~') 
as 


m 
A= > ®}(k)sgngK!@o(k) + Bj (k) sgngK”*! @(k), 


where @p and @(k) are defined by (23.9) and (23.10), and @ is the i adjoint of 
Dp. 
Using this equality and the definition of Born’s potential gp (x), we obtain 


go (x) =D Faq! [OH (K) sengR! Oy(b)] + Fy! |O5(k) sengk"*!H(4)) , 
j=0 


where the inverse Fourier transform is applied to the kernels of the corresponding 
integral operators. If we rewrite the latter formula as 


ml 


= 2, qi( JAX x4 Gm-+1(x bap 
then the term g; has the form 


— 1 ~ji z j 1 i / y 
gilt) = Fy ( lg(z)|Fe- Mae [ seng()Ki(z.».¥)la(o)|2ei" ay) 
Pay! (®j sengh! (\q\2e)) 


[eau k, 6", 8) (@§ sgngRi(\ql2e)) 
M 


"a : 


i 
(x) 


and a similar formula holds for g»,+1 with obvious changes. 

In order to formulate the result about the reconstruction of singularities of the 
unknown potential g(x), let us set A(k, 0’, 0) = 0 for |k| < ko, where ko > 0 is arbi- 
trarily large. 


Theorem 44.6. Assume that the potential q belongs to ie, (R”) NL (R") with (3n— 
3)/2< p<, n> 2, and 26 > 1—(n+1)/(2p). Then for all j > 2 the terms 


44 Some Inverse Scattering Problems for the Schrédinger Operator 503 


qj(x) and q;(x) in the Born series belong to the Hélder class C*(R") for all a < 
1— (3n—3)/(2p). 


Proof. For x,,x2 € IR” we have (see [31]) 


gi(ei) —aj(e0) =C | iertak f ao [ do’(1—(6,6")) 
|k|>ko gr-l grn-l 


x Bj sen (q) KI By(k, 8, 6!) (eM OM) — MO On), 


(44.3) 


For / = 1,2 let us define e;(@) = e!(9+”) € 1?(S""!) and E;(0@) =e, € (L?(S""!))?. 
Then the latter difference is equal to 


c/.., \k|"—!dk ((e , Oo sgn (q)K! ®ye1):2(g-1) —(e2, D5 sgn (q)K/ ®er) :2(gn-1) 
KO 


= (E} ; Dp) sgn (q)K!®oE1) 2 (gn-1) + (Ep, Do sgn (4)! ®E2),2(9-1)) é 
(44.4) 
, we obtain 


Since ||Ey — Ep||,2¢gn-1) = [ler — eallz2qge—1) and lerllzag1) = |S"! 
from (44.3)—-(44.4) the estimate 


lax) aja) <Cn feller —enllaagor-s ||} sem (q) KB] ak. 


|k|>ko 


Note that (see [43]) 


ley —eall7a¢-1) =| ee i eae a 
s?— 


n/a (n—2)/21KI x1 =a? | 
(itr =x) 272) 


=2(Is*"|- (on) 


where Jy is the Bessel function of order v. By Lemma 23.13 and Theorem 23.5 we 
get 
| os n(q)K/® | < naa 
0 SBN \4 OW = [xjyG+bte—2? 
where y= 1 — (n—1)/(2p). 
If we set r = |x, —x2|, we have to estimate the integral 


i kr! n-1 n/2(n—2)/2(kF) ss 
[ ky j+l)+n-2 (Is |— (2z) oe) dk. 


We split this integral into two parts: over 1/r < k < © and over ky < k < 1/r. By 
the asymptotics of the Bessel functions for large argument, the first part can be 
estimated from above by 
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yp (j+1)-2 
n— tet UF < VI a 
|S ve pyriyraaa ok < Cnr 


where j is chosen so large that y(j-+ 1) > 2. For the second part of the integral we 
use the asymptotics of the Bessel functions for small argument [23], namely, 


-2)/2 
J(n—2y/2(%) = 2"-2)/27 (n/2) 


(1+0(x°)), x0. 


Since |S’-!| = 22"/? /T'(n/2), we may estimate the second part from above by 


1/r k'dk L/r dk . . 
Saye = OR Gpmin(1,i+1)-2) 
crf Kit +n—2 crf yyGtl)—2 <Cr : 


To finish the proof we use the fact that gj € L”(IR”), which holds since 


Jat Cf rperpea lela + Illiager dk < 


for y(j +1) > 2. The latter condition implies, for y= 1 — (n—1)/(2p) and j > 2, 
that (3n — 3)/2 < p<. For qj; the proof is the same with obvious changes. This 
completes the proof. 


The first nonlinear term q\(x) can be rewritten as 


T(n/2 
gi(x) =o [,60-se—Yalraledvdz, 445) 


where G is the tempered distribution 


d= f- [ shat 2 *(ly—z|e! —ik(0'y Nk" Ne 6’ |?dkdede’. 


Lemma 44.7. The 2n-dimensional Fourier transform of G equals 


(6,7) 
ERP 


where C,, is a positive constant depending only on n. 


G(é,n) =-C 


Proof. The 2n-dimensional Fourier transform of G becomes 


G(E.m) =f. i [ lk" "0 — o/Paraoae’ |e -9)+E+09) gy 
gn-1 Jgn-l 


x | Gt (|s|)e“i-")as 
R" 
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Using the fact that 
_— 1 
a 
G, () = lm 


2-0 |- |2 — k? —ig’ 


we may approximate G in the topology of S’(IR2”) by c. given by 


G= f [ [ k'- 9 — 9 2dkdode’ 
0 gn-1l Jgn-l 
e-i(k(0’-6) +E +n.) ei(k(6’-0)-E-n.y) 
a 5 3 are — } dy. 
n\ |n|*?—2k(0,n)—ie — |n|? +2k(0,n) +ie 


If we define the variable € = k(@ — 6’) with the Jacobian 5k”~'|6 — 6’|?, then kO 
depends on € as 


(Sie 
KO = 6-55 an O 


Since the Fourier transform of | equals (27)"6, it follows that 


Ge(é.n)=202m)" ff 


; 6(G-E-n) EE +) eae 


In? -2(6,0") + BOG) ie InlP-+2(¢,0") - BEA + ie 


: 1 1 f 
= 2(2n) = (f,@) (cay ie(f,0")  (¢,0 +ie(f, m) ” 


where f = € + and g=|E|*(E +n) —|E +n|7E. This expression leads us to 


(f.8") «9, (E,n) 
5-1 (g,0)" EPP’ 


where we have used the precise value of the principal value integral; see [30, proof 
of Lemma 2.4]. 


(f,8) 
=G, = Gh 
lg|? 


G(E,n) = lim Ge(E,n) = 4(2m)"p.v. 


Lemma 44.8. Assume that the potential q satisfies all conditions of Theorem 44.6. 
Then the first nonlinear term q admits the representation 


x-y 
Al 7, 4) dy 
Rn |x—y| 


with some positive constant C, depending only on n. 


qi(x) = 
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Proof. The representation (44.5) and Lemma 44.7 imply that 


al) = CFs (SP eaeyatn) ) (x,2) =<C, Fs! ao | el fea) 


where a denotes the 2n-dimensional inverse Fourier transform. The claim fol- 
lows now from ¥~!(E /|E|?) =C,x/|x|". 


Lemma 44.9, Under the same assumptions on q as in Theorem 44.6 we have that 


(1) for 3(n—1)/2 < p<, q belongs to (Wo (R"))? with 1—(n+1)/(2p) < 
26 <n—n/p; 
(2) for p=~, q, belongs to the Hélder space C!(R"). 


Proof. We introduce the Riesz potential J ~! and Riesz transform R (see [37] and 
Chapter 21) as 


f(x) =F" (> (x), Rf) =F"! (2) (x). 


Note that VJ! = R is bounded in L?(R") for all 1 < p < ©; see [37]. From [27] we 
know that 
1: LP .(R") > LE (R") 


for —n/p<o <n—1—n/p. This proves (1). Part (2) can be proved like [31, Lemma 
2.2]. 


The latter steps lead to the following main result. 


Theorem 44.10 (Reconstruction of singularities). Assume that the potential q be- 
longs to L?;(IR") NL! (R") with p and 6 as in Theorem 44.6. Then 


(1) for max(3(n—1)/2,n) < p < © the difference qz — q is a continuous function 
in R"; 

(2) for 3(n—1)/2 < p< max(3(n—1)/2,n) the difference qg — q—q, is a contin- 
uous function in R". 


Proof. The proof of this theorem follows immediately from Lemmas 44.7, 44.8, and 
44.9 and the Sobolev embedding theorem. 


The statement of Theorem 44.10 means that all singularities and jumps of the 
unknown potential can be recovered by the Born approximation. In particular, if 
the potential is the characteristic function of an arbitrary bounded domain, then this 
domain can be uniquely determined from the scattering data using a linear method. 


Chapter 45 
The Heat Operator 


We turn our attention now to the heat operator 
L=0,—A,, (x,t)€R"xR. 


The heat operator is a prototype of parabolic operators. These are operators of the 
form 


A+ YM aa(x,t)d", 


|oe|<2m 


where the sum satisfies the strong ellipticity condition 


(-1)" SY da (x,1)§% > vié |", 


|or|=2m 


for all (x,t) € R” x Rand € € R"\ {0} with v > 0 constant. 
We begin by considering the initial value problem 


Oju—Au=O0, in” x (0,°9), 
u(x,0) = f(x). 


This problem is a reasonable problem both physically and mathematically. 
Assuming for the moment that f € S, the Schwartz space, and taking the Fourier 
transform with respect to x only, we obtain 


i! (45.1) 


ii(E ,t) +] )PH(E,t) =0, 
m(S,0) = (5). 
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If we solve the ordinary differential equation (45.1), we obtain 


ia(E,t) =e IB FE), 


Thus (at least formally) 
u(x,t) =F" (elE*F(E)) = (2m)? fH! (e-KP*) (x,2) = fa Kila), 


where 
K,(x) = (2n)-"?2. #7! (e-6r) =(4at)-"/e- tr ,t>0, (45.2) 


is called the Gaussian kernel. We define K;(x) = 0 for t < 0. 


Exercise 45.1. Prove (45.2). 


Let us first prove that 
| K,(x)dx = 1. 


Indeed, using polar coordinates, we have 


x|2 ae 2 
K,(x)de = (4nr)-"/? [ oF dx = (am)? | rte war | do 
R" IR" 0 |O|=1 


love} r2 
= «,(4nt)-"? ‘ ple dy 
0 
a n— ol ds 
= @,(4 ye | Ast) "2 eS —/4t — 
In (4700) F (4st) 2 e 5) Vs 
= Senn? [sleds 
2 0 
1 29/2 
20 (n/2) 


Theorem 45.1. Suppose that f € L®(IR") is uniformly continuous. Then u(x,t) = 
(f *« K;)(x) satisfies ju — Au = 0 and 


Ilu(-5t) — FC) Ilz-any 2 0 


Se n"T(n/2) = n"!?T(n/2) = 


as t + 0+. 


Proof. For fixed t > 0, 


_ _ nj? bos? lx—yl?_ on 
A,K;(x—y) —_ (4zt) / er ( At2 OF ’ 


and for fixed |x — y| 4 0, 
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_ by? (|x—yl? on 
OK; (x = y) => (4zt) e€ at ( Ape = on < 


Therefore, (0, — A,)K;(x—y) =0. 

But we can differentiate (with respect to x and ft) under the integral sign, since 
this integral will be absolutely convergent for all tf > 0. We may therefore conclude 
that 

O,u(x,t) — Ayu(x,t) = 0. 


It remains only to verify the initial condition. We have 


uxt) — F(a) = (F#R)() —F) = fF FO)Ki(—y)dy— F() 


The assumptions on f imply that 


lu(x,t)—F)< sup [f(e—nvi— ste] [ Kilm)a 


xER",|n|<R 


eo Aleseen 5 aan <e/2+e/2 


for small t and for R large enough. So we can see that u(x,t) is continuous (even 
uniformly continuous and bounded) for (x,t) € R” x [0,e¢) and u(x,0) = f(x). 


Corollary 45.2. u(x,t) € C*(R" x R,). 


Proof. We can differentiate under the integral sign defining u as often as we please, 
because the exponential function increases at infinity faster than any polynomial. 
Thus, the heat equation takes arbitrary initial data (bounded and uniformly continu- 
ous) and smooths them out. 


Corollary 45.3. Suppose f € L?(R"), 1 < p < °%. Then u(x,t) := (f * K;)(x) satis- 
fies 0.u— Au =0 and 
Ilu(-.t) — F(-)Ilnoqan) > 0 


as t + 0+. And again u(x,t) € C*(R" x R,). 


Theorem 45.4 (Uniqueness). Suppose u(x,t) € C?(IR" x Ry) NC(R" x R4) satis- 
fies O.u—Au= 0 fort > 0 and u(x, 0) = 0. If for every € > 0 there exists ce > 0 such 
that 
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| 2 


|u(x,t)| < cee", P 


|Viu(x,t)| <ceeePl, (45.3) 


thenu=0. 


Proof. For two smooth functions @ and y, it is true that 


e(aw—Ay)+w(Aae+AQ) = ¥ dj(wdjp— pay) +O(PW) =Vxr-F, 


j=l 
where F = (Wa: 9 — PALW,..., WOn@ — PAnW, PW). Given xp € R” and to > 0, let 
us take 
y(x,t) = u(x,t), 9 (x,t) = K,,-7(x =). 

Then 

jyw~—-Aw=0, t>0, 

A09+AQ=0, t<to. 
If we apply the divergence theorem in the region 


Q= {(x,t) ER" x Ry: |x] <n0<a<t<b<t}, 


we obtain 


o= | F-vdo= | u(x, b) Kjy)—p(x — x0) dx — u(x, a) Kiy—a(x — x9) dx 
dQ |x|<r 


|x|<r 


4 i [, > (u(x,)0jKiy-s( 20) —Kiy (420) 9pu(x,1)) “Ado (x. 
Letting r — 9, the last sum vanishes by assumptions (45.3). We therefore have 
0= [, U(x, b) Ki) —p(x — x0) dx — [, u(x, a) Kiy—a(x — x0) dx. 
Let us prove that 


lim | Kj)—p(x — x0) u(x, b) dx = u(x0, fo) 
R"” 


bto- 


dim [ Ki)—a(x — xo) u(x, a)dx = 0. 


Since 
I. Kiy—(x — x0) dx = 1, 


45 The Heat Operator S11 


we have after a change of variables that 


I, Kj)—o(x — xo) u(x, b)dx — u(x0, to) 
_ I, Kiyo x0) [u(x,b) — u(xo,to) ax 


= a K;(z)[u(xo +z, to + T) — u(x, to) |dz. 


We divide the latter integral into two parts: |z| < 6 and |z| > 6. The first part can be 
estimated from above by 


sup |u(xo +z, fo + T) — u(x0, to If. K;( 
<8 Idl<6 


< sup |u(xo +z,t0 + T) — u(x0,f0)| + 0 
|z|<6 


as T — 0 and 6 — 0 due to the continuity of u(x,t) at the point (xo, fo). The second 
part can be estimated from above by (see (45.3)) 


é 2 2 
é K,(z)etPot az < € | e HP / (42) tele? go 
*Iid>s x(2) ~ (427)"/2 Iis6 


cl 


= en ght | ebP/4+erbPay 9 
(4xt)"/? bi>8/Vt ; 


as tT — 0. Thus the first limit is justified. 
For the second limit we may first rewrite the integral as 


[K- a(x — x9 )u(x,a)dx = [Knol _a(z)u(xo +z, a)dz 


= Ki)—a(z)u(xo + z, a)dz +f Ky)—a(z)u(xo +z, a)dz. 
|z|<R |z|>R 


The first term in the latter sum can be estimated from above by 


sup |u(xo +z, Oly, ep Sto-al2)az S sup |u(xo + z,4)| + 0 
Ic] SR Iz|<R 


as a — 0+, since u(x,t) is continuous up to the boundary (t = 0) and therefore 
uniformly continuous on compact subsets there due to the fact that u(xo + z,0) = 0. 
The second term can be estimated from above by 


Ce 


a IzI?/(4(%—a)) +elxo +27 go 5 9 
e Z 
(47 (to — a))"/2 = 


as R— +cc anda — 0. 
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Theorem 45.5. The kernel K,(x) is a fundamental solution for the heat operator. 


Proof. Given € > 0, set 


Ki(x), t€, 
Rea) = 00 t<e 


Clearly Ke(x,t) — K;(x) as € — 0 in the sense of distributions. Even more is true, 
namely, Ke(x,t) — K;(x) pointwise as € — 0 and 


| |Ke(x,t)|dx = | Ke(x,t)dx < | Kdemd: 
R" R" R" 
We can therefore apply the dominated convergence theorem and obtain 


im | RGAde= ‘ K,(x)dx. 
€—0+ JR" R" 
So it remains to show that as € — 0, 


O;,Ke (x,t) —A,Ke (x,t) = (x,t), 


or 
(Ke —AxKe,@) > 9(0), QE Co(R"*"). 


Using integration by parts, we obtain 


(AKe—AsKe,) = (Kes—49— A) = | at [ Ki(x)(—A—A) (x,t) dx 
= = [ax [ KG)a.9(e,ar 
= | ” at 7 _K,(a)Av@ (x,t) ax 
= [ Keotxe)ar [ar [ K(x) p(x, 1) dx 
= [a [Aki o)@xrax 
= [, Kelsotxelae+ [ar f(a —a)Ki(x)o(x,0)dv 


= Ke(x)o(x,€)dx > (0,0), € 0, 
R” 


as we know from the proof of Theorem 45.1. 


Theorem 45.6. If f € L'(IR"*'), then 
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u(x,t) = (f*K)(x40) = ix K,-s(x—y) f(v,8)dy 


is well defined almost everywhere and is a distributional solution of ju— Au = f. 
Exercise 45.2. Prove Theorem 45.6. 


Let us now consider the heat operator in a bounded domain Q C R” over a time 
interval ¢ € [0,7], 0 < T < ©. In this case, it is necessary to specify the initial 
temperature u(x,0), x € Q, and also to prescribe a boundary condition on dQ x 
(0, 7], see Figure 45.1. 


a: > t=0 


Fig. 45.1 Geometry of the boundary value problem for the Heat equation in QandO <t<T. 


The first basic result concerning such problems is the maximum principle. 


Theorem 45.7. Let Q be a bounded domain in R" and 0 < T < °°. Suppose u 
is a real-valued continuous function on Q x [0,T] that satisfies 0,u— Au = 0 in 
Q x (0,T). Then u assumes its maximum and minimum either on Q x {0} or on 


dQ ~x [0,7]. 


Proof. Given € > 0, set v(x,t) := u(x,t) + €|x|?. Then d,v — Av = —2ne. Suppose 
0<T' <T. If the maximum of v in Q x [0,7"] occurs at an interior point of Q x 
(0,7’), then the first derivatives V,,;v vanish there and the second derivative dry 
for all j = 1,2,...,n is nonpositive (consider v(x,t) a function of one variable x;, 
j = 1,2,...,n). In particular, 0;v = 0 and Av < 0, which contradicts 0,v — Av = 
—2ne < 0 and Av = 2ne > 0. 

Likewise, if the maximum occurs in Q x {T’}, then we have 0,v(x,T’) > 0 and 
Av(x,T’) < 0, which contradicts 0,v — Av < 0. Therefore, 


_max u< max v< max u-+e€max |x|°. 
Qx(0,7"| Qx (0,7 (Qx {0} )U(AQ x [0,T’]) Q 
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It follows that for € > 0 and T’ > T, 


max u< max u< max u. 
Qx(0,7] (Qx {O})U(AQ x [0,7}) Qx(0,7] 


Replacing u by —u, we can obtain the same result for the minimum. 


Corollary 45.8 (Uniqueness). There is at most one continuous function u(x,t) in 
Q x [0,T], 0< T <9, that agrees with a given continuous function f(x) in Q x {0}, 
with g(x,t) on AQ x [0,T] and satisfies j,u— Au = 0. 


Let us look now more closely at the following problem: 


Oju—Au=0, inQ x (0,°), 
u(x,0) = f(x), inQ, oe) 
u(x,t) =0, ondQ x (0,0). 


This problem can be solved by the method of separation of variables. We begin by 
looking for a solution of the form 


u(x,t) = F(x)G(t). 


Then 
0,u— Au = FG’ — GA,F =0 
if and only if 
GC = —_)?2 
G F , 
or 


G'+A?G=0, AF+A°F=0, 
for some constant 1. The first equation has the general solution 
G(t) =ce™t, 


where c is an arbitrary constant. Without loss of generality we assume that c = 1. It 
follows from (45.4) that 


AF=-A°F, inQ, 
(45.5) 


F=0, on dQ, 


because u(x,t) = F(x)G(t) and G(0) = 1. 
It remains to solve (45.5), which is an eigenvalue (spectral) problem for the 
Laplacian with Dirichlet boundary condition. It is known that the problem (45.5) has 
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infinitely many solutions {F j) bj with corresponding {A}, . The numbers 


—A} are called eigenvalues, and the Fj(x) are called ee ee of the Lapla- 
cian. It is also known that A; > 0, j = 1,2,..., a? — oo, and {Fj(x) ey can be 
chosen as a complete orthonormal set in L?(Q) (or {F (x) Fy forms an orthonor- 


mal basis of L?(Q)). This fact allows us to represent f(x) in terms of Fourier series: 
a=) PF in), (45.6) 
j=l 


where fj; = (f,F)) 12(Q) are called the Fourier coefficients of f with respect to 


{Fi} ja 


If we take now 


=> fixe“, (45.7) 
j=l 


then we may conclude (at least formally) that 


a2t 


au =— Sah Aye = Lfanie) ei = Au, 


that is, u(x,t) from (45.7) satisfies the heat equation and u(x,t) = 0 on dQ x (0,°). 
It remains to prove that u(x,t) satisfies the initial condition and to determine for 
which functions f(x) the series (45.6) converges and in what sense. This is the main 
question in the Fourier method. 

It is clear that the series (45.6) and (45.7) (for t > 0) converge in the sense of 
L?(Q). It is also clear that if f € C!(Q) vanishes at the boundary, then u will vanish 
on dQ x (0,ce), and one easily verifies that wu is a distributional solution of the heat 
equation (¢ > 0). Hence it is a classical solution, since u(x,t) € C*(Q x (0,c¢)) (see 
Corollary 45.3). 

Similar considerations apply to the problem 


Oju—Au=0, inQ~x (0,¢), 


u(x,0) = f(x), inQ 
dyu(x,t)=0, on dQ x (0,-). 


This problem boils down to finding an orthonormal basis of eigenfunctions for the 
Laplacian with the Neumann boundary condition. Let us remark that for this prob- 
lem, {0} is always an eigenvalue and 1 is an eigenfunction. 


Exercise 45.3. Prove that u(x,t) of the form (45.7) is a distributional solution of 
the heat equation in Q x (0,°). 
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Exercise 45.4. Show that fj |u(x,1)|?dx is a decreasing function of ¢ > 0, where 
u(x,t) is the solution of 


Uy — Ux, = 0, O<x<7,t>0, 
u(0,t) =u(z,t)=0, t>0. 


Chapter 46 
The Wave Operator 


The wave equation is defined as 
07 u(x,t) —A,u(x,t)=0, (x,t) ER" xR. (46.1) 


The wave equation is satisfied exactly by the components of the classical electro- 
magnetic field in vacuum. 
The characteristic variety of (46.1) is 


char,(L) = {(§,7) €R"*" : (§,t) £0,0° =|&)’}, 
and it is called the light cone. Accordingly, we call 
{(€,7) € char,(L) : tT > 0} 


and 
{(§,t) € char,(L) : t < 0} 


the forward and backward light cones, respectively. 
The wave operator is a prototype of hyperbolic operators. This means that the 


main symbol 
y da (x, t)G Tt! 
|a|+j=k 


has k distinct real roots with respect to T. 


Theorem 46.1. Suppose u(x,t) is a C? function and that 0?u— Au = 0. Suppose 
also that u = 0 and dyu = 0 0n the ball B = {(x,0) : |x —xo| < to} in the hyperplane 
t = 0. Then u = 0 in the region Q = {(x,t):0<t <to,|x—xo| < to —t}. 
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Proof. By considering real and imaginary parts we may assume that u is real. Define 
B, = {x : |x —xo| < to —t}. Let us consider the following integral: 


B= 5 f, ((u)?+ Yul?) a, 


which represents the energy of the wave in B; at time fr. Next, 


j= 


E'(t)= l, (1 + 3 aay) dx 
= sf ((u)? + Vaul?) do) =: +h. 


Straightforward calculations using the divergence theorem show us that 


j=l J=1 


I =[ (3 O;[(Oju)u)] — 3 (dn +m) dx 


=f, Mu (ue — Aaiddx-+ f YG vindo() 


1 
< ff lal iVauldoa) <5 f (luil? + 1Viul?) do(x) = —h. 
OB; 2 JaB, 


Hence 
dt , 


But E(t) > 0 and E(0) = 0 due to the Cauchy data. Therefore, E(t) =O0if0<t<% 
and thus V,.; = 0 in Q. Since u(x,0) = 0, it follows that u(x,t) = 0 also in Q. 


(x0,t0) 


Vl XY 


Fig. 46.1 Geometric illustration of the backward light cone at (xo, fo). 
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Remark 46.2. This theorem shows that the value of u at (xo, to) depends only on the 
Cauchy data of u in the ball {(x,0) : |x—xo| < to}, see Figure 46.1. 


Conversely, the Cauchy data in a region R in the initial (t = 0) hyperplane influ- 
ence only those points inside the forward light cones issuing from points of R. 
A similar result holds when the hyperplane t = 0 is replaced by a spacelike hyper- 
surface S = {(x,t) :t=@(x)}. A surface S is called spacelike if its normal vector 
v = (v’,Vo) satisfies |Vo| > |v’| at every point of S, i.e., if v lies inside the light 
cone. This means that |V@| < 1. 

Let us consider the Cauchy problem for the wave equation: 


2 —~Au= R’.t 
i u=0, xE€R",t>0, (46.2) 


u(x,0) = f(x), %u(x,0) = g(x). 


Definition 46.3. If @ is a continuous function on R” and r > 0, we define the spher- 
ical mean Mo(x,r) as follows: 


Mol") = re, ||, ee) = 5 | ee+r)406). 


Lemma 46.4. If 9 is a C” function on R", then Mo(x,0) = p(x) and 


n—-1 


AyMo(x,r) = (a+ a) Mo(x,r). 


Proof. It is clear that 


Molx:0)= = | @)d() = 919). 


For the second part we have by the divergence theorem that 
1 7 1 
IMo(x.r)=— | Yvidjie+ny)doy) = — [ rAg(xtry)dy 
®n J\y|=1 jy On J \y|<1 


1 
=—— Ag(x+z)dz 


rl, |z|<r 


_ 1 : n-1 
= le, | PrP) nee Pee) 


We therefore have 


n—1 


O;. (r"'0,Mo(x, r)) = Ag(x+ry)do(y) = CAM ir): 


On J\y\=1 
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This implies that 


(n— 1)r"-70,Mo(x,r) + r|OMo(x, r)= r'A.Mo (x,r), 


which proves the claim. 


Corollary 46.5. Suppose u(x,t) is a C? function on R"*! and let 


1 


M(x, r,t) = Plo, 
i 


Dn 


| ._endoe) = hs u(x+ry,t)do(y). 


Then u(x,t) satisfies the wave equation if and only if 


if 
(a at a) M,(x,7,t) = 02M, (x,751). (46.3) 
i 
Lemma 46.6. If 9 € C’+!(R), k > 1, then 


a3 (+a) © (Pet9(7)) = (2) Pe. 


Proof. We employ induction on k. If k = 1, then 


1 k-1 
a? Ga) (7 '9(r)) = 0? (r@) = 0,(9+ rq’) = 29! +ro" 


and ; 
(*) (17*@') = (2) (7°Q') =29'+rg". 


Assume that 


a(1a,) (9m) =a8 (1a) (% (26) 
_ 92 (4a))"" ((2k-+1)7*'9 +9’) 
= (2k+1)0? (F,) a (719) +22 (C2, a (?*9') 
= (2k+1) (2) (?*9') + (2) roy) 
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(cxt 9 -2tee) 


k 
) ((2k-+ Lrg! +7! +?! 9") 


((2k ie 27k @! 4 Pet 9") 


By the principle of induction, the proof is complete. 


Corollary 46.5 gives that if u(x,t) is a solution of the wave equation (46.1) in 
R" x R, then M,,(x, 7,1) satisfies (46.3), i-e., 


= 
(a ae a) Mu = 97M, 
r 


with initial conditions 


Mu (x,7,0) = Mye(x,r), %Mi(x,7,0) = Mz(x,r), (46.4) 
since u(x,0) = f(x) and d,u(x,0) = g(x). 
Let us set - 
ss Oy pees 2 
u(x,7r,t) = (2) (r" Mu) =TM,, (46.5) 


forn=2k+1,k=1,2,.... 
Lemma 46.7. The following is true: 


ae oP in, 


= — ~ _ (46.6) 
uo =f, A%ul:o = 8, 


where U, fi and g are defined in (46.5). 


Proof. Since n = 2k +1, we have a3 =k—1andn—2=2k-—1. Hence we obtain 
from Lemmas 46.4 and 46.6 that 


apa= apr, =a (2%) (21m) = (%) (%aa) 


P) k-1 
= (*) (2kr*-7a,M, +7 192M, ) 


r 
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Pm) k-1 i= 1 0. k-1 
= (*) oe (aim, + aM.) ) = (*) (7'92m,_) 
r r Te 


Moreover, the initial conditions are satisfied due to (46.4) and (46.5). 


But now, since (46.6) is a one-dimensional problem, we may conclude that 
u(x,r,t) from Lemma 46.7 is equal to 


1 _ yy r+t 
u(x,7r,t) = 5 {Fosres + f(x,r—t) +f als.sjas}. (46.7) 


Lemma 46.8. [fn =2k+1,k=1,2,..., then 


_ U(x,nt) 
u(x,t) = M,,(x,0,t) = ae 


where (n—2)!! = 1-3-5--++(n—2) is the solution of (46.2). We have even more, 
namely, 


1 ee 
ut) = Gop (a, Fit a(x,t)) (46.8) 


Proof. By (46.5) we have 


u(x,r,t) = (2) (7-'M,) = (2) ((2k- he M4, P29,M,) 


r r 


= (2k-1)(2k—3)---1-Mr+O(r’), r—0, 


or = 
u(x, 1,1) 


(a—2)llr =M,+O(r), r—0. 


Hence 


. u(x,rt) 
Os ad TPs 


But by definition of M,, we have that M,,(x,0,t) = u(x,t), where u(x,f) is the solution 
of (46.2). The initial conditions in (46.2) are satisfied due to (46.5). Next, since 
u(x,r,t) satisfies (46.7), we have 
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jim U(Xx,r,t) 1 tim (eee " 1 [aovous) 


r0(n—2)!r — 2(n—2)!! r0 r r Jr-t 


: f| + yea ~ 
7 2(n—2)! (Flat + Flas + Hat) —a(x,-1)) ; 


because f (x,t) and g(x,t) are odd functions of t. We therefore finally obtain 


u(x,7r,t) 1 


8 (n—2)llr (a2) (2:fla+80%0)), 


and the proof is complete. 
Now we are in a position to prove the main theorem for odd n > 3. 


n+3 n+l 


Theorem 46.9. Suppose that n > 3 is odd. If f €C 2 (R") andg €C 2 (R"), then 


n-3 


ult) = aie {a () = oe 7 fla+1y)do())) 


-(8)" {ten 


solves the Cauchy problem (46.2). 


(46.9) 


Proof. Due to Lemmas 46.7 and 46.8, u(x,t) given by (46.8) is the solution of the 
wave equation. It remains only to check that this wu satisfies the initial conditions. 
But (46.9) gives us for small ¢ that 


u(x,t) = Mp(x,t) +1M,(x,t) + O(), 
which implies that 
u(x, 0) = My(x,0) = f(%), Ou(x, 0) =— O,M p(x, 0) +M,(x,0) = g(x). 


The last equality follows from the fact that M¢(x,t) is even in f, and so its derivative 
vanishes at t = 0. 


Remark 46.10. If n = 3, then (46.9) becomes 


- es {a (: __flrtydo)) +f etna 


1 


=z{ flxttydo(y) +t [V(x +19) -ydo(y) 
T | J\y|=1 Iy|=1 


+t , c(vtry)day)}. 


ly|=1 
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The solution of (46.2) for even n is readily derived from the solution for odd n 
by the “method of descent”. This is just a trivial observation: if u is a solution of the 
wave equation in R"*! x R that does not depend on x,,41, then u satisfies the wave 
equation in R” x R. Thus to solve (46.2) in R” x R with even n, we think of f and g 
as functions on R"t! that are independent of x41. 


n+4 n+2 


Theorem 46.11. Suppose that n is even. If f € C7 (IR") and g € CT (R"), then 
the function 


= 2 on cs n—-1 f(x+ty) 
ha) (n= 1)MOn41 {a ( t ) ( lst 1 —y? ») 
" n—1 g(x+ty) 
a BS) 


Proof. If nis even, then n+ 1 is odd and n+ 1 > 3. We can therefore apply (46.9) 
in R"*! x R to get that 


(46.10) 


solves the Cauchy problem (46.2). 


aN fy 
{a (2) f a lott +te)8a6)) (46.11) 


n+1 


uae g(xtty+tynyi)do(y) | ?, 
Yt nt Hl 


where ¥ = (y,yn41), Solves (46.2) in R"*! x R (formally). But if we assume now 
that f and g do not depend on x,+1, then u(x,t) does not depend on x,41 either and 
solves (46.2) in IR” x R. It remains only to calculate the integrals in (46.11) under 
this assumption. We have 


n-2 
ne 


f(x+ty)do(y) 


2 
lyi?+y2,,=1 


[ooo f+ E+ mado) = 
y Yn+1— 


f(x+ty) a 


=? ——— 
y|<1 /1—|y|2 


because we have the upper and lower hemispheres of the sphere |y|? + y? gp=l. 
Similarly for the second integral in (46.11). This proves the theorem. 


Remark 46.12. If n= 2, then (46.10) becomes 
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aes f(x+ty) g(x+ty) 
WD = o9 {a ( <i os) ne Ca. 


Now we consider the Cauchy problem for the inhomogeneous wave equation 


07u—A,u = w(x,t), 
46.12 
fe = F(x), Aulx,0) = g(x). ee 
We look for the solution u(x,t) of (46.12) as u = u, + uz, where 

OP uy — Auy =0, (A) 

u1(x,0) = f(x), %u1(x,0) = g(x), 

and 
uz(x,0) = d,u2(x,0) = 0. 


For the problem (B) we will use a method known as Duhamel’s principle. 


n 


Theorem 46.13. Suppose w € clé]+! aR"  R). For s € R let v(x,t;s) be the solu- 
tion of 

0? v(x,t;s) — A,v(x,t3s) =0, 

v(x,0;s) =0, Av(x,0;s) = w(x, 5). 


Then 


solves (B). 


Proof. By definition of u(x,t) it is clear that u(x,0) = 0. We also have 
fk 
O;u(x,t) = v(x,0;r) +f O;v(x,t — 935)ds. 
0 
This implies that d,u(x,0) = v(x,0;0) = 0. Differentiating once more in fr, we get 
t 
A? u(x,t) = d;(v(x,0;t)) + v(x, 031) +f 0? v(x,t — s;s)ds 
0 


t 
=w(xt)+ [ A,v(x,t — s;s)ds 
0 


t 
= w(x,t)+ a. [ v(x,t — s35)ds = w(x,t) + Ayu. 
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Thus u solves (B), and the theorem is proved. 


Let us consider again the homogeneous Cauchy problem (46.2). Applying the 
Fourier transform with respect to x gives 


n~ 


eae +|Pa(E,t) =0, 
f(E,0) = f(E), af(E,0) =8(E). 


But this ordinary differential equation with initial conditions can be easily solved to 
obtain 


A(E,t) = Fle) cos(lE lt) age =flea (=) +ag) Be 
This implies that 
ee Ae eee ea 
u(x,t) =F (Fea Be )+s (ae Ee ) 
= fxd,O(x,t) + 2% O(x,1), (46.13) 


where ®(x,t) = (2n)-*/2 g-! (288). 


The next step is to try to solve the equation 
0? F (x,t) —A,F (x,t) = 6(x)d(t). 
By taking the Fourier transform in x we obtain 
Op F(E,t)+|6PF(E,t) = (2m) -"/76(0). 


Therefore, F must be a solution of 2u+ |&|?u = 0 for t 4 0, and so 


are»  falE)eos(lE lt) +(E)sin(IElH), 1 <0, 
are 1>0. 


To obtain the delta function at t = 0 we require that F is continuous at ¢ = 0, but O,F 
has a jump of size (2)~"/? at t = 0. So we have 


a(é)=c(§), |S |(a(E) —B(6)) = (2a)? 


This gives two equations for the four unknown coefficients a,b,c,d. But it is rea- 


sonable to require F (x,t) = 0 for t < 0. Hence, a= b =c =O and d = (22)~-"/” ae 
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Therefore, 


y _n/2sin(\ElA) 
F(E,1) = o" Ee ft (46.14) 


0, t<0. 


If we compare (46.13) and (46.14), we may conclude that 


F(x,t)= (20) "7 #1 (Se) — Fw, 


and 


@(x,t), t>0, 
osont)= (6 t<0 


is the fundamental solution of the wave equation, i.e., F(x,t) with t > 0. 

There is one more observation. If we compare (46.9) and (46.10) with (46.13), 
then we may conclude that these three formulas are the same. Hence, we may cal- 
culate the inverse Fourier transform of 


_,psin(é|) 
2a EI 


in odd and even dimensions respectively with (46.9) and (46.10). In fact, the result 
is presented in these two formulas. 

In solving the wave equation in the region Q x (0,c¢), where Q is a bounded 
domain in R”, it is necessary to specify not only the Cauchy data on Q x {0} but also 
some conditions on dQ x (0,¢2) to tell the wave what to do when it hits the bound- 
ary. If the boundary conditions on dQ x (0,°°) are independent of tr, the method of 
separation of variables can be used. 

Let us (for example) consider the following problem: 


d7u—A,u=0, in Q x (0,°9), 
u(x,0) = f(x), Au(x,0) = g(x), inQ, (46.15) 
u(x,t) =0, on 0Q x (0,¢°). 


We can look for a solution u in the form u(x,t) = F(x)G(t) and get 
(46.16) 


and 
G"(t)+A’G(t) =0, O0<t<o. (46.17) 
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The general solution of (46.17) is G(t) = acos(At) + bsin(At). Since (46.16) has 


co 


infinitely many solutions { F; be , with corresponding ary 7, A? — +00 (A; > 0), 
fe 


and et that can be chosen as an orthonormal basis in L?(Q), the solution 
u(x,t) of (46.15) is of the form 


u(x,t) = s F;(x) (a; cos(A jt) + bj sin(Ajt)) . (46.18) 
j=l 


At the same time, f(x) and g(x) have the L7(Q) representations 
FO) = DHF) ale) = Yash) (46.19) 
i= j= 
where fj = (f, Fj) ;2 and gj = (g,Fj),2. It follows from (46.15) and (46.18) that 
u(x,0)= ¥ ajFj(x), w@(x,0)= S Abibila) (46.20) 
i= 


Since (46.19) must be satisfied also, we obtain a; = fj; and bj = 8: Therefore, 
J 
the solution u(x,t) of (46.15) has the form 


u(sst)= YG) (feos) + ey sin(Ap)) 


The series (46.18), (46.19), and (46.20) converge in L*(Q), because {Fy 4 is an 


orthonormal basis in L7(Q). It remains only to investigate the convergence of these 
series in stronger norms (which depends on f and g, or more precisely, on their 
smoothness). 

The Neumann problem with dy u(x,t) = 0, x € dQ, can be considered in a similar 
manner. 


References 


20. 


21; 


22. 
23; 


Adams R A and Fournier J J F, Sobolev Spaces, Elsevier, Oxford, 2003 


. Agmon S, Spectral properties of Schrédinger operators and scattering theory, Ann. Scuola 


Norm. Sup. Pisa Cl. Sci., 4 (1975), 151-218 

Bergh J and Lofstrém J, Interpolation Spaces: An Introduction, Springer-Verlag, Berlin Hei- 
delberg, 1976 

Birman M S and Solomjak M Z, Spectral Theory of Self-Adjoint Operators in Hilbert Space, 
Kluwer, 1987 

Blanchard P and Briining E, Mathematical Methods in Physics, Birkhauser, 1993 

Cakoni F and Colton D, A Qualitative Approach To Inverse Scattering Theory, Springer- 
Verlag, 2014 

Colton D and Kress R, Integral Equation Methods in Scattering Theory, Wiley, 1983 

Colton D, Partial Differential Equations: An Introduction, Dover, 2004 

Cycon H L, Froese R G, Kirsch W and Simon B, Schrédinger Operators, Academic Press, 
New-York, 1989 

Evans L C, Partial Differential Equations, American Mathematical Society, 1998 


. Folland G B, Introduction to Partial Differential Equations, second edition, Princeton Univer- 


sity Press, 1995 
Folland G B, Fourier Analysis and its Applications, Brooks/Cole Publishing Company, 1992 


. Folland G B, Real Analysis, John Wiley, New York, 1984 


Garding L, Singularities in Linear Wave Propagation, Springer, 1987 


. Garding L, Some Points of Analysis and Their History, American Mathematical Society, 1997 


Gilbarg D and Trudinger N S, Elliptic Partial Differential Equations of Second Order, 
Springer, 2001 


. Gonzalez-Velasco E A, Fourier Analysis and Boundary Value Problems, Academic Press, San 


Diego, 1995 


. Grafakos L, Classical and Modern Fourier Analysis, Pearson Education Inc., 2004 


Hoérmander L, The Analysis of Linear Partial Differential Operators I: Distribution Theory 
and Fourier Analysis, second edition, Springer-Verlag, Berlin Heidelberg, 2003 

Ikebe I, Eigenfunction expansions associated with the Schroedinger operators and their appli- 
cations to scattering theory, Arch. Rational Mech. Anal., 5 (1960), 1-34 

Kato T, Growth properties of solutions of the reduced wave equation with a variable coeffi- 
cient, Comm. Pure Appl. Math., 12 (1959), 403-425 

Kress, R, Linear Integral Equations, second edition, Springer-Verlag, New York, 1999 
Lebedev N N, Special Functions and Their Applications, Dover, New York, 1972 


© Springer International Publishing AG 2017 529 
V. Serov, Fourier Series, Fourier Transform and Their Applications 

to Mathematical Physics, Applied Mathematical Sciences 197, 

DOI 10.1007/978-3-3 19-65262-7 


530 References 


24. Maurin K, Methods of Hilbert Spaces, Polish Scientific Publishers, Warsaw, 1967 

25. McLean W, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Univer- 
sity Press, 2000 

26. Nikolskii S M, Approximation of Functions of Several Variables and Imbedding Theorems, 
Springer-Verlag, Berlin, Heidelberg, New York, 1975 

27. Nirenberg L and Walker H, Nullspaces of elliptic partial differential operators in IR", J. Math. 
Anal. Appl., 42 (1973), 271-301. 

28. Ouhabaz E M, Analysis of Heat Equations on Domains, Princeton University Press, 2005 

29. Pinsky M A, Introduction to Fourier Analysis and Wavelets, Brooks/Cole, 2002 

30. Paivarinta L and Serov V, Recovery of singularities of a multidimensional scattering potential, 
SIAM J. Math. Anal., 29 (1998), 697-711 

31. Paivarinta L and Somersalo E, Inversion of discontinuities for the Schrédinger equation in 
three dimensions, SIAM J. Math. Anal., 22 (1991), 480-499 

32. Saito Y, Some properties of the scattering amplitude and inverse scattering problem, Osaka, 
J. Math.19 (1982), 527-547 

33. Saranen J and Vainikko G, Periodic Integral & Pseudodifferential Equations with Numerical 
Approximation, Springer, 2001 

34. Shubin M A, Pseudodifferential Operators and Spectral Theory, Springer-Verlag, Berlin, 1987 

35. Simon B, A Comprehensive Course in Analysis, American Mathematical Society, 2015 

36. Stakgold I, Green’s Functions and Boundary Value Problems, second edition, John Wiley, 
1997 

37. Stein E M, Singular Integrals and Differentiability Properties of Functions, Princeton Univer- 
sity Press, Princeton, NJ, 1970 

38. Stein E M and Shakarchi R, Fourier Analysis: An Introduction, Princeton University Press, 
2003 

39. Taylor M E, Partial Differential Equations: Basic Theory, Springer-Verlag, New York, 1996 

40. Taylor M E, Partial Differential Equations II: Qualitative Studies of Linear Equations, 
Springer-Verlag, New York, 1996 

41. Titchmarsh E C, Eigenfunction Expansions Associated with Second-order Differential Equa- 
tions, vol. 1, Oxford University Press, Oxford, 1946 

42. Triebel H, Theory of Function Spaces, Birkhauser, Basel, 1983 

43. Watson GN, A Treatise on the Theory of Bessel Functions, Cambridge University Press, Cam- 
bridge, UK, 1996 

44. Wong M W, Discrete Fourier Analysis, Springer Basel AG, 2011 

45. Vretblad A, Fourier Analysis and Its Applications, Springer-Verlag, New York, 2003 

46. Zigmund A, Trigonometric Series, Vol. Il, Cambridge University Press, 1959 


Index 


Symbols Cayley transform, 291 

L? Holder condition, 53 characteristic, 406, 407 
L?-modulus of continuity, 34 characteristic form, 406 
6-function, 402 characteristic variety, 406 
p-integrable function, 4 closable operator, 268 


Closed graph theorem, 273 
closed operator, 268 


A closed subspace, 254 
absolute convergence, 17 closure of operator, 268 
adjoint operator, 269 collectively compact, 380 
approximation to the identity, 398 compact operator, 302 
Ascoli—Arzela theorem, 365 compact set, 393 


complete space, 251 
completeness relation, 258 


B conjugate linear functional, 476 
Banach-Steinhaus theorem, 248, 264 conjugate Poisson kernel, 19 
band-limited signal, 95 constant of ellipticity, 320 
Basic criterion of self-adjointness, 276 continuous kernel, 454 

basis, 257 continuous spectrum, 299 
Bernstein’s theorem, 54 convergent sequence, 251 
Besov space, 46 convolution, 24, 80, 167, 397 
Bessel’s inequality, 38, 250 criterion for closedness, 268 


biharmonic equation, 406 

Bitsadze’s example, 472 

bounded operator, 261 D 

Burgers equation, 413 d’Alembert’s formula, 118 
degenerate kernel, 383 
densely defined, 261 


C denseness property, 386 
Cauchy data, 414 diamagnetic inequality, 352 
Cauchy problem, 414 differential operator, 405 
Cauchy sequence, 251 dilation, 138 
Cauchy—Bunyakovsky—Schwarz inequality, direct Born approximation, 241 
251 Dirichlet boundary value problem, 472 
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